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» % .
14 DEPARTMENT OF MATHEMATICS M,/?f

De Rham cohomologles and stratifications .

Complex analytic de Rham cohomology III,

Nobuo Sasakura.

Tokyo Metropolitan University.

The importance of the ldea of stratifying varieties
11n the study of algebralc and analytic varieties is well
known, The 1ﬁvestigation of stratification of varieties
would involve basically the'following steps*:

(l)lTo stratify varities so that each stratum as well
as the relations among the strata ,e.g., incidence relation
se+., are of simple (or typical) forms,

| (2) To obtain results of desired nature for each
stratum or each series of strata,etc. 4yith respect to a
fixed stratification for given varieties.,

(3) To piece tagethef results from the step (2) in
order to obtain results of a desired sort for given varieti—
~es and subvarietles,...,

The steps {(1),(2)}-and (3) might reasonably called ,

respectively, localization steps (for given global problems)

(¥) See R.Thom [8] , H.Whitney [9]. The author learned

the theories of strafifications in connection wilth his
proposed appr®oach to Complex analytic de Rham cohomology.
(cf. [41,051.)
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and globalization steps ( to be applied to local results).

In [5],[7] we investigated certain quantitative propex-
~ties of.real analytic varieties. Results of [5] are used
in our study of the complex analytic de Rham cohomology.
Our 1nvest1gatidns in [7] are carried out using steps (1),
(2) and (3). Exact sequences of Mayer- Vietoris type are
used repeatedly in our globalization steps.The basis of our
argdiments used in the globalization steps is algebraic in

Ny

nature.

The main purpose of the present note is to introduce

the notion of cochain complex with incidence relations

(c.c.I.)) for a prestratified space. (See n.l. and n.2.

below.) The argumentS used in the study of C.C.I. are gene=-
-rallzations, as well as abstractions , of those in [7].
When C.C.I.’s are related to de Rham cohomologies of certaiﬁ'
types, the arguements applicable to C.C.I.’s in general
clarify relations between,&ocal’ and (global’gata in the de
Rham cohomologies in question. Actually the author’s hope
in introducing the notion of C.C.I. is to clarify relations
between &ocal’ and %lobal, dafa in de Rham cohomologles of

various types.

7 5 3 . :
(¥) The terms 1local and %lobal in thils note should
be understood in the sense explained at the beginning of

this note.
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The cotents of this note are preliminary in nature.
However, the arguments applicable to C.C.I., in general are
indispensable in [5] and have certain theoretically pleasa-

-nt aspects,

n.l, Prestratifications. Let X be a topological space,

*
By a prestratification (g)of X we mean a collection(§)={sk}k£jg

\

of subsets SA’S of X satisfying the following conditions. N

NG
(1.1), X is the disjoint union of S&’s inkg): X = VS, ,
Sg£@§- ,
(1;;)2 For each stratum Sxéagg, the dimension : dim %&éﬁ
2% 1s given. ‘ ‘
(l.l)3 Frontier condition : For each stratum Sxféﬂ '

fron(S,.) = 3;‘- S, 1s the disjoint union of lower dimensie
-onal strata ofC@ .

To substantially simplify notatlions 1n later arguments

we assume that
* %
(l.l)u S 1s a finite set,
A pair (X,@D consisting of a topolcgical space and its

prestratification(?wwill be called a prestratifiled space.

Let (X,@) be a prestratified space. For (Dc@), let [@\denote the

(*) For definitions of stratifications andlprestratifi;'

-cations , see J.Mather [2], R.Thom[8] . Our definition of
prestratifications is ,for technical reasons, not the same

as in [2],[8].

(¥*) For the case where(S) 1s locally finite , see [6]

3.

P

A )



1oy
DEPARTMENT OF MATHEMATICS 1 i

TOKYO METROPOLITAN UNIVERSITY
FUKAZAWA, SETAGAYA
TOKYO, 158 JAPAN

support ofO : (J?“-— US s SéO Moreover, for Tc(/)(f , 1@D
denotes the closure of]r\l 1n|’L‘| We list certain notations
used below. For@i%-‘, define (T CC,@I’H by N —,
1 ! -t i _
={@C@ :r:]f%-f- T =4"or closed} s \T«\@)
Gy olsge 1 £alt
Moreover, let @b denote the collection of series of strata
e
QQ={3§,”J=S-¢~«%h :SGOU=1q“¢)}

T ~l t

In the above S <S)‘ .. means that S/\C fron(SA ) seee For@
1 2
C@and a serles 85y , ‘\ , S éO let@m(s ""’A ) den-.

t
-ote the 1nter~section@ { e@ =N <S} For @c define Tj,

y
The @t ) @D, sy @@ L 5= daeist)
Toc EnEy e ) P ECE® Sy @, g = 1,80
Then one easlly derives the following fact .

(1.2) Ir([@e Se 3

1f@l @2 é‘@_\csatisfy the Jr'ela.tion@l\[@2 , then @U@g@ .

v |
Here )T, 1f , for any § isﬁﬁ(i =1,2), S WSy ’Sxﬁ?

n.2. Cochain complex with incidence relation (C C. I)

then (D<@, and @'C Dy @C . Moreover,

Let @ be a noetherian ring , and let (X,@) be
\\v“

a prestratified sp‘,lééke. Moreover, let @(@) be a collection

(*) For $&(8), the length 1(S) can be defined in an

obvious manner (see [6]).

rd
W

>

N
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of assignments%@'(é» @(S» @f(@)} of the following forms: Cts);
D@0 .08 : DeS;—ED and £ (D VeS8 @ . Here
6&@0,@(@» and{Ek@) are (R-cochain complexes. The collection
<@C§)={?ﬁ3§gﬁ(§?;ﬁ&3)}as above 1s called a cochain complex -

with incidence relations attached to(X §)(C C.I. attached to

(X,@)) 1£ ©(®) 1s equipped with isomorphisms 1(S), 1@ ,T5),1(G))
and homomorphisms’ hkoyﬁ)’hk((g) of the following forms.

(1.3),  1(3): 0-E(S)—=E(S)— 0, 5eB

(1.3), 1(@.8): 0o¢FUr)—¢ @)ee’ @)—0, ) Ded)

V. -
and Tl E2. [

' ’\ ; -
(1.3) 100 ) : 0—BWW )—9@)» E(S . )—>0, where(U)=
. 2 ( ) l," /\t""l ('»i
QE‘(S seeay ) With\Téq§ and S &T), Moreover, S,
AL 3 A4l
‘ (T ) T )
(1.3);  0=elr,, )P el S6T 0 e nhgl\c&%k R LFLURIN

@m+l® (T (S)\m+1))‘> 0,where T:€S, and @Xm"'l Tm+l"c)n
A

' h, (U) .i\ h @)
(1.3)5 0—>O(U $1)— R 200 e >®§9 me1 1”"/\’“” }
t+1 Pha 4 RN

<0

R & ~ )
@,\'V'mﬂ@@m(s,\m’rl))‘)()’ where @mir@m(sh""/\t) |
Yt+l SO+
and m+1— m+1 \"

.-aif)' Moreover, ixm+fﬂ§%+l‘<§%‘
: t+1 -
Postulated conditions of the existence of isomorphisms
# 1
in (1.3)1, {(1.3)2,(1,3)2}and-homomorphisms in (1.3)3,(1.3§ :

will be called ‘Tdentification condition’, ‘Disjoint condition’

(*¥) Isomorphisms and homomorphisms are those of R=-

cochain complexes,
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¢
and Incidence condition’((Mayer-— Vietoris condition,) respec—

~tively. The collection of isomorphisms :L(S),.., and homomo~
-rphisms hy ’s will be denoted by @(@(S)). When we emphasize
the role of (B(Q(S)), we say that@@) is @@(S}))—C.C.I.
Let @(@) and ®(C(E)) be as above . Then isomorphisms 1(S),.

