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New results concerning monotone operators

and nonlinear semigroups

HaTm BREZIS

Our purpose is to describe here some recent developments
in three different directions.
In §I. we discuss a property of the range R(A+B) of the sum
of two monotone operators. Surprisingly, it turns out that in
"many" cases R(A+B) is "alwmost" equal ta R(A)+R(B). A
number of applications to nonlinear partial differential
equations are given.
In §II we prove some estimates showing that (I-i-tA)-1 and
S(t) have the same modulus of continuity at t = 0 (S(t) de-
notes the semigroup generated by -A). Next we present some
consequences.
In §III we give a very general form of the convergence theorem

of Trotter - Kato - Neveu type for nonlinear semigroups.

§I "R(A+B) = R(A)+R(B)" and applications

Let H be a real Hilbert space and let A and B be
maximal monotone operators such that A+B is again maximal
monotone.

We say that two subsets K; and K, of H are almost equal
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(Kl'Q:KQ) if K1 and K2 have the same closure and the same

interior. We prove here, under various assumptions, that
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R(A+B) = R(A) +R(B); we discuss here only the simplest forms

(for more elaborate results see [7]).

Theorem 1 Suppose A and B are subdifferentials of convex

functions. Then R(A+B) =~ R(A)+R(B).

Proof First we prove that R(A+B) = R(A)+R(B)’; it is suf-
ficient to verify that R(A) +R(B) c m Given f € R(A) +
R(B), there exist ge D(A) and 7 € D(B) such that f €
A§ +B72 . The equation '

(1) gu, + Au, + Bue 3 £

has a unique solution ug. The conclusion follows provided we

show that €u, —> 0 as € —>0. Let x e D(A) N D(B) be

fixed. Since A and B are cyclically monotone (see [21])

we have
(2) (AU‘E’ us-x)+(Ax,x-§)+(A§, ;-ue);o
(3) (Bue, ue-x)+(Bx,x-)Z)+(B)z, )Z-uE)QO

and therefore by adding (2) and (3) we obtain

(f-&ue, u.-x) + C - (£, uE) 2 0,

£

where C is independent of ¢ . Hence
elogl® - elug, x) € ¢
and therefore \[g|u,| remains bounded as & —> 0.
Next we prove that Int[R(A)+R(B)] = Int[R(A+B)]. It is
sufficient to check that Int[R(A)+R(B)] ¢ R(A+B). Let
f € Int[R(A)+R(B)], so that a ball B (£, f) is contained in

R(A)+R(B). For every h e H with Ih} <f', there exist |3
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and 72 (depending on h) such that f+h € A% +B)2 . Going
back to (2) and (3) and adding them we obtain now

(f - £uE, ug -x) + C(h) - (£+h, ue) 2 0
where C(h) depends on h, but is independent of £
Hence (h; ue) £ C(h) for every h e H with |h] <f . It
follows from the uniform boundedness principle that {ue}
remains bounded as € — 0. Passing to the limit in (1) we

conclude by standard methods that £ € R(A+B).

Theorem 2 We suppose now that only A is the subdifferential

of a convex function, but D(B) ¢ D(A). Then R{A+B) =< R(A)+R(B)-.’

Proof We proceed as in the proof of Theorem 1.
First let £ € R(A+B) i.e. fe€A §+B7l ; let ug be the
solution of (1). We have
(4) (Aug, ug =)+ (A, P-E)+ (A%, §-uy) 20
(5) (Bug, ue-72)+ (Brz R 72-u£) 2z 0.
By adding (4) and (5) we obtain
(f-€u,, ug=-9) +C- (£,u) 20
and hence
E-;'Iual2 - E(us, 72)§ c'.

Next suppose f € Int[R(A)+R(B)]; we obtain now, as in the
proof of Theorem 1 |

(f-&ua, ug - )Z)+C(h) - (f+h,ua) 20 |

i.e. (h, u) <C'(h).

