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A remark on the continuous variation of

secondary characteristic classes for foliations
*
By Shigeyuki MORITA

§1. Introduction,
Thurston [3] has constructed a family of codimension n foliations 6n
certain (2n + 1) manifold with continuously varying Godbillon-Vey invariapt

establishing a surjection,

: H 1(8Tn ; Z) —>R—>0.
gv i Hy 4 BN D

The purpose of this note is to show that, using his results, we can show
that some secondary characteristic classes other than that of Godbillon-Vey
vary also continuously. We can also show that these classes are independent,

Thus we can construct a surjection

r(n)+1

H A(BI‘n y Z)—R —30

2n+l

where r(n) 1is a number depending on n. (See §3).‘

The foliations which we are going to construct to realize some charac-
teristic classes are product foliations. The reason why these classes vary
continuously is that they are in some sense '"decomposable,'" The Godbillon-
Vey class is 'indecomposable" 1in the sense that it vanishes on any prod- *
uct foliation. 1In §3, we shall remark that there are infinitely many series
of indecomposable classes, first of which are those of Godbillon-Vey.

To evaluate the characteristic classes on product foliations, we need

the '"'Cartan formula' for the secondary classes, This will be done
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in §2.

The author would like to express his hearty thanks to Dr. Liang for
many conversations and to Dr. Lazarov for helpful suggestions. Actually

the formulation of the Cartan formula in §2 is due to him.

§2. The Cartan formula,

Suppose we are given two foliations (M,ff) and (N,jzj of codimen-
sjons p and ¢ respectively. Then we can construct the product folia-
tion (M X N,S#'XEZ). The classifying map for this foliation factors

h BT x BU ;
throug P q>_

M X N——Bl x BI—H5 3T
p q n

where n = p + q and M is induced from the natural inclusion Tﬁ X Ta [em
I}&q“

To calculate the characteristic classes of the product foliation
M X N,ﬁ?ix g}), it is nécessary to identify.;he image of the classes in
H*(Bl‘n ; B under the homomorphism p%. To do this, let us define charac~
teristic classes for codimension n foliations in a slightly different way
from that of Bott [2]*. ARecall that Bott used the class cy5 which is

»

the degree 2i part of det(I - f%,ﬂ) where ) is the curvature matrix.

-1.1i i '
We si = (—=
simply replace c; by Ei (zﬂ) Tr 0 and let Y21+1 be the form
corresponding to h2'+i in the Bott's definition. Let WOL be a dif-
I

ferential graded algebra defined by

This idea is due to Lazarov.
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WO_ = 2 [E,..,5 ) 8 E(yl,'y3,...,y2k+l)
deg Zi = 2i, deg Yoia1 = 4i + 1, and
d% =0, d¥y = Z21+1 .

Then by exactly the same way as in [2], we obtain a homomorphism
* ' *
H (WOn)—J»H (BI‘n ; B).

Now let us define a homomorphism of differential graded algebras

s 1 '

o e woﬁ——a w0P ! WOq

by

aZ,) =2, R1+18Z,
i i i

R1+18 Y21+1

0(p541) = Y2111
"Then we have

Proposition 1 (Cartan formula)

The following diagram is commutative.

3
H (BT ; B) . s B (BT X BT ;5 ®
n 3 4 P q ]
T cross product
% k3
H@GEC ; R @4 (BT ; B
P q
U.*

* 0' N ') ¥ O!
H W H (WO 8 H (W
(W0 ) y H (WO, wo,)

Proof. Let 375 and ‘tfz be two foliations of codimension p and ¢q
7 =

respectively on a smooth manifold M. Assume that - 1 and ;/2 are

transversal. Then (2?,= i?; n f}; is a codimension n (= p + q) folia-

tion on M., The normal bundle V(%?) is canonically isomorphic to

3



v(?ﬁi) & v(’&é). Since the interior direct sum of Riemannian (resp. Bott)
connections on V(Z?E) and v(“?Z) give rise to those of V(F) and
since we are using the class Zi, which is, up to a scalar, just Tr Qi,
our Proposition is obvious for this particular case., Then the general case

follows from the usual argument (cf [2]).

