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An example of unirational varieties in characteristic p,

T, Shioda

Department of Mathematics
University of Tokyo

This note is to supplement a computation in my talk at Kyoto
whose content can be found in [1],
Let X denote the Fermat variety of dimension 2r and of

degree n,

defined by the equation

2r+2 n
(1) >, X, = 0
i=1
. . . 2r+1 s
in the projective space P of characteristic p #2, . When

n # O(mod p), X is a non-singular irreducible variety,
An irreducible variety (defined over a field k) is called

unirational if its function field is contained in a purely tran-

scendental extension of k, For simplicity, we assume k to be
algebraically closed,

Proposition, Assume that pY= -l(mod n) for some integer

V., Then the Fermat variety X 1is unirational,

Proof, Put q=p”Y and q+ 1 = n.a with some integer a,



247

b~

Then the map
a
2) (x) —> (%
defines a surjective morphism of the Fermat variety of degree
q+ 1 onto that of degree n,
Hence it sufficés to prove the case n =q + 1,

By a change of coordinates, we rewrite (1) as

r+l
q+l - q+1 _
3 2 - %) = O
Putting
: Voi_1 = Xo: 1 + X,
%) { 2i-1 -~ “2i-1 21 (1<1<rHl) |
Y2i T F2ia1 T Fag
we have
r+l q-1 q-1
(5) ZZ J21-1721 (p5.1+ Y3 ) =0 .

Setting Yorss = 1, we consider YyseeesYopp1 88 the inhomoge-

neous coordinatés on X, The function field K = k(X) is

given by

(6) K= k(¥ys eee s Yoru1)-

Put
Y, = ¥p°u

(7) Ypi= Y9i-1't2; U (2<ixr)
Yors1™ BV .

Then we have

(8) K = k(yl, U, V, Yoi 15 Eog (2£i<r))
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with the relation

@ s+t Z yit e, el 4 v @9 gy 2o,
i'e. .

q- 1 q+1 q+l q qy _ q+1 q+l
(10) u zi Y9i- -1 Zi +‘v ) + 25 Y2i-1 21+'V)
Let

(11) {(YZi-l)l/q = tz.j_ 1 (1£igr)

_ q+l q+l
t2 = u(t + Zi-tzl 1 21 + v),
i=2
Then the field
K' = k(t ., u, v, t,, t,. (2<1i<r))
(12) 1 2i-1° 21
= k(tl, tys Vy tys s Eoy (2€isr))

is a purely inseparable extension of K, (8),

Now the relation (10) becomes

(13) &3° l(tq+l+ Ztgill tyy + V) = (tq<q+l)+ thq(q'{'l) g1+ V).
This shows that v 1is a rational function of tseeanty, and
hence |

K' = k(tl, ths vee s tzr)

is a purely transcendental extension of k of dimension 2r,

This proves the unirationality of X, q.e.d,
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