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A remark on deformations of
Calabi-Eckmann manifolds
Kazuo Akao

University of Tokyo

In this note we give explicit constructions of
effectively parametrized and complete families of defor-
mations ‘of Calabi-Eckmann manifolds, 1In [1], Calabi and
Eckmann constructed a class of complex manifolds homeo-
morphic to SZP+1X qu+1(p,q31), These are holomorphic fi;
bre bundles over PPx P9 with elliptic curves as fibres,
Moreover these are so-called non-Kahler C-manifolds ,i.e,,
simply connecfed homogeneous spaces, P, Griffiths proved
in [2] that, for any compact complex non-Kahler homo-
geneous space M, there exists an effectively parametrized
family of deformations corresponding to each abelian Lie
subalgebra in HI(M, @4), where ®M denotes the sheaf of
germes of holomorphic vector fields on M, His construc-
tion is, however, not explicit one, using similar method
as in the proof of the existence theorem of Kuranishi
families, Our construction 1is quite elementary, but in
the same manner we  may construct effectively parametrized
and complete families of deformations of any non-Kahler

C-manifolds, using Tits' constructions of homogeneous

spaces [6].



Remark, For Kahler homogeneous manifolds, it is quite
easy to construct complete and effectively parametrized
families of their deformations,

Let W =(cP*! —(0)) x (€%*! —(0)). For each pair (4, B) €
GL(p+1l, €)X GL(g+l, €), and for any complex number t, we
define gt(A, B) € Aut(W) as follows .

For (z,’w) €W, | G gt(A, B)(z, w) = (. etAz, eth),

Lemma, Let A be a complex number with Im2 # 0,

Then for each pair (A, B) sufficviently near to (lekl%ﬂi))
the group G(A, B) = {gt(A, B)}teﬂ operates on W locally
properly, and the quotient space W/G(A, B) is a compact
complex manifold diffeomorphic to 82p+lx $2q+1.

Proqf, A 4siimplg calculation, - ;
Note that for (A, B) ‘= ( »Ip+l’ XIq+1 ), YW/G(‘A, B)‘ is 'no‘_
thlng but a usual Calabi-Eckmann man%fo}d, Eyery Calabi-r_
Eckmann mgnirfpld_ﬁ_”is obtained by the above chns}t‘ruction,_ ‘

N , ,

Let U be a sufficiently small neighbourhood of (Ip+1,

Let M = W/G( I+l

) be a Calabi-Eckmann manifold,
>LIq+L.)\ in‘,.SV_L.(,P'."»'l, ’C) _X GL(CH’L €, ;Suf%h ,t‘:hat, for every
(A, B) €U, G(A, B) operates locally properly on W, We

define a 1l-parameter Lie group G = { gt}'eﬁ‘,Of automorphisms

of WXU as follows,

1) TFor n€z, I~ denotes the unit matrix ‘in M (C),



nY

For te¢€ and ( z, w, (A, B))e WXU,
g, (z, w, (4, B).) = (g.(A, B)(z, w), (A, B)).
Then the quotient space W = WxU/G is a complex mani-
fold and the natural projection % to the 2nd component
makes W a complex fibre space over U with compact
fibres, which is differentiably a fibre bundle, Moreover
AL

the fibre on is isomorphic to M

Cip Alg) .

Theorem, The above constructed family W of deformations
of M is effectively parametrized and complete at (Ipﬂ,)tlgﬂ),
Before proving this theorem, we must calculate HV(M, ® )

Proposition 1, ( [4])., Let M be as above, Then

dim H M, ® ) dim HOQM, ® )

(p+1) 24 (1) 2-1,

dimH M, @) =0 for vz 2,
Moreover there exists a natural isomorphism

o, ®) o H L, @) 5 L @),
Note that, in particular, M has no obstruction,
Next, we need a result on the deformations of homo-
geneous Hopf manifolds, Let V = Cp+l——-(0), @ a complex

number with 0 |a|< 1, and N=V/{(}n1 a Hopf mani-
p+l'néZ

fold, Let U be a sufficiently small neighbourhood of 0

in Mé+1(c), We define an automorphism g of V U as

follows,

For l(z, wye VX u, gz, w) = ((OtIp+l+u)z, u) .