A aY

3
+++and homomorphisms hk s of cochain complexes induce corre-
# *
-spondlng isomorphisms 1 (S) ,...and homomorphisms hk,s of
cohomology groups naturally. The'collectioin of 1*(8),...and
# * .
h, s will be denoted by@ (@_}(CS)).

Equivalences between c.c.I. s. Let (X,@) be a prestra-.

-tified space, and let § (§) be K@ (H)-c.c.I. (1 = 1,2).
Moreover, letd*, ﬁ* and@'* be familles of @-homomorphisms‘
of the following forms: d*{&*q_@) : H*(@'l(@)))—-a H*(©'2('@))),‘
res, ¥, 8= {(§@ : 0" @@~ @) 0e@) anaf'"
= {6".*(@) : H*(\E/l.'l(@) - H*(@"?(@) ,@é@oc } . Then we can
define the notion of commutativity of’{a*, §*, ﬁ'*}‘with
@@i@)) in an ohbvious manner ([6]). We say that@i(@)(i =

1,2) are{d’* , 6* ,'-6'*}- equivalent 1f (i){é*,@*,’q‘*}
commute with @(Cci(@)) (1 = 1,2) and if (ii) the homomorphism

* o~
\6 i(\LJ,) is an isomorphism for any @6@0.
Now , in our investigatlons, there are reasons for

regarding @' (@) ,@é@c as (global’data and @(@) ,@é@o as

tlocal, data. The following lemma shows that certain propert-
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-les of global data are derived from those of local data,

v Lemma 1, Let ©3(8) ={c'1(9),55 @), &' 1@} ve @(f\i@))

ZC.C.I.(1 = 0,1,2) of a prestratified space (X,8).

PRER (I) If H (E‘Cﬁﬁ) is a finitely generated Rimodule for

* ,
eachfwé/lu them H (C'0(63) is so for eachﬁ@é@i"
¥ n¥ 1% . )
(II) Let © (&) (1 = 1,2) beld” 8" (lequivalent . Then
e * ¥ itk
"rd\*(‘-'f”) is_an (};’L isomorphism for each @6@3 Here O\ , 6 ,6*

are families of(ﬁlhbmomorphisms of the formSgiven in the be-

-ginning of n.2.

For the proof of Lemma 1, see [6].

n.3. An exact sequence of Mayer- Vietorlis type., Let K

be an algebraically closed fleld of any characteristic. In'
n.3. every variety in question is assumed to be a reduced.

K-variety . Let An, V and D be an affine space of dimension
n, a variety in A and a divisor in A, respectively, such
that for each irreducible component VJ of V , VJ¥D and VJﬂD |
%¢ We denote by W the variety in A characterized by\W\=‘VhJDl.
Now let(;/»'fI and(i\ =(BYh) denote respectively the ring
K(x see s Xy ] and the ideals of V,W and D. The completions
lim /&n and E%y <;/} are denoted by(QV and‘Ow respectively,

We denote the localizations{?[h ] and 0 [h ] by O[#D] and
(ﬁN[*D} respectively. Moreover, let&@W'w d'Qy V=W be respe-
~ctively the completions defined by 1im O[ D%O[*D]\In)and

/BW[ *D [*D] IV) In the above we regard(:b as contaimaL

1n(p[*D] and{@y[*D] in a natural fashion. For the graded



AW, V=W
ring{i,of K-differential forms over A, letq’V ELW W, V-u

respectively denoteﬁzqu, Sﬁbfw V- w. Then we have
Oﬁ Lemma 2. For the rings fzvv . f“ V- w, the exact sequence
\

(1) Or_)‘_V eW > w}avég:/w E’wvwoeww ;ﬁw,vw 0,

s -
holds. In (I) the continuous homomorphisms Qg,.,?xfg:
= 3

N -
are determined naturally from topologiles ofy V,..ﬁiy’v W’

For the proof of Lemma 2 , see [6]. The exact sequence (I)
relates cohomology groups H ( u) H (mv Yy and 1 (QF 2V=Wy o
the cohomology group H (nJ) For a pair (V,w)‘of smooth varieties
(defined over the complex number field C), the idea of relating
the cohomology groups of W,V-W and N(W)-wkfo that of V may be

regarded as one of the basic i1deas in the classical (analytic)

theories of residues.(Cf. J.Leray[2], P.A.Griffith[1],..) . The
sequence (I) might be regarded as a generalization in an alge~
~braic direction of the idea explained above. Moreover, Lemma 2

enables us to attach the algebraic de RhamiC.C.I. to the pre-

-stratified space (V;ﬁE(W,V—W)) in a natural manner. T~ __ 5,41~

-

Remarks about results untouched here. In this note, we

have spent several pages explaining i1deas used in defining
, L3
C.C.I. s. For arguements on C.C.I.’s untouched here, see

)
(6]. In particular , [6] contains examples of C.C.I. s such

(*¥) N(W) 1s a suitable neighbourhood of W in V.

— P
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oo
as the singular , the C ~ de Rham , and the P.G.(polynomia;

L s
growth) de Rham|C.C.I. s,as well as an application of the
: | ,

sequence (I). \

References.

[1] P.A. Griffiths , On the periods of Certain Rational
Integrals I,II,Ann.of Math. 1969, pp.461—
495, 496-541.

(2] J.Leray , Probleme de Cauchy III, Bull,de la Soc,

| ' "Math. de France 1959,pp.81-180,

(3] J.Mather , Notes on topological Stability , Mimeor

-graphed notes . Harvard University, 1971.
[4] N.Sasakura , Complex analytic De Rham Cohomology I.

Proc., of Japan Acad. Soc, 1973, pp 718~

722,
(5] . , Ibid. II, ibid. 1974,pp.292-295.
€61 Differential forms and Stratifications

(Manusecript) , to appear in the seminax

notes from RIMS. on the seminar of
)
eComplex Manifold on october 1974.

(7] Division and Asymptoyic Properties of
' coherent sheaves .. Seminar Note No.l92,

¢

Hyperfunction and Linear Differentlal
3

Equation .L.RIMS,, pp37- 327(1973).