Theorem 3 Suppose A 1is a subdifferential of a convex



function ? and let B be a maximal monotone operator such
that ‘
(6) (f((I+/\B)-1x) < ?(x) Py > 0, Vx e D(jo).

Ihen R(A+B) X R(A)+R(B).

Remark  We know (see [4]) that (6) implies that A+B 1is
Remarx

maximal monotone.

proof Let f € R(A)+R(B) and let u, be the solution of
(1). It follows easily from (6) that &|u,], IAuE) and
IBual remain bounded as ¢ —» 0. Next we have
) (Aug -A% , u. -5)20
(8) (Bug =Bn , ug-7)2 0.
Hence, by adding (7) and (8) we obtain

(f - gue, ue)-(f, u£) +C20
i.e. EIUE|2$ C. Suppose now that £ € Int[R(A)+R(B)],
with the same argument as above we have

(f - Eug, “e) - (f+h, uy) + C(h) 20

i.e. (h, ug) £C(h) for Jhi < JO

Some applications

Let f.cC IRN be a bounded domain with smooth boundary

W

L. Let A : IR —>R be a monotone nondecreasing continuous
f

function such that /3(0) = 0. Consider the equation (for a

given £ e LE(Q)):
(9) -Au+/3(u)=f on £, '—g‘%=0 on JJfL

Ih\ecﬂf_g_m_ﬁ_ A necessary condition for the existence of a
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solution of (9) is that

1

TBI J;lf(x)dx € R(:ﬁ). A sufficient

condition is that ﬁ L). E(x)dx € Tnt R().

Proof The necessary condition is clear by integrating (9) on
SL . 1In order to prove the sufficient condition we apply Theorey:

1 in H = LZ(KL) with

A

-4, D@ =fue B(Q); 22=0 on ]

B= g, D® -{fuel’(Q); fweri@i.

Both A and B are subdifferentials of convex functions; also

A+B 1is maximal monotone. It is well known that R(A) =

£ e12(n); 5 £(x)dx = o}. Finally if —LJ F(x)dx €

Int R(ﬁ ), then f € Int[R(A)+R(B)]. Indeed for g ¢ Lz(ﬁl)
we have

= _—1— L
g = (g oY ng(x)dX)'*' Y ‘D‘g(x)dx .

And so it is clear that g € R(A)+R(B) as soon as

1 .
‘ I j‘ng(x)dx Y 0 f(x)dx ‘s‘&l

-%

NE-g" 9 is small enough.
L

Remark  Theorem 4 is related to a number of results of Schatzman
[22], Hess [13], Landesman - Lazer [17], Nirenberg [19] etc...
The method used in the proofs of Theorems 1 -3 can be easily
extended to include most results known about 'semi coercive"

problems.

Let Jf be a Hilbert space and let 7) be a convex
function on &f. . Given f € LZ(O, T; 5£) consider the

equation
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(1) G+ ¢ 3£ on (0, ), uw(0) = u(D)

Theorem 5 A necessary condition for the existence of a solution
Theorem 2

T
of (10) is that ';I‘L-J f(t)dt e R(aja). A sufficient condition is
0

T
1
that TJO f(t)dt € Int R(aso).

Proof Since R( 37:) is convex, the necessary condition follows
from the integration of (10). For the sufficient condition we

apply Theorem 3 in H = L2(O, T; ) with A = 9? i.e. f €& Au

provided £, u € H and £(t) ¢ 3?(u(t)) a.e. and with B = ad? ,
p@) ={uen, S2cH and u(0) = WD)} It is well known

that A 1is a subdifferential of a convex function in H, that

B is maximal monotone and that (6) holds. The assumption

T
%SA f(t)dt € Int R(a?) implies that £ g Int[R(A)+R(B)].
0

T

Indeed, note that R(B) = {f € H; f f(t)de = O}. For geg H

0
we can write

1 (T 1T
g = (g —:fjo g(t)de) + ffo g(t)dt € R(A) +R(B)

provided ||g -f]lH is small enough.
Theorem 6 Let H be a Hilbert space and let K be a maximal
monotone operator in H with D(K) = H. Let F be the subdif-

ferential of a convex function on H with D(F) = H. Then

Proof Given f € H we want to solve u+KFu =f 1i.e.