6

Then G={gn}hézoperates on VXU properly discontinuously
and YU + VXU/G 1is a family of deformations of N over

U

Proposition 2 ([5 ]l VU is effectively parametrized and
complete at O0e€eU,
Proof of Theorem, As mentioned above, M 1is a complex
analytic fibre bundle over [PPx Pq, Let ©:M —>PPx P? be
the bundle projection, Py (i = 1,2) the projection from
PPXx P! to the i-th component, and T, = Do . Consider
the fibre bundle =& M —> Pp_ The fibre 1is a homoge-

neous Hopf manifold, Since <, is smooth, there exists

L

the following exact sequence of sheaves

; X
0 — ®H/IPP _— ®H - rh-i ®ﬂ?P —> O,
From this we get the exact sequence
¢ > 0 % ! \ | * Y

Riabhard H (H'®H)_—) H CH,T(‘ ®p?)~"9 H (H‘ %r}"’H(Fb@H)—) H(H,"T,@Wy) Hm,%)
Since M is homogeneous, the first map is surjective,
Also we can prove HZ(M,GQy) = 0, Hence we get the exact

iy
sequence
0o — Hl(M,® ) —‘)(% Hl(M @1)-—%. Hl(M TEH ) — 0,
%v Py 7 s 'y Wf

Let Tﬂ; be a submanifold of W , defined by A = Ip+l’

wly
A = Ip+lg . Then QAL"——;IL gives a

subfamily of 1&7-3L4‘Lj

and U, = {(A, B)eU
, where the fibre structure by

Ty is preserved, Moreover for every lJG[Hj W;kﬁ) is a

complex analytic fibre bundle over PP with Hopf fibre,



Hence we get the following diagramme,
W &y,
i
ml’x U':L g, : L

where @, is the projection to the 2nd component,

We denote by TO(U) and To(Ul) the tangent spaces to

U and U, at (Ip+l’ Al respectively, and identify

q+l)
TO(Ul) with a subspace of TO(U)' Let f be the

-

Kodaira-Spencer map corresponding to W :
1
Then, since the fibre structure by W; 1is preserved
. Lol
over Ul’ y maps 'TO(Ul) into \, (H™ (M, Ggﬁﬁﬁ))' We shall
show that this map 1is bijective, or equivalently, the
map ?' from TO(Ul) to Hlﬂﬂ,ﬁg ), which factorizes ,
B ;%f
is surjective,
Lemma There exists a natural isomorphism, induced by
the restriction,
1 : 0
do, Oy 5 e, @),
. ® F
where F is a fibre of ™ ,
In fact, by Leray's spectral sequence,
1 . 0 1
H™ (M, ®n/mp) 25 HO( PP, R*rq,y@,?),
1 0
and R m*®ﬁ/u;>. G, ®:)).

Let g, be the projection from PPx U st

1 to th 1 compo-

. oP . _ -
nent, and Y a curve on PX Ul’ defined by fﬁf?) = 2z,

const, Then VY 1is tangent to ?Zfl(zo) at Y/\Cﬁq(wahI%ﬂl



b

-
and w (Y) is a family of Hopf manifolds on C;EH,
isomorphic to that of Proposition 2 if U, is sufficient-

ly small, Therefore by Proposition 2 the map ?\ is
TAL)

surjective,

Similarly we can prove the corresponding statement for

M, . Since it 1is obvious that dim(‘{—‘u‘\‘(ﬁf%P»f\‘b(ﬂ\m’%@
=1

, we see that y is surjective, Hence W is effective-
ly parametrized and complete at ( Ip+1’>\Iq+l ), because
dim T (V) = dinm B 1, ®,).

Corollary, For u = (A, B)e U sufficiently near to
(o1 Al

— —1

dim H' (w (u),® ) = dim BO( w (u), @ )

- aim { ¢, Q€ 1 (€)X 1 (€) | PA = AP, B - BQ § -1,

dim Hv( T,U_\(u), ® )=0 forvz 2,
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