(8] R.Thom , Ensembles et MSrphismes stratifies. Bull,
Amer. Math. Soc., 75,pp 240-284,(1969)
[9] H.Whitney, Tangents to an analytic variety, Ann.of

Math. 81, 469-549 (1965)
-9 -



_§M. Normalized series of prestratified spaces.

4,1. Normalized series of prestratified spaces,Let

R?(x) be an n-dimensional euclidean space with coordinatesk
7 (g '

(x) = ( xl,...,xn). By a seriesQ,@f‘ prestratified spaces

in R™(x), we mean a collection @={® (@@@ @ @@)}

of a series R of euclidean spaces ) of bounded »““

connected domains , @(@) of closed analytic varieties

and@ S ) of prestratifications ,where@...@ are of
the following forms.

n
(4-1)1 @={Rl(yl) ;:Rz(yz) seeesR (yl:-~::y )} wh¢re
(Yys005Y, ) 1s a system of coordinates of R'(x).

(4.1), O={U"J - 1,....n @ ={U'J}J = 1,...,n)

where U (@'J) 1s a connected bounded domain 1in ;R{}(yl,... ;)
(J = 1,...,n) . ?j

(4.1) @fv - ,...,n(@{VJ}J=l..j,n) , where

@') 1s a closed analytic variety in U9 (U’ J) such that
vutm v o(atm vy £ - 203 = 1,..0,m)

(“’1)14 @-2) ,={<S>(J)}J =1,...,n (@(; =@(')ij = 1,...,n )
where@% (@J) is a prestratification of the pair (U'z, VJ)
(u'd,v'dy (3 =12,....0). |




Let(@ =‘{‘®,v (@@(%) ;@@Os;)}be a series of prestrat-

: n .
~-ified spaces in R ' (x). We then call the series @}@}J =1,

\ U .

@):{%J}‘Fl n ) a series of prestratifications of the
3 *

' ={yd ={yd P=iy'd

@ =1v j}j=1 n)) . Moreover, let(S @j) denote the
. 3 v ) =
' .

induced prestratification of vd (v 'J) f‘rom@) @(')J) s J =1,

.,Nn,. We mean by the induced series@ @') of prestratifi
t 'j .
- f :
cations of (W@ ) the series'@%=l,..’n ® }j=1,..,n) of
3
prestratifications of V'j s(V J s) .
\ \ \J

Let@=$@5 @,@@) ,(@@ @ )}be a series of presrra-
tified spaces in Rn(x). For the ser'ies®={Rj(yl,..,yJ)!:j =1 ..

Q) sY | 3 ’
,:..u, @0 "@},J =1,..,n ° we ca%l R (yl,..,yJ) e e enny
@)J the j-th component of@...@) respectively. Also

=3 Iy dl
for the induced ser'iesé/\#{.‘s/}J =1,..,n (@~L@ iy =l,..,n)
! : U !
of@@) from@\% Sy) , we call@ @J) the j-th component,
\
Of®@) 0 .
N ) U 1
.Let@ =® (@,@@) ,(@ ,@@ )\(be a series of prestra-

tified spaces in R*(x) . We say that@s admissible 1if

the following conditions (4.2)1,\,‘3 and (4.3);. 3

(4.2)l Each stratum Sié(S}joﬁ CS\} (@jé(s'zj _@J ),

= reud _ oy "Iyt

J l1,..,n , 1s a connected component of U V(U v 9).
»J PPN J

Her‘e@O (@8 ) is the j-th component of(.\_g (S>), and@@ )

are_valid.



]

1
1s the induced prestratification of VJ(V J) fromé:g (:93

(4.2), 'The j-th component(gig:>3) ofCZ)(ﬁy) 3 =1,..,m,

satisfies the (d) - regularization condition Moreover, y
the J -th components (U K V JQJ) of the triple @’@ @ ) [
is a (d)-envelop of the J -th components (U'j VJ @W ) of

(@95

(4. 2)3 The j-th componentg:g of(§, satisfles the (8)-
separation condition , j = 1,...,n . .
(4, 3)1 Between tomponents-U: Jy(UJ) and%U 1= l(UJ l)

J =2,..,n, commutative diagrams of the following forms are

valid.
' ¥ ¥
TAC IO S £ UJ__}}__> v3-% 100
LJD-P J l?xi JE J LP,:‘I
u'd- 14 : U'J—l 3 UJ1 id UJ—l )

Here W'J is a dw-diffeomorphism and ¥ d 1s the restriction *

of\yj to UJ. Moreover, Exf(Pxi) denotes the projection e

_ - 0
from the product y'd-I 10 (UJ'&'fO) to the first factor <l .
' -— -
U9 tuI=1), ana 1a'9 (1a)) denotes the identity map on
v ).
(H.3), The restrictionTly_j,,(¥)|y'd of Ly 5, (¥)
1
to v I s cogg;ible with prestratifications S¥ of VJVand

sg0 ot u'd, g =2, .. n.
!
(’-1.3)3 For each atratum S J of the induced prestratifi-
] ] 1
—cation S)? of V', the map I, _ l’j : S‘iﬁxh 1’j(y) (S)e)
1s real analytically biholomorphic , J = 2,...,n.

4- 3
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Remark 4.1. Let@'—‘@ (@,@Q ,(@ ,@[Sj)} be an admi-

-gssible series of prestratifications in Rn(x) . Then the
conditions (4-2)1-\,3 and (4.3)l 3‘, imply the folloWingf'-:'.'
(4.4), The restriction.‘fﬁj 13 J\V‘j oflj 173 (y) to vd
is compatible with prestratifications @ of V'j and@ of
gd-t ,J = 2,...,n, Here vd @j @j ,KUJ are j-th components
of @ the induced seriles @of‘ prestratifications of@) from
@@)andéthe (J-1)-th component of(U)respectively.
(1&.4)2 For each stratum S}j\é 5 the prdjectionﬂﬂj_i,g(y)
: S';\ -———9353_1,3(57) (S‘g\) is (real analytically ) biholomor-
-phic, %= 9,. ' ' ton
(14.4)3’ If‘@l(@) consists of strata which are 1
connected, then any stratum of@%@})‘j) » 3 =2,...,n , 1s (

a connected analytic manifold.

Let@ =‘{ﬁ) (@@@;@,@' ,@' @8)} be an admissible

series of prestratifications in R'(x) . Moreover, let
1
@ @ ) denote the induced series of prestratifications of
. /‘\‘ ' ) -,
(V?(g\) from\s_é(sj) ) . Let s. e@ By a representation -
1 ]
datum of S.9 , we mean a collection@(s Iy = {-@SX ) @(S\) }

A
of setsOS'\J) ﬂS J) of analytic functions, wherel\f S,\J)

&[( '—J

and (f1S J) are of the following forms.

- -5 fra J\ =f£{S 3. & gy My
- " n - 1z Ay X
1 —t & X
’)’L
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| (u 5)1 @S J) {f (SJ yl’.‘.’y lJ’y 'J ) -1 ._,n"a-}
n

n
,where f(S)\‘j) t= 1, .,n, 1s a monic polynomial in y 'J

such that (1) coefficlents of £, (S J) are analytic unctio..