§3. Main theorem,

Let S be a complex analytic surface constructed by Kodaira (cf [1]),

having the following properties,

(i) S 1is the total space of a fibre bundle over a curve with fibre
another curve.

(ii) sign (8) £ 0.
Let & c T(S) be the tangent bundle along the fibres. From (ii) we
conclude that

Pl(g) = 3 sign S £ 0,

According to Thurston [5], B[, is 3-connected. Therefore again by Thurston

2

[4], E 1is homotopic to the normal bundle of a codimension 2 foliation ijﬁ

We have
Pl(v(?ﬁf)) = 3 sign S £ 0.

‘Now let (M2n+1,%}:) be the family of codimension n foliations on a mani-

2
fold M ntl ~constructed by Thurston [3], such that

< gv(g“t) , M s e m

where t ranges over some open set of R. We consider the product foliation
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(S,i‘f) X ..o x (5, x (M2“+1'4i,7t).

L — )
i

These are a family of codimension n foliations on (2n + 1) manifold

. Dbl-bi -
(S)1 X M L 41. We claim that some characteristic class in H2n+1

(BT 5 R)

varies continuously on this family,

More precisely we have the following. Let r(n) be the greatest in-

‘teger satisfying the inequality 2n + 1 - 4r(n) > 3. Then we have

Theorem, There is a surjection

(n)+1

H @5 B B —30

2n+1

for any n > 1,

Proof, We consider the following family of foliationms.
igi i +1-41 .4 1 :
oD = (b xafmA gl x{/’c) i=0,1,..,r(n).

i . n-2 n-2r (n) (n)i
Next we consider characteristic classes leQ" lel Ly seees Y121 Z; .
We claim that

@5 leﬁ-ZiZ; (i}it) il '<6 sign Si- t i=0,...,r(n).

i

0 for j > i.

It

n-2ici 4(j
@ v,z 7, (0
Clearly our theorem follows from these two statements,

Now we first verify (1), We have a map

] L ] ]
o : WO—WO R ... 8WO0, 8WO
n 2 ' n-

2 21 7

v ] 1]
which is an iteration of the maps of type WOE—% WOp 8onq considered in

% [ : '
§2. Let x ¢ BH (WO, B ... 8® W02 B WOn_ ) be a cohomology class, and let
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(al’az"'°’ai+1) be an (i + l)-tuple of non-negative integers. We de-

fine 12( to be the multi-degree (al,az,...,ai+1) part of

158500 052547)
X g. Then we have, by Proposition 1,
-2

I n i
%l " 5D 4 4L 4, 20k1-1)

=i![z,) e ['22] e...2[5] e [le"l"n].

Therefore

N

i 2 i i 1
%) e, IN1>=1i!f6signs)- ¢ .

\

. ~21i
< vz

Next we prove (2).

The same calculation as above using proposition 1 yields

~2i 1

T - = for j > i.
% (Y Z "5 44, 4, 20014g) = O J
This proves (2) and hence our Theorem.
2n+1 ! "e 1 :
Remark., Let us call an element X ¢ H (won) indecomposable'” if

1
ﬁt--awoik(l +...+l =n)o

] 1]
X) - . . .
o, (X) 0 for any factorization o : WO&-?WOi 1 K

1

Let x be such an element. Then obviously,
x (product foliation) =0 ,

It is easy to show that the classes
k

k
S L. oniai
2. PP »Z. e Hzn 1+1. !
3y iy W0, 421)

Vo441
(n = jlkl + ... + j‘ek‘e’)

are indecomposable if js is odd for every s =1,...,4. Thus we have



infinitely many series of indecomposable elements. For example,

Zi’lei’

les b Y 5 > lezz >

(In Bott's definition, Y1 corresponds to hl’ 21 corresponds to O

corresponds to ci - 2c2 and so on). We also have another type of

Z2
5 1]
indecomposable elements, e.g. YIZZ € H (WOZ)'
By the argument in this note, the problem of continuous variation of

1] .
characteristic classes in H2n+1(W0n) splits into the following two problenms,.

(1) To construct a family of codimension n foliation on some M2n+1 ‘s

on which indecomposable elements take values continuously and
independently.
* 4k
(2) To show that the natural map T : H (BGLZkR;m)_;H (Brzk ; R)

is injective. (This is the case for k = 1 by Thurston [5].)
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