!
Sk l(E-uw) + Fu30.  We apply Theorem 2 with A = F and
Bu = -Kﬂ(f-—u) so that B 1is maximal monotone; it follows
that R(A+B) = R(A)+R(B). However R(B) = -D(K) = H and

therefore R(A+B) = H.

Remark Results related to Theorem 6 were obtained in'[6].

§ I1.1 Comparative behavior of (I-!-tA)-l and S(t) near

t =20

1. The Hilbert space case

Suppose H 1is a Hilbert space and let A be a maximal
monotone operator; let S(t) be the semigroup generated by
-A 1in the sense of Kato - Komura (see.e.g. [23] or [4]).

For x € D(A) and y € D(A) we have
|x-S(t)x| < 2|x-y| + |y-s(t)y| £ 2|x -y|+ t|A°y] .
Choosing y = ka = (I+ AA)-lx we get
t
(11) |x - s(e)x| 4(2+Z) |x—J)\x]
and in particular, for A = t, we obtain

(12) |x-S(t)x] < 3]x—th' .

In case A = 330 we can show (see [5]) that

(13) \x-th]é(l+\f—%)\x-S(t)x|

(the best constants are not known).
For general monotone operators an inequality of the kind (13)

does not hold (consider for example in H =lR2, A = a rotation



by 7C/2). However one can obtain a "substitute" for (13) in

the general case as follows:

Theorem 7 Let A be a general maximal monotone operator;
Theorem /

then we have

t

(14) |X-JtXI$%J.x-S(T)x‘dt, Vxe D@, Yt >o0.
0

Remark It is clear that the constant 2 in (14) can not be

improved. Otherwise we would have for x € D(A), |x- J X | <

t

%J TlA"x]d“c =%|A°x}t and as t —> 0, lA°xlé§]A°xl
0

with €< 2,

Proof Clearly, it is sufficient to prove (14) for x e D(A).
Let u(t) = S(t)x; by the monotonicity of A, wemhave for
v e D(A)

(15) av+S2(t), v-u(e)) 30 .

Integrating (15) on (0, t) we obtain
1 2 1 2 t

(16) -'Z-‘u(t) -v|® - E]x-v\ SJ (Av, v-u(t))dT =
0

t
= t(Av, v -x) +J (Av, x ~u(T))dtT .
0

1 2 1 2 | t
Thus \-2- u(t) -v\ - 'z—lx-v| < t(Av, v -x) + IAvlf lx-u(t)l dt.
0

Choosing v = th we get

1 |x-J x| rt
Elu(t)-th |2 -%’lx-thlzé -|x-th|2+-——t—t—fO | x-u(T)|dT ,

and (14) follows.



Remark Combining (12) and (14) we see that |x -th) and

\x -S(t)xl‘ have the same modulus of continuity at ¢t
Also, using Hardy's inequality we can deduce that for

and 1 ¢ p £ ™

=t o], o
% *
“"'thu < ”x-S(t)x,
tD( Lg 1+0( LI;

0.

12 >0

where Li = Lp([O, 1], H; %}) . These inequalities are useful

in the study of nonlinear interpolation classes (see [3]).

In a "similar spirit" we have the following

Theorem 8 Let A be a general maximal monotone operator.

For x € D@A), A> 0 and t > 0 we set

- a+da-seon™

-
Then
(17) \ykt_J < |x- J:ﬂ —Jhlx-S(t)x]dt.
Remark Let w(t) = Sup |x-SCt)x' . By a result of Kato

O<tgt

[14] (see also [4] Lemma 4.2) we know that for every integer n

2 .
195,¢ " In,e/nl” € 20Oy, p-xl

Using the fact that YA S ~ﬁ'qu as s —> 0 (see e.g.

3

Proposition 4.1) we obtain as n —» 0o

(18) ‘YA,t-Jxx\z <20 |3,x - x|

Such an inequality follows also directly from (17).