'J _ 15
-ns in U e R(yl, Y 'J) and (i1) f (SA) vanishes on S;,
n
A
In the above Rn(yl,..,y 'J) is the n)“j -"ch component of@
t ot

. e
and U™ % \is the n J-tn cAmponent of (Y.

(4.5, Q(s;’) ={r <s,3-y1, “’YJ’}:; 1, R
'J
A
For a representation datum @(S)\ ) = O(S J) @(S J

'
b >4 - 'J
where k)\ Z-J - n,° ans £ (S)\) vanishes on SA

“k/f\'j s letA((@(SAJ)) denote the closed analytic variety

in U Jdefined to be the zero locus of the following functio

-ns.
(L. 5) @(SJ),J%(_&)Wy),whereI=(i ,..,1:5)
- e J
J 'J
and f{(s ) 1s the abbriviat)lon of{f (s\9),...,f (S
l A 1 HJ
In the above we write j - n}\J as n‘;'j. /\

n"

+n

J
Moreover, for me Z , let D (Q(S J)) denote the loca%-

—1ly closed analytic variety in U " defined as follows.

(4.5), D (8xs3 7)) = {a’ de g :(a Sr_(s %H_ks)(Q'J)
mS ‘J 'J . ) _ e
=0, 0<wk_<m-1 ,(9 fs(s//ms>(Q ) X0, s = Tel,...,
0 .y,
..,n"‘j }. ’

T e

% cottectton(h! =1 I ot (@ = {(§P s, S_;,Jé:’v&}
LN

HA
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\ 'y g'd inls\ '3 Q"
‘_’pair (SA’ S }) of strata ni S satisfying SK.<S)\ s

g Lo

28 nzyzo

"Wy

s i

ana' B3 ={e)(s;9) ,Sie@lj},/where@(s/—'\'j),@‘(S;\J) 15 a rep-

1
-resentation datum onJ , will be called a_representation

datum of @l‘j Moreover, by a representation datum on__
we mean a collection of serieso @,@)} v.there()-"{(}1 y =2,..,M
= s '0} [

and@ =@ J = n consist of representation data (
30 ey

QFﬂ @)'J) (J = 2,...,n). For a representation datum@ =

@,@) as above@)J = @7,@3) will be called the Jj-th comp-
onent og@. '

#~ Let R (x) be an n-dimensional euclidean space with

/coordinates (x). By a normalized series of prestratified. o

spaces in Rn(xQ , We mean - a pailr (@,@) of an admissible

series R of prestratifies spaces in Rn(x) andra representat
~tion dat'um@ of ®satisfying the following conditions (4,6

. 'Jé B! ~ ) N

(14.6)l For each stratum S)\ @ ,J = 2,..,n,the zero
, Tyt
locus V(@(s}:'j)) of Qf}{s.;}g,)iis exprhss@d-4n the Union of

J . : 1

strata in; S J”of“ dimension at:most # J . Moreover, for

any stratum S}\CV& )) of dimension ri K @,S Iy = @’(S;\J) . \\

(4.6), Ramification conditions. For each stratum

S}JG@"’ ,J =2,..,n,
lJ \J lJ _
5,00 & @(sA )) = f.

(4.6)., Higher discriminalt conditions "' For any

A 2 /
A

/ oW e
/v“"ﬁb‘f /5}:7“)&(,1::‘# '

B

r«-‘o-

- @ ’(ﬁ g ?L ')\,0)\,\,0 \ 9( __’Z\\._‘-SN‘,'{ ’7\1‘;_ - t

t- 6

Croch bt ‘j.;,‘(h\(, '{A(‘ox»i" Cc\ci\)\»n(q 57 “3 e S\“‘;[”’)(-""(_
V
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"J_, )

there exists a (uniquely determined ) element me Z+n‘ WA

¥

in such a manner that
'J 'J
S, € D (Xs,"))
holds, W
\ 1 1 t
Of course ,@J,@SAJ) @ (S?‘J) inrélth) gre{the J-th
component of@' and the representation datum of the stratum

S)(J&@'é\ respectively.

Rk
Let Rn(x) be a euclidean space of dimension n, and let

@,@}be a normalized series of prestratifications in R™(x).
\ !
We write the admissible series@as @=@,@,@@,@,@,@)}
Moreover, let@ @ denote the induced series of prestrati-
] 1 n 'n )
fications of‘@@ from@o C570 Let S, (S}) be a stratum
1y !
of the n-th component@1 @n) of @ @ ). We say that the

normalized series ((R,F) satisfies the differentiablity

condition for @7 @n) 1f the following condition is vale
-1id.
n (1) 'n '
(4.7) For any J>dim(s? ) (j>'dim(s ) ) , the length
! A [ A ! 67)'\ v
’j 'J J = n J =_JC ] n . ¥t .
l(Sll) (1(S,7)) of Sy =T, (57 ) (s, % n(55)) 1n® ‘
SV¥) 1s equal to one. Her*e(s)j emd[S)J are j-th components
) !
of(S)and the J'-th component o@ respec’tiveﬂy.
Note that if G F) satisfies the differentiablity cond-

o} 'n 'n n 'n
~ttion for she(Ef( s e@ ) » then 1(s}) in@‘\( syh 1| g

@}n) is equal to one. We are using the terminology of



.

L~ e

%

‘differentiablity condition® for the condition (4.7) ,becau-
-se the condition (4.7) assures the differentiablity of

sertain maps generally’ on% )) (et [ Cil-. Al see the s
later arguements of this paper ¢C.ADRA .

i Let (U,V) be a pair of a bounded domain U in a euclide-
-an space R™%(x) and a closed analytic variety in U. MoreoveX
let () =W }be a finite set of closed analytic subyarietiés

El
wt s of V., We mean by a normalized series @@ of prestra-

tifled spaces attached to (éj\?@a.normalized seriles @,@) i@(@;@@)

of prestratified spaces in Rn(x) satisfying 'ch.e following
conditions. . o) )@1@’}}
(M.S)l (u,v) = (u? V ), where g and v are n-th comp
Sonénts-o1 UuAd'V respectively.
('(11.8);2 Each subvariety‘wt is the union of strata oi@n
ere@ is the n-~th component of the induced series@ from

Let R™(x) and @)@,@ be as above . Moreover, let X be

B\ an.- -equidimensianals ‘Subvariety jef lieosional, A normallz—

~-ed series O,@) @ @@@) (Q @ O)) @a)) will be

said to satisfy the differentiablity condition for X ir

the following is valid.

