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KEY ASSERTiONS AND BACKWARD SUBSTITUTIONS. S.TAKASU (RIMS )
' Definition: Lét T be & methematical theory and I @ model of T,

Ve eassume that 2 correspond.ence be'i;ween mel and & termm in T

is given (for example nutural number m and numeral m = O(m)
where O(m) is the result of m fold applications of successor
function 0 0). 4 Function £(xy,...,x,) defined within I is
said to be renresen‘tafp_]_._e%&_l:_@ T if there exists & well-formed
formula ‘]"(xl,...,xn,xn+1) with n+l free veriebles such thet
for any (ml,...,mn)éMn, 7
(1) ifm = f(ml,...,mn+l) then }‘E‘ T (Ei,...,5ﬁ+l), and

(2) 5 (3t x,9) T (xq50009%,q) -

n+l4
Example . We consider the flowchert of Fig.2.3 which computes

ged(m,n). To this flowchart we attach the formulas:

@ (myn)= n>0A n>0,
o(m,n,c,d,r)= c=m A d=nA P(m,n)

. V(m,n,d) = d =ged(m,n)

and the predicate q(m,n,c,d,r) is 1o be determined. (
s(m,n,c,d,r) will be used when we consider EBP.) Ve Turther

- perametrize the predicates v and ¢ to the predicates P and

.

respectively,  introducing & control variable 1 which expresses

the number of visits to the loop.
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Fig.2.3. A Tlowchart to compute ged(m,n)

We have the system EFp as follows:
“(x,y,0) = c=mAd=nAi=0A ¥(m,n) ,
C(x,y,I)=3c'3d' 3r'. G(x,0',d',r',i-1)A r=ren(c,d)
Ac=d'Ad=r ’

(3r'. ¢(m,n,c,d,r',i) 4 r=rem(c,d)Ar=0)>D d=rcd(m,n)
where x=(m,n) and y= (¢,d,r). ~or each numeral 1, we rewrite
EFP as follows: :

Qm,n,c(1) (1) (1) 1y

= 5ol = g(i-D) g (-1) g o (3-0) o(3-1) p(3-1) 507

A r(1 L. :r‘em(c(:L 1) ali- 1)‘Ar(*’=»;0
A ol q(i-1) d(1)= (1)

® 50000680090 s 0000000 s
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(1),d(1),r<1),1)

\ )
==2:(005400),

“(m,n,c

(0)_

c mAdmL:nAm>OAn>O

A r(1)= rom(cso)d<c))/\r(l)%=o

A o) o) L (1)_ (1),
If we set
RO
5001
00y,
(%=,
and
(1) = a(i-l)_quo<c(i—1),d(i-l)%a(i-l) ’
p(1) = PUE-1)_ oo (3-1) 4(3-1)), (4-1)
Efl(i): ;(i-l)’ 1
p(1) = (1)
then there hold
C(j)=§4(j)m+jg(j)n yand

d(j)=:a(j)m+b(j)n, where j==0,1,2,.... .
Since a(j), b(j), g(j) and g(j> cre recursively defined funciiens
of m, n, and j, they are revnresentavle in tine elcmentary number
theory so that we have
G(myn,c,d,r,i)= c=2' " /'md'"'nA d=a
A T=dAr¥0A m>0An >0
where 1 is a proper variable of the predicate Q. Therefore we

nave
for-]

Y%

a(m,n,c,d,r)= s 21 .(myn,c,d,r,i)
= 31i.1i=21 A ((m,n,c,d,r,1i) .

omule of EF,(¢) or ZF
¥

iy

Fow it is clear that the imvlication

v
~
&
~

[e

holds if one knows the theoren

Fe3ab3g3b . c=amtbn A d=amtbnAr=20
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We consider the system ZI; Tor the’ flowechert of Fig.2.3 where

o

we use s{m,n,c,d,r) insteasd of «{m,n,c,d,z):

n(m,n,c,d,r)> s(m,n,c,d,ren(c,d)),
s(m,n,c,d,r)A r#+0 =s(m,n,c,d,ren(c,d)),
s(m,n,c,;d,r)A r=0= Y (2,n,d).