[4]
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proof We apply (16) with x replaced by vy
ProoZ

At and v by

J},x . Thus

2 1 2
(19) %]S(t)yx,t x| - ?)__l NREAT

t x-J)\x
gj (T—,J)‘x-s(t)y ydT .

0 At
However S(t)y = (1+'t‘)y -£%x and so
© At ATae T
2 ;g )
(20) |S(t)yA . Jx] R CATEE AR

On the other hand

(21) (x-JAx, ng-S(’z:)yA’t) = -ix—Jhx|2+(x—J)\x, x-S("c)y’\’t)
< -lx-Jxx] + {x-J)\xl(lx-S(‘c)x|+ 'X-y),t‘)'

We deduce from (19), (20) and (21) that

t - .t 2.t
)\(Y)‘,t A% Yy ¢ x) & - 5lx-I,x|"+ 5 |x-J x“x-yk,t’

|x-J, x|
—--_)\._.__...f |x-S(T)x|dT

Therefore

) |
RN B A TS AR Y BV R EL A

t
1
+ |x-J)\x| 't‘JO |x-S(T)x|dT
. 2 1 t - .
l1.e. \a|  + (b-a, b) £ |a] |b|+|x-JAx|Ef |x-S(T)x|dT
0

with = - = -
a=x JAX and b = x yA,t' Hence

1
Ela-b‘2 = %—[a|2+%-|b|2 - (a,b)
'%‘l al’- lbl + lal Ibl + |x-J, x| —f | x-s(T)x| dT
and -21—\ —b\ ‘x-J xl—f |x-s(T)x|dT.

- 10 -
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11.2 The Banach space case

Let X be a general Banach space and let A be an m-ac-
cretive operator on X. Let S(t) be the semigroup generated:
by =-A 1in the sense of Crandall - Liggett (see [10] or [23]),

Clearly we have as in §II.1
t
(22) lx -s(e)xll & @+3)x-3,x]) -

We don't know whether the exact analogue of (14) holds true.

However we can prove the following
Theorem 9 For every x € D(A), t > 0 and A >0 we have
| A 2 (F
(23) hx -3 x) < (1+'€)E~( Ix -s(T)x|jdT
J0
and in particular
. . .
(24) )| x -thl\é T J lIx - s(T)xjdT
0
Proof As usual we denote for x, y € X
.1 . 1
T(x,y) = Lim= (llxdy ) - Mxl) = inf = Clx+ay )| -] -
AVO A0 A

The analogue of (16) becomes now (see [10] or [2] for equiva-

lent forms):

(25) Nse)x -vil - |lv-x||< jot T(v -S(s)x, Av)ds

for every v € D(A).
However we have for every A > 0
(26) T(v-S(s)x, Av) € -}\(nv—S(s)xw\Avu-‘ggv-S(s>xn) .

If we choose in (26) v = qu we obtain

- 11 -



(x-S ()x 11 - 3, x-5 ()%

bl

(27) "C(JAx -S(s)x, A)\x) <

and by (25) we get

t
(28) nS(t)x - J,x =1l Jx-x|g ifo (hx-S(s)x || - IIJ)\x—S (s)xlDds.

But "“JAX‘S(S)X" < HX-S(s)#"-"x-J,g" and therefore (28)

leads to

t t
- x-S (s)xllg %fojlx-S(s)x}Ids+%fo (J|lx-s(s)x(lds -/-\t-ﬂx-J)\x"
i.e.
A 2t
(29) lix - J’\x" ¢ T l|x-S(t)x||+ EJ‘Q || x-S (s)x||ds .
Finally note that
t

(30) l|x - s(t)x|| € QJO |x -S(s)x|lds ;
indeed

t t
»“S(t)x-%‘j‘o S(s)xdsl] < %fo Is(t)x ~ S(s)x||ds

1 (*t 1 (¢
€ EJ() "S(t-s)x-x"ds = -t—Jlo llS(s)x-x"ds ,

and so
- 1 t 1 t ' ) t
Nx-s(t)x||< |jx - ;J S(s)x dsu +'t—f IS (s)x-x "ds < EJ- \[x-S (s)x]|ds.
0 0 0
Combining (29) and (30) we obtain (23).
Remarks:
1) T would like to thank Prof. M. Crandall, Y. Konishi and
I. Miyadera for stimulating discussions concerning Theorem 9.