1
(4.7) X 1is the union of strata of@‘. Moreover, for

X PN
-les the differentiablity condition.

each stratum S°C X such that dim ST = dim X , (g@ms%ﬁsﬁm

+ -8



Remark U4,2. When there are no dangers of confusions,

we shall do the following abbriviations of terminologiles:

3>
catlions attached to .... will be abbriviated as a norm-

(1) The terminology a normalized series of prestratifi- ‘
3
alized series attached to ... . (i11) The terminology the

induced serles of prestratifications of (V from(gg,... will

be abbriviated as the 1nduced series from ,...)w /

Remark 4.3. Let (B = (@ QOO @ N, @M

be a normalized serles of prestratifications in a euclidean

space R (x). We denote byk;>and §) the induced series from

(:B and<:9 respectively Let S)g be a stratum of the J-th

N NACY

component ofcg) Then we use the symbol fron () )
1

for the closed set V(®(S J)) —(i&?. Here(] (S J) is in

A
|
the j-th component(:)j of() . Moreover, assume that(@A

and the j-th component<:? of 6>has a common point,and let
%{ denote the intersection S % UJ Then we use the followin&
symbols: (1) The symbols(b(sd) and(b(sji mean the sets(}(
and({f J) of analytic functions respectively.(11) The
symbol‘V(} (SJ)) denotes the intersection VC:X(S J)) U'j

(111)The symbol fron(%j,<:)J) denotes the closed set

v(@ (Sx)) -

—3- <ty

M E> o



In the sequel of this section we will mainly be concer-

\
|

/! -ned with investigations of properties of normalized series .,

‘\ We begin by defining manifolds of certain types for strata
\‘?iﬁ_ question
]
“4,2., Level manifolds ‘I‘O\,(S}j') ,..090 Let @,@) =

(@@@),@'®',@)),@) be a normalized series of

prestratifications in a euclidean space Rn(x). For the

- ‘f/,r

series R = Rl(yl),...,Rn(yl,...,yn)) R pr‘ojectionsJﬁj,Jv(y) STy
will be abbriviated asJCJ’J| s, 1 € Jgj' = n . Moreover, by {of

S @ and S @j (3 = 1,.0va,n) w& méan induced series

f“rom@ and/ C') respectlively. Now let S}j\ be a stratum of@l

s J = 2,...,n. We first remark that the condition (14.6)2

implis that the coordinates (yi,,..,y 'J) are local para-

n
-meters at any point on(SY . For a poir{‘t P):je SJ\ and a

couple define an (g—n J -1 )-dimensional (real analytic)
manifold T ', (P(J) by
o~ \'v)\ ' \é .
‘(PJ)‘<Q .:RJ :y(J) (Pj)t= 1,0 mh
and and t =] , lyt(QJ) - yt(Pf’\)\<
vacpd (gd =n'd =
o7a(pd, rron(s)), ¢ = n'J 41, 01 ]

Moreover, for a couple , define a (J-1)-dimensional
J
manifold T@.(S/\) by
= J J
(4.9) To{S)) —UPJTCS_P\) , where P ¢ sd,
A
We—eall—the—abovemanifolds T(R

4 — 10
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B
We call the manifolds T (PJ) and T,!S ) as above thiiiﬁ.ﬁ(
LSize §
“(¥1see5y 'J’yj) -~ level manifold of PJ@ Sd)ﬁgg’“—u—“

ﬁ(yj) ~level manifold of sdzgzggéétively Let T,,(PJ) be
the

w(yl,..,y 'J’yJ) level manifold of PJe:SJ. For a

point Qje;quPJ) and a couple o', define a one dimensional
manifold T (QJ) by

i

TN(Q{) = {Q;'@Rj(yl,-.,yj) : yt(Q ) = yt(Q )

b= Lied -L]y0Q)) - v, (e))fwa e’ g

7 /4 €S!\;’)}
Moreover, for couples o, o- define a nelghbourfood ‘
z(SJ) by
(4, 10)

TriS) = VTi@)) , where ole ml(sd)

We call the neighbourhood T ,(SJ) as above fheéﬁSSS*

‘T-neighbourhood of the size (aﬁ“&

Hb

- The manifolds TJKS%),Td,u(S ) ,...as above are conv-

~enlent, inductive arguements of the normalized series

. @9

on J =1,...,n,

We shall define one another type of manifolds, denoted
by U, (8Y) , for )i et T '(s)) be the - (41)- 1evel

manifold of SJ and (c) = (cl,c ) be a couple of positive

numbers(cl,cﬁ. We note that we are doing an exceptional

; b
use of the term(couple

for (¢) from the ruleim§3.

Let @J¢T' (s9), and 1et PJ be the point in s satisfying
A

EONR)
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the condition : Qié'T;ﬁPi) . Define a one dimensional manif-

- J

old UC(Q}) byJ .y y J

U (Q) =KQ,)¢—R (yl,..,s"J) Py (Qy7) =y, (Q)),t =
- Jy _ J J pd }
1,..,3-1 |y @) 75 (@5)] & era(ay,B)
Fib
1°%2
k5= positive numbers, define a'manifold U@’c(si) of dimen-

Moreover, for a coupleo-and a couple ¢ = (¢ ). of
sion J by

Iy - J I, n'(sd
(4.9)3  U,o(53) =V 4U(Q)) , where @ ¢ 1 (s)) .

Q
A >
The manifolds Um,c(Si) § as above will be also conven -

-lent in inductive arguements of the series-(:¥§> .

Remark to 4.2, Similar arguements as:above for stratfu
! >’ ’ U
S i s of{é}% are ,of course ,possible. However, arguements

r i
in 4.2, suffice for the later arguements.

Let (:}%§>be a normalized series(in R"(x)) of the form
4.2.. Moreover, let the symbols @,@' , (S)'J ye.. have
the same meanings as in1§4.2. Ouf next task 1s to examine
relations between prestratifications(Eﬂ and(§%'1,3 = 2,..,n
Here(@%—l means,of coufsé, the (J*l)fzh componentﬂofcg%.
Our arguements will be divided into ééveral pleces. Before
we enter into detalled arguements, we shall do certailn

remarks on materials concerned below.

4-12



(1) Let s,i be a stratum of‘@] , i =2,...,n. Then, by
a simple computation, we have the following relation.

N (S‘j) ] .]r\ T f‘v,(SJ)} , where &, o-and O‘y{ex-
~haust all the couples obeying the rule [n33. -

(11) Let S;‘Jé@"j and let S/J\ = SAJ(\UJ. L3 =2,..n.
Moreover, let D'J be an analytlic variety in U ' defined to
be the zero locus of an analytic function g in U'J. Here
UJ and U'J are the j - th components of(:)andczj respective-
-ly. By the inequality of Lojasiewicz, d(PJ, V(Q (s J))
~ d(PJ, D'J) for any P‘jc- sJ Here@(s J) is 1in the ,j-
th componentuj of@ Assume that Jﬂ - 775 Then
from the obvious relation D'Jﬂ ng'(%i)) = D,iJ(Vléy(Sif))-'S§%

and the condition (14.2)3 , we have

(4.10) d(PJ fron(s))) = c1(1>J 'J) for any PJ e-:'éd
(11)  Let SK:j S)LJ be strata irx(@;J such that S,¥<S'J

Moreover, let m = (n m "j) be the element 1in Z ny such

12°°°
that SJCD(O(S I ,where@(s '3y <. Let D ® ve the

variety in U " defined to be the zero locus of the function

m "

’szs(S/;\‘jg/ms , § = l,...,n):’. Then from the basic conditions
Inita

(4.6), ana "8.10) the following fact is valid.