First we have the followings by the vrocess of substitution:

s(m,n,c,d,r)=s(m,n,c,d,2)A r=0Vs(m,n,c,d,r)A r+0,

—~\P(m n,d)A r= O\/U( ,n, T {c,d,r),ce(c,d,r),h(c,d,r)),

® 8 e 000000000000 o ® 6000 00000

It ,
= \/{Yﬂman,‘ )(C,d,r))/\h(l)(c,d,r)==o

-1 .
ACA 13 (e a,m%0)
. 1-—0

\/[ s(m,n, "(‘+*)(c r),((“ 1)(0 ,T) h({+1)(c,d,

ACA 28D (e a,)%0)] e ()
3=0 '

where f(l), g(l) and h (1) acre defined by setting

f(c,d,r)=4d4, ¢(c,d,r)=r, h(c,d,r)=rem(d,r),

-
o
[e]

£ a,m=c, #,a,r)=a, nl®(c,a,r)=x,

r))

(1) (¢, q, r)=f(*"(i-1)(c a,r), e (e a,0),00 7 (e, 8, 1)),

g(i)(c, )——rr(f(L 1’(c A,1) ¢ (1 l’(c s T),h n(i- l)(c

h(i)(Cadar)==h(f(l-l)(cfﬁyr)1€(l-lz(cad7r)yh(l_l)(0

If we make cxvlicit the operations, then the nreviously define

functions 3(3), b(J), 3(3) ana 3030 .

I\

¢ and & this time instead of m and n resnectively, define the

above ¢an0u1049, namely we hove

é&,r)),
y&,yr) ).
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S erarey e o) o 4 (D) ¢
{3 Y

g\d)(c1d9r)= '-"(Jl c + (J) ’
(3 (c,q,7) = 31 ¢ * b‘3+1) d.

Therefore the suffix j cen be considered as & prover variable
of predicates.

How we set
o

K(m,n,c,d,r)= vV { V(m:n,g(i)(cydyr))
i=90
A}JﬂhhmrFOA(i< ﬂijdﬁﬁ*O) .

J=0
Then from (*) we have X(m,n,c,d,r)> s(m,n,c,d,r) . On the

other hand

€(11= rem(c,d)< E(Ol= d,
LI o 00+1) o, (3+1)

— (g(j) _ quo(”(j) v(j))&(j))c
+ (b(J) - cuo(f(J) (J))’D(J))d

= ( ) c + b<3)d _ cuo("(a) (J))(ﬂ(31c+b(d) )
(J) — quo(2(3), 5(3)),(3)

= rem(f(a),g(a))<g(3),

M

namely,
d=s’5(o) >g(l) > e >g(j) > vee 20

and therefore _ |
$(r,n,c,d,r) D = j. h(j>(c,d,r)== 0

- s0 that there holds
s(m,n,c,d,r) > X(n,n,c,d,r).

Hence we have

s(m,n,c,d,r) = X(m,n,c,d,r) .

&



Using the proveriies ol red we hove
~ i) . {1
\}‘(m,n,:’( ‘(e,a,r) A 0 )\(,, r)=0
i . 1 < . 5
)(c,g,r/,[( )\C,\ r)) =‘£T\‘>(Cyaar)

= gede,d) =¢gcalm,n)A - (i>(c,d,r)=
N h(“')(c,d,r)=o
and _ ‘
;7;10 w3 (e, a,r) %0
= V3, j<ijh(j)(c,d,r)'—"eo
so that we coc:iudc
s(m,n,c,d,r) = gedm,n)=rcd(c,d)
A 3i, (l)(c ,7)=rcd{mn, n)/\h<l)(c d,r)=0
AVYij. j<i:h(3>(c,d,r)"-\=0 .

Here we note that the implication formula of EB, clearly describves

the termination of P.

} d-ri
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