2t
After our first result was obtained (nx-th“s -Zt_f Il x-S (T)x|ldT),
0

t
I. Miyadera showed that ||x - J x < %JO Ix -s(T)x))dt and

- 12 -
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4 (€
Y. Konishi got I -th < E-J \x -S(T)x(ldT .
0

2) Using (22) and (23) one can prove directly the following

result of M. Crandall [9]:

_ ”x-J x”
].imsupL\—L—L—IX S (£)x| = 11 . .

t 1im
t}0 Y]
Indeed let & = lim sup llx -i x|l ; and so V,g > 0 ‘:‘15 > 0
t40

such that 0 <t < §

lx -s(e)ll € t(x+e).

From (23) we have for 0 <t < § and every A > 0
AL 2 t
ux-J}\xH((l+E)€(o(+ )| Tdt = (A+t)(x+¢&).
0

It follows that |x - J X | € AN(x+€) for every X >0 and

JIx -Jxxu y
€ >0. Next let /5=iim“—x'_—‘, and so £>0 3§ >0
0

such that for 0 <)\ < &
I\X'-J)‘X“ < /\((3+£?
From (22) we get for 0 <A< S and every t >0

hx-S(E)xH € @+FIN(B+E) = (c+2A)(f+E).

Hence ||x -S(t)x| g tp for every t > 0.

_ -S(t)
3) 1In general for x & D(4), lx - 5(t)x|

does not necessarily
|x - Jox| —_

converge to 1 as t — 0.

-1
u

for u g 0. In this case JtO = J_f:' and StO = \/ 2t (slightly

Consider for example in H =IR, Au = for u>» 0 and Au = ¢

more complicated examples were built previously by A. Plant and

L. Veron).

4) In view of the example built by Crandall - Liggett in [11]

- 13 -
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one can not expect to extend Theorem 8 to Banach spaces (or even

to 33 with some Banach norm) since XA ¢ does not necessarily
’

converge to a limit as t —>» 0.

11.3 An application to the characterization of compact semi-

groups.
RSt
Let A be an m-accretive operator in a general Banach space

X and let S(t) be the semigroup generated by -A.

Theorem 10. The following properties are equivalent,
(31) For every t >0, S(t) 1is compact i.e. S(t) maps bounded
sets of '5YK7 into compact sets of X

(32a) For every A >0, (I+AA)—1 is compact i.e.

maps bounded sets of X into compact sets of X

(32) (32b) For every bounded set B in D(A) and every t, >0

0
the mappings t +» S(t)x are equicontinuous at t = tO

as x &€ B.
Remarks

1) Theorem 10 is due to A. Pazy [20] in the linear case and to

Y. Konishi [15] in the nonlinear Hilbert case (his proof relies

on a consequence of (18) and could not bé extended to Banach spaces)
2) It is obvious tﬁat (32a) is equivalent to

(32a') (I-i-A)n1 is compact

and also to

(32a") For every M > 0 the set

- 14 -



{xeD(A); Ixll¢M and IliyllgM for some yéAx}

is relatively compact in X.

Proof (31) == (32a)
Let A Dbe fixed and let x € X; we have for every t20
t
3, x - S(e)J,x|| < t]lAx|| = X"x -Jx -
Let B be a bounded set in X; given € > 0, choose ¢t SO

0
small that

t
—XQ‘“x-J)\xlI< /2 for x e B.

Since J,(B) 1is bounded in D(A), it follows from (31) that
S(to)JA(B) is relatively compact. Thus S(tO)J)\(B) can be

covered by a finite union UB(xi, €/2). Hence JA(B)C U B(Xi’ gf
i i £

and consequently Jx(B) is precompact.