: %
(4.10)" d(P,J,fron(S‘;))é d(P'j, Dm“/) for any Ple 8],

A
Now we begin by arguements by investigating the 1nverse

4-13
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‘3(;

images jtj 113 SJ l) ,s,where SJ;léC:?;l
4.3. The inverse image Ty 3 E J(SJ b, SJ %;ﬂ 2J=2,..,%.

Let S‘jilé(%_l. Define the subset @j(d‘j/li. of (\J by @‘j(SJ

={sqx(g§ﬂ ;7EJ_1,3(S%) = ijl} . For a stratum Sjvé-Cf(SJA )

letfyi(sjil) denote the single valued analytic function on

Sjjg defined by

Yi(sj;l:PJ;l) = yJ(Pi) fégﬂﬁj;}é'éécl, where Pi,
i1s+the point in Si satisfying?ﬁj_l,J(Ri) = PJ;l. Take a
point Pg—lé %i_l . By a sultable change of suffices , we
can assume the following.

yflf i) < 5, (B3 Th< - <y 'cP"‘l).

Then from the connectedness of Sj)l and the very basic

condition of the disjointness~of strata (cf.§ 1), we know -

that the following series of inequalities

! J (pd-1 J (pd-1 J (pd-1
(4.11) y/\,l( RIS S AP RS < Yy 1;c( \ .)
holds for any PJ;l(. SJ">‘1.

From the above observations , we can define an order ¢

o a ‘ j 'J othe fog MQ\
(4.31) v 89, 89, ¢sd T
CAL N Xy

in an accordance with the seriles (M.ll)'!

In the above arguement we ﬁade an essentlal use of the
existence of a ‘natural order in the fibersiﬁ_l,J(PJ;l)) 12
,Pd;é_sjil. The existence of the ‘hatural’ order (4.11) in
@f(s{;l) is led by a very simple observation ,but makes

later arguements on quantitative prperties of real analytic

b1y
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varieties smooth.

N\
Let CSY(SJ_l denote the set compsed of connected

components ofJLJll, (sd: 1[ bj(sJ -1 ,, where TG T2 (S‘jxl)m;

J=-1°J
denotes the intersection)tj_l,‘j(sjkl)n UJ. Then from the
exlstence of the prder (4.11) and the condition (4.3)1:1a

commutative diagram of the following form i!i.xlijg’iis;@valid

for each S‘jé (}1(33)\1) . kit
5, Dy gd-3 10
(h.12) J

S S
In the above ?J is a C‘Z diffeomophism, and pry, id.. EESH
are the projection to the first factor SJA and the 1dentit7’
map on S‘j)\ respectively. Also ,from the order (4.11), we
can define an order

' ~
(4.11) J<siL < si}é
in the set (S}j(sj) ) in a natural and obvious manner. Moreevw

—~over, for each SJe @{g)at most two strata Sje@j(sJ ) are
contained in SJ - ﬁij . A stratum SJ C.O’(SJAI) contained in

§i, - §J, will be called a horizontal component of ttj)e boun-
-dary of Si, .

b, 4, The going down property. Comparisons of frontiers

and distances. .TNCUBE. :

4 -15,
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and distances . As before R let(@?&& be a normalized
series of the form given in 4, 2, and let(:y @% have the _
same meanings as in $4.2. First we show the following .
Proposition h,1. (hOiNG DOWN THEOREM FOR NORMALIZED
SERIES) Being (ﬁ\?) C\ £§@§ (sg .as_above, any tripf,
let (SJ,L;sjlsJ,)éﬁ?\ ‘@j ,j.=2,..v‘.,n, |
'satisfyin@.the following diagram |

S I
(15;"' . iAt
a .
L 3-1 . -
)< s

can be completed a quatlet (SJ 1 SJ -1 SJ SJ)éiﬁﬂ '@%flxﬁf

' tv
‘Cj& satisfying a diagram of the following form. v

o sl sJ,

(p) ¢J_1r ¢J .

VR il s
n

fIn the aboves diagrams (a) (b) shoulé_be understood respect.ueh as'

follows: (a)' s9-1s g7 -1 Ty_10y(8D) =8, (b) sJ,MsJ
I sl 1) % 597 ey = 35 ‘
8% <8 733 4890 F SU57  vimme

ZE(S)“ '
: Remark to Proposition 4,1, The stratum SJ;satisfying

,the diagram (b) may not. be unique f

In Proposition 4.1. ‘We borrow 'the terminology of Go~

“ing down theorem from the ring theory .(See M. Nagata I
\*____._——-—s—‘

Note, however, that the context<of Proposition 4 l
corresponds to that of the Going up theorem rather than to

that of Going down theorem in the ring theory

&ul -m}s
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‘Proof of Proposition 4.1. Let (SJ-I, J— J)é(§3 %SJ -1 <:7
be a triplet,j = 2,...,n,such that the diagram
SJ
sd-t « sJ -1

Jre :
‘holds. For the stratum S‘lé(jj satisfying s, X UJ = sJ

let V(@:D (S j)) denote the zero locus in U j of the monic
po;ynomla T 0y (S J)é,@(s Jy, Take a point pd - l( S{Al.

ThenJG7 (PJ 1 V(@(S 9)) consists of finite points PJ
J 1 lj (\ nl} A ‘E

» 8 =1,..,8,. Take meighbourhoods N(PJ ) s of P'j s in Ud
and a neighbourhood N(P‘j l) suitably. Then we can assume 2
that (1) N(Pic)q N(PJ ) =$, 1f s s and that (11)

7‘3 1s J(N(PJ l)){\V(f nJ(S J))C.U N(P1 ) . Moreover, wé can @&

assume that 1if PX\E\N'Tﬁen N(gi»\v J f Take a sequence

RIS | “of points in s971 such that lim It -
tit 1,..,

= .
« pd- 1. Let QJ denote the point characterized by,§§g§§§

—l
T y (@? -1y Jh Then we can choose a subsequencelQJ} -
J-1 A 10t =14,

of{Qt}which converges to one of the points Pg . Because .
s

J J - J J =J
Q are in SY, , theltimit : lim = P is in 8v,.
ie 8 N .£Q1t Ay SN

Then c¢learly the stratum %iéép containinngJN_satisfies

A
‘the diagram

SJ, ‘é; SJ,
i1 5-1
S Py S Q.E.D

J=1 oJ-1 &J -1 )15 _
Now let SY —,S SY, «8Y T xS SY ,j =2,..,n, be %
N CAE e Ot ,
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a triplet satisfying the dlagram

J
-1 3-1
S < S
R\
Le‘c@j(sJ )r-j denote the subset of‘(}j(S'j 1 composed of
strata contained in S{ Proposition 4,1, assures that()a(sj)\‘)
9{4’ By a simple observation we know that
J-1 J-1
(413" (F (s7] )gg) T4y _py(fron(s? i), 59,
Let(S‘j -1 S){Q@_l@j such thatJly o, (sd /) = Sj)l. Then
from(li.l3) we know easily that
j} =JL Jﬂl "J'
(4.13) f‘ron(SX) J_l,J(fr'on(S N ))ﬂ S)\ .