(31) == (32b)
Using (31) we have only to prove that the mappings t H—>S(t)x

t
are equicontinuous at t = —ZQ- as x € K, K compact

t
( K =8¢ - )B). This follows directly from the fact that for
2 y

each fixed x, t v S(t)x 1is continuous and that x > S(t)x

is a contraction.

(32a) + (32b) =—=» (31)

Fix a t0>0 and let B be a bounded set in -D—m By (32b),

for every ¢ > 0 there exists 5 2 0 such that
!\S(t)x—S(tO)xH<£ for It-tolss and x & B.

We deduce from (23) that for x € B and A > 0,

t
E\S(to)x - J)\S(to)xu < (1+%) % go \[S(to)x -S(T+ to)xudt

- 15 -
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g(l+%—)2£, for every 0<tg d .
In particular for 0<AgJd and x € B we have

| uS(tO)x - JAS(CO)X"< Le

Since JSS(tO)B is relatively compact it can be covered by a

finite union UB(xi, £). Hence S(tO)B can also be covered
' i

by a finite union of balls of radius 5g and thus S(tO)B is

precompact .

Remark Suppose H 1is a Hilbert space, 30 is a convex func-
tion on H and let A = d¢ . 1In this case (31) is equivalent to

(32a) since (32b) is satisfied automatically. Indeed we have

0 Yo .
IS(t)x-S(tO)XI = |s(t -2 )y -8(5)yl < e - tol 1A%y

t .
where y = S(z& )x. On the other hand (see e.g. [4] Théoréme

3.2) we know that
‘o L2
|A°S(7)x\ < |A°vl+t—-]x-v| for every v € D(A).
0

Therefore the mappings t > S(t)x are equicontinuous at t = t0
a8s x ‘remains bounded. |
In this case property (32a) is also equivalent to
(32a"') For every M  the set
{ X € D(T); Ixl <M and ia(x) sM}
is relatively compact in H.
Indeed (32a'™) = (32a"):
let E = {x € DA); Ixl<M and |A°x | € M}; for a fixed vy €

D( ‘f) we have

- 16 -
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Plvy) - &) 2 (A%x, vy =x)
and so (r(x) < Cf(v0)+M([vO]+ M) = M' when x € E.
Conversely (32a) =» (32a'"):
Let
F ={x € D(jo); | xI<M and (f(x) < M};
for x € F we have
| (x) - (I, x) (A x-J x) = l‘}x -J x|2
?x (f Ax -] A A X N .
Therefore, since T is bounded below by some affine function,

we get for x &€ F,
Lix-3 x|2<M+C |3, x| +C, < M+C ]x-J x|+C M+ C
A PN = 1A 2 1 A 1
Thus IX-J)‘x|$,/)\(C3)\+C4) for x € F.

Given € > 0 we choose 7\0 > 0 so small that ‘/}\O(C3,\O+ C4)

9

< £. Since JA (F) 1is relatively compact, it can be covered by
0

a finite union \“jB(xi, &) and then F C L,)B(xi, 2¢e).
i i

§ ITITI. A convergence theorem for nonlinear semigroups

Let H be a Hilbert space; let -{A } and A Dbe maximal
n/ nzl
monotone operators. Let {Sn(t)}nzl and S(t) be the corre-

sponding semigroups.

Our next result is a nonlinear version of the Theorem of
Trotter - Kato - Neveu. A number of related results have been
obtained previously by Miyadera - Oharu [18], Brezis - Pazy [8],

Benilan [1], Goldstein [12], Kurtz [16] etc...

Theoren 11. The following properties are equivalent,

~17 -



3 Vxed@, Ya>o a+aa)x — a+anx

(34) Vxe D(A) ané D(An) such that X —» x and
A°x —> A°x
n n

(35) YxeD(@) 3x_€D@A) such that x_ —>x and PVt 0
Sn(t)xn —> S(t)x .

In addition the convergence in (33) (resp. (35)) 1is uniform

for bounded A (resp. bounded ¢t).

The proof of Theorem 11 is divided into four parts

Part A (33) => (34)
Part B 34) = (33)
Part C (33) = (35)
Part D (35) => (33).

Part A (33) = (34)
Let x € D(A); given € > 0 there is a A > 0 such that

|x - (I+ XA)-IX‘ < &/2

|A°x "AAX‘ < &/2.
- Next, by (33) there is an integer N such that for n 2> N

(T + )\An)'lx - (1+ )\A)-lxl < €/2
) -axl < /2.

Combining these estimates we see that given € >0 there is an
integer N(€) and sequences un(g) = (I+ A,An)-lx and
fn(E) = (An})\x such that [un(g), fn(g )] € G(Aﬂ) and for

"FNCE), Jug(e)-xlce, |E(8)-a%x | <. Let N =N(g);

wWe can always assume that N, 1is increasing to s0 .

- 18 -



We define the sequences X and gy by X, = un(g) and
1
g, = fn( k) for Nk <£n< Nk+1' Therefore [xn, gn] e G(An) and

1 o 1
for N, & n< N, we have \xn-x]<k and |g_ -4 x]<k.
Consequently X —>x and &, —> A°x; we are going to prove now
that A;xn —> A°x. 1Indeed IA;’1 x_|«lg ) and thus for a subse-

quence we get A’ x, —~h. Let veg D(A); by the monotonicity

J ]
of An we have

(A -85x , A+ XA) vox)30.
At the limit as nj —>»& we obtain

(Ayv -h, (I+7\A)-1v-x) > 0.
Next we péss to the limit as A —>0:

(A°v-h, v-x)2 0 YveD@)

Therefore h € Ax (see e.g. [4] Proposition 2.7). Since on the
other hand |h| <|A°x| we have h = A°x. By the uniqueness of

the limit, and the fact that 1lim sup |A:_’l xn|$ |A°x| we conclude

that A°x —> A°x.
n n

Part B (34) =» (33)

Without loss of generality we may assume that A = 1. Let

x € D(A) and let u = (I+An)_1x. Given y & D(A), let y, €
D(An) be the sequence given by (34) so that y, =

-1 [ o
(I+4) (y,*AL yn) . Therefore ju_ -y |< |x - v, TALY, ] and

thus u, is bounded. For a subsequence u_, —u; by the

0 ’

monotonicity of An we have

-y )20

(36) (x - u -An Yo Yy n

Passing to the limit in (36) we obtain



37) (x-u-A°,u-y) 20 VyeD@).
In (37) we choose y = (I+ AA)-lu and so
(x - u, u-J,\u) 2 A J)\u, A'\u) 2 0.
As A —2> 0 we see that
(x-u, u-Pr‘oj—D—-(—A-j ll) } 0.
on the other hand since x € D(A) we have

. _ _ . >
(PI'OJD(A u-x, u Pro_]m u) 2 0

and consequently u = Projm u i.e. u € m Going back to
(37) we deduce now from [4] Proposition 2.7 that x-u € Au 1i.e.
u= (1 +A)-1x. By the uniqueness of the limit we have in fact
w = (1+A)'1x.
1t follows from (36) that for every y € D(A)

lim sup ‘un\z £ (x,u-y)+ (u, y)+ (A°y, y-u),
In particular if we take y = u we get

lim sup lun\z < \u\z and thus> u >u .
The convergence in (33) is uniform in A as A remains
bounded:
Without loss of generality we may assume that x € D(A) and let
x € D(An) with X —*x and A; X —>»A°x. We have

|(I+>"An)_lxn B (I+/uAn)-1xn <A '/“" 'A; xn' :

Therefore the fgnctions fn(}\) = (1 +)\An')_]"xn are uniformly
lipschitz continuous on [0,+60). Since they converge simply to
(I+>\A)—1x as n —>+e&, we conclude that the convergence is

uniform in A as ) remains in a bounded interval.