Let SJ%l Si/ be as above. Moreover, let S/\J L be the

stratum 1nfs?)j such that S'J)"lﬂ vl - S‘j;l.Define an

analytic function g(3 Kk l) in U -1 by

g(S_}:j l) = ]L}Cf) (S}i—l ?, where SK‘j c_fron(s'i:‘) .

Then,by the inequality of Lojasiewicz, we have
LS § - - 1y
g(s it~ ard Tt vegs Y )

aed-t, V(g(s ok l)))ww(C\(S J- 1;$) for any P tesdct,
In the above V(g(S}:j )) denoné&ﬁ the zero locus of g(SAJ 1)
in U Eh l On the otherhand'® from (14.6)l and (11.2)3 we know

that

Nepd- 1 -1
aced fron(saﬂl)ygd(P£~ V(g(s - ))nvq;}<s I=1y))

for any PJ ésj}‘l
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5701 s4sriy
Therefore we have

- 1
(4. lll)' g(P‘j%l)r\, d(PJ 1 fron(SJ) )) for any P‘ke SJA
Now gefine an analytic function g in U‘j be g(PJ) =

(x*J 173 (P'j)) , where Ple U j, Then, for the stratum@
s)\? satisfying SAJA ud 3’\ J‘we have

L}

T~ aced, v@ s >>)m L, ves ) )
for any PJC SJ
“Buttthe right side of the above is equivalent to d(P‘j fron( SJ/))

for any-P)'(jé SJ Thus we have

(4.14)" g(PJ)r\, d(PJ ,fron(s))) for any Ple si,

From (ll.lu) and (14.114) we have the following comparison

of distances.

J J J-1 J-1
(4.14) d(PA,,fr'on(SX))zv d(PX “»fron(s o\ ))’ ,Where
Je gd ang.pd-1 -1 J
P ¢ S}:,and P)\ 5123 (B
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§ 6. Normalized series attached to germs of varieties.

6.1. Formulations of problems . Let R'(x) be a euclid-,

—ean space with coordinates (x) = (xl,..,xn) and 0" the orig-

-in of Rn(x). By an admissible pair of germs of varieties

at- o" , we mean a pair (V,W) of germs of varietles at o"

such that the following condition 1s valid.

nh

(6.1) 1=dimV=n-1, and WEV .

An admissible pair (V,W) ‘of gérms of" varieties at O" will
be called an admissible pair (V,W) of germs at 0", .when
there is no fear of confusions.

Let (V,W) be an admissible pair of germs at on, By a
normalized series of prestratified spaces attached to (V,W)
we mean a normalized series = (R, (@;@,@),(@' ,®' .@')).
'(@,@')) in Rn(x) satisfying the following conditions. |

(6.2), "> o". ‘/ ,

(6.2)2 For each stratum Sie@g (S)r:é(ép), SCB o™
(4n9 o). | \' ’

(6.2)3 ‘Each component V,_ of V is an irreducible

"
component of the germ of V" at On.

(ﬁlg)u Each component Vigof V and each component W}L

of W are expressed as the union of germs of strata S:l\’s of

& 2t o

7
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(6.2); For cach sl @ , the set (s ={r, (s} <@

consists of Weierstrass polynomials ft(Si) in y J+t with‘ B
~variables (yl,..-,yn3+ ), t = 1,--.,3' - n‘g‘ (3 ggﬁl-;.-;,n)' '

In the above we write dim‘Si as nﬂ .

In (6.2)1,..,5 R Cjiﬁéréhé%:g denote the n-th component
of@,@,@o respectively. Moreover, @n denotes the n-th compe
onent of the series@ of prestratifications of @ induced
fron()o, and (yl,..,yn) denotes the system pf éoordinates
of R"(x) defining the series@%.

When there 1is ho fear of confusions, we call a normal-

-1zed series @,@) of prestratified spaces attached to (V,W)
simply a normalized series (@,@) attached to (V,W).

Let (V,W) be an admissible pair of germs at o, We Say

that a normalized series @,@) = (@,@,@,@,...);m R" (x)

1s attached properly to (V,W) if, in addition to (6.2), ~
the following condition ris valid.

] .
(6.2) VvV = V", where V" 1s the germ of the n-th comp

-onent V% of(Vv]at 07,

Let (V,W) be as above , and let X be an irreducible 7ehee

germ of a variety at O" such that X V. We say that a

6.2,
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2
C>= ( Ma,..r,Mn) of positive monomials MJ 8 1n one variable

(@,@) is of type@

Now our position is to formulate our basic problem in
this section: As previously , let Rn(x) be a Euclidean space
with coordinates (x) and 0" the origin of R"(x). Then our
problem is to prove the following

Theorem 6.1, For an admissible pair (V,W) of germs

at O?) there exists a normalized series (EX;% attached prop-

-erly to (V,W) . Moréover, we can assume that &Qﬁéb satisfi-

-es the following conditions,

(I) The series ﬁh{%} is of monomial type.
s
(II) For any component V of V , the series qﬁ&%}
VA

satisfles the differentiablity condition.

We will prove Theorem 6.1. in a little later. Here we

give a corollary to Theorem 6,1,

Corollary 6.1, Let (V,W) be as in Theorem 6.1. Then

there exists a finite set{<:f(35)hof normalized séries 65?(??)
e

attached to (V,W) such that the following are valid.

]
(I) Each series (%?(}S), s =1,.., is of monomial
%

type. '
(II) Each <§?4é§>, s =1,..., satisfies the differnti-

~ablity condipion for any 1rreducible component V; of V,

6.3.

-

dfate
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(1’ N\ pEF v .

Remark to Corollary 6.1, Let ’E)L be an irreducible
component of{)SD@@s)». Then the conditions (II)',(III)'
imply the following fact.

(I )' There exists an irreducible component V’E of V
such that D%V . ‘

Proof of Cobrolliry 6.1. By Theorem 6.1, we can choose
a normalized series @ attached properly to (V,W) such
that (I), (II) hold. We write the irreducible decomposition of
D(@@ as leDjL Theh ,between any D and any irreducible comp-
~onent V,\ of V , there 1s no relation of the form \&CI;‘

Next define germs vl,wl by vis VUD(®,@) and wl = W,

‘By Theorem 6_.1.A ‘there exist : normalized series Q@l FM)

of monomial type attached properly to (Vl,wl) such that the
“relation V;:CD@.@') ﬁolds for any 1reeducible component;

V,t of Vl. (Here D@lﬁu) is ,of course, the germ of D(@l,@l)

at On). Therefore, for any irreducible component D}‘_ of D(@@)
satisfying DA_V, we have the fgllowing relation, -

6.4
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D D@@) Dy .
If the intersection D = D@BL@)(\Dﬁgﬁ,E/) , then the proof

2

. 2 .
is completed. Otherwise,define germs V ,W~ by V2= VUDl and

W

= wl. We apply Theorem 6.%2. to the pair (Vz;wz) and do-- -+ ?
similar arguements for (v2,w2) as above,ﬁgi;afiy repeating

these procedures wevattain the proof of Corollary 6.1,

Now we enter into discussions of the proof of Theorem

6.1, We want to do discussions of the proof of Theorem 6.l¢—-- v -

inductively on the dimension of V, To do:inductive. argueme= v
nts of the proof of Theorem6.1, smooth;'ig is conQenient T e v
to conslder an another problem instead of considering '
directly Theorem 6,1. The another problem considered here

is as follows: Let Rn(xj denote a euclidean space with
coordinates (x) = (xl,...,xn) and O" the origin O" of Rn(x),

By an admissible series of germs at O?l_we mean a collection

U
R :{@j@,@ ,@}of a serles R of euclidean spaces and series
N A R T, BN
\Y)YB,@\of germs of varieles, Here(glﬁkg Kkjﬁhgul@ be of the 7

form (6.5) and should satisfy conditions (6.6),

k+1 ! ! n ' [] i
(6'5)1@ % R (yli°"!YK+l) l".’) R (yl,--o’yk_*l’co,gn)&)
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t ] f
where (y ) = (yl,...,yn) 1s a system of coordinstes of

R (x) .
6.5), @={v}, @ =1v'I} ana@ ={wl} ,5 = x+1,..,n.

!
Here VJ,V J ana w! are germs of varieltes at O‘je Rd(yi,.,y‘;)
’J=k+l"-o,No

(6.6)1 The integer k should sati.sfy the relation: 1=
k<Sn - 1. Moreover, .IS dim v = k, dim VJ, T k, and VJUV'Jb
w3 sk +1,...,n. |

(6.6)2 Germs V9 and V'J have no common irreducible
components,

»

(6 6)3 Any 1rreducible component V'j of VJ ( V J "of'
VJ ) 1s 1ntegral overDI; '(y')(vj )(;@J'(y') (VJ )) ’
k+1€ 3% J =n,

,‘n
("
(6. G)QJEJQT;'(y)(V J )CVJ, amf- for each irreducible
component VJ ofr vJ 3‘-3 3'(3’ )(V‘j ) is an irreducible

component of VJ s k+ 15 =<-J = n,
' T
(‘5.6)535;3"(5:') (v'd >.:V*’Vv'3',Jﬁj"’g'ty')(W'J e W,
k+13=3 =n.
Remarks to (6.5) and (6.6),. (i) The condition (6.6)l ~,
tmplies that V! ¥ffor J = k 41,..,n. However, v, w

may be empty, J =k + 1,..,n

6.6.
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£11) Also note that we are not assuming the following;
1
- ! H
J@S‘*(y’)(vi yev'd- J
The integer k in (6.6),(6.6) will be called the rank
of the admissible~ser1ei:9. Also by the dimension oﬂZ@ (did@§b

we mean max VJUV'%,J =k +1 ,..,n.

Let@:{@,@,®', @}be an admissible series of rank k.of ~
Ig@rms of varieties at 0", We write{@jﬁ;gj{W}explicitly as '{
1 ; ‘
-follows:(:>={Rk+;(y;+l»r-,yn),..,Rn(Yi,..v,y;)},()'={VJ},
(:j ={V‘4L<@ ={WJ}, J = kt+l,..,n, Then each pair (VJUV'J ,wi)

¥ !
1s admissible at OJeRJ(yl,..,yJ), i = k+1 ,..,n.
Hhe otigent .
By a normalized series (of prestratified spaces ) atta-

-ched to R, we mean a normalized series («E,(D}:X:b),CD'ﬁ%'
] \
(gb)’«§XE))) in R™(x) such that the following conditions

are valid.
(6.7)1 The coordinates (y) = (yi,..,yn) defining the

series R are of the following forms: yk*é = y;;z,..,yn = yn

' [ - .
and (@1,...,yk+1) = (yl""’yk+11]A'+<) , where AsGL(k+1,R)

and @er" *1,

(6.7)2 The j-th normalized series (33,@3) derived

<

from (R,F) 1s attached to (VJUV'J,WJ).

6.7.
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Letf(@ @®' @)}be an admissible series of rank k of

germs at O, where@ '@are explicitly of the forms; @
B?V‘N 6‘ =tv' } and w {wJ},J k+1,..,n. Let (RYP)

be a normalized serles attached to (®@® M) . Then the
J-th normalized series (d-{lﬁ‘?) derived from @,@) is

attached to (@j @J,@) . We add thetfollowing definitions:

(1) We say that @ @ is attached properly to G@(\’, ‘
Q\l) ir (RYJ FJ) is attached properly to (VJu K. wJ) s J = k+

,'n',ﬂo

(11)  We say that (R@) satisfies the differentiablity
condition for (R, (Y)QU @r) if @JU) satisfles the differen-

-tiablity for each irreducible component of V"UV'J, J = k+1
' Condikion . ) : .

,"o,no

(111) We say that ®,®) 1s of monomial type 1if the
series (®.®), regarded as attached to @n @’n ,‘@ »1s of

monomial type,

Remark 6.1, Let (®,@,® ) ve an admissible series of
germs at 0" + We assume that the rank of (@@,@ @ =n-1,

Then (,@ @ is of the form (@@ Q, where ¥, v W are

v
germs of varleties at OO, Moreover assume that V =?S.

6.8,
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Then the problem of finding a normalized series attached to
the admissible series @,@@'@ = (R“(y'),v,vim 1s entire—
-ly same as that of finding a nbrmalized series attached to
the admissible pair (V,W) of germs at On. Now our present
problem is to prove the following Lemma for each é = 1,2,.,

Lemma_6 1'kﬁ Let (R) ¥§)ﬁ¥® (j}be an admissible series

s )

aak-¥ 0f germs of varietios at the origin O Ne R" (x).

Then there exlsts a normalized series (@,@) attached proper-

-ly to R. Moreover, for (@),@ we can assume the following.

1] .
(r ) (R)F) satisfies the differentiablity condition
for R. T

"
(IT ) (gxgﬁ is of monomial type.

It is clear from Remark 6.1. that the validity of
ok,
Lemma 6,1 dfor each ¥ = 1,2,.,. implies the validity of The
-orem 6,1, Now for the proof of Lemma 6. 1 for each‘k = 1,2,

+ees 1t 1s sufficient to prove the following two facts,

1 9(- o
kd’,tr'l?.o’k-l’
implies the validity of Lemma 6.1k,where k =2, ‘

. ; Lx‘— \
The proof of (A) does not contain difficulties. We pos

(A) Lemma 6. 1
(B) That the validity of Lemma 6,1

-tpone the proof of !(A) for a little while. We first prove
(B). '

6.9.