Part ¢ (33) => (35)

Without loss of generality we may assume that x € D(A). By (34)

- 20 -
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we have a sequence x_ € D(An) such that X —> x and A;:< —
A°x. We are going to prove that Sn(t)xn —» S(t)x. It is known

(see e.g. [4] Corollaire 4.4) that

[Sq 0y - B ™ x| € B far | < 22
and |
|s(t)x - (I+1%A)-kx‘$\),2_?t|A°xléj—:;_M' |
where M = Sgp lA;)&)L Given g » 0, we first fix k 1large
enough so that 3%%- < & . Next observe, by induction, that for

——

every integer N and for every sequence u —>u with u € D(4)

N

then (I+,\,An)- un——>(I+AAn)-Nu, as n —»+60 . Thus

-k -
5 (0)x_-s(Ox| €26 +|@+Ea ) x - @+En)Fx|ase
provided n 1is large enough.

Finally (35) holds true uniformly in t as t remains bounded

since (33) holds true uniformly in A as ) remains bounded.

Part D (35) => (33)

The proof relies on the following

Lemma 1  Suppose (35) holds. Let fnes D(An) be such that

£ —>f and f€ D(A). Then Yi>0, Ve>o0

u = (T4 %(I—Sn(t)))—l £ —>u = (1+%‘(1 -s(e)) L

Proof of Lemma 1 By (35) there exists a sequence )&16 D(An)

such that x —u and Sn(t)xn —>» S(t)u. Writing the monoto- -
nicity of I —Sn(t) we have

((un«’Sn(t)un) »(xn-Sn(t)xn), u_ -x ) 20

n n
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and therefore

f -f u-x_ Sn(t)xn-S(t)u

where 5n= X + o + . and §n°"'>0.

Hence

1 2 : 1
Slug-ul® <18 0y -ul+ (8 lu-x 1+ S fu-u ) lu-x | |

and consequently u —>u as n —> ol

Lemma 2. Let x_ € D(An) be a sequence such that X —» x with

x & D(A) and Sn(t)xn —>» S(t)x for every t 2 0. Then for every

T there exists a constant K such that | (T+AaA )‘1 xn| < K
n

-~

and |Sn(t)xn\é K for every 0K A KT, for every 0<t<T

and every n.

Proof of Lemma 2 Let M = Sup |S(t)x] and let
Ogtgl

En ={t € [0,1]; ‘Sp(t)xp|$_ M+1 for every p2 n},

[o,e)
Clearly E. is closed and UEn = [0, 1]; it follows from Baire's
n=1

theorem that Int EN # ¢ for some N. Let [to, t0+h] c EN so

that
ISp(t)xp|$ M+ 1 .for n N and togt<t0+l.
It follows from Theorem 9 that
-1 A 2 (P |
‘Sn(to)xn - (I+7\An) Sn(to)xn\ £ (1+1j{) EJO \Sn(to)xn - Sn(to+’c)xn‘d'c.
Choosing n 2 N we get-

l(I+)\An)-lxnlé ]xn - Sn(to)xn| + ]sn(to)xn[ +%(1+£—')2(M+ 1)h

- 22 -
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\ A
S )X N F2MF D) +AAFT) L)
We conclude by using the fact that

-1
]xn-Sn(t)xn|é 3|xn- (I+tAn) Xn"

Proof of (35) =» (33) In what follows A is fixed

Theorem 8 we get

Using

Ja+da-s ©nlx - araa) x|

n

t
< 'Xn - (I+)\An)"1 Xn‘ %JO \xn -Sn('l:)xnl dT

and

\(1+%\(1 -s(e))) Mk - (1+>\A)“1x\2

12 (F
glx-(1+}\A) X‘E’J |x-S(‘[)x'd”E.
0
Let P = 2\x- (I+7\A)-1x\+25up|xn- (I+,\An)_lxn‘< b6 (by Lemma
. n
2). We have

1(° 1(°© 1 (¢
Ej()‘xn-sn(’t)xnldtg ‘xn-x|+gg0\x-s(’t)x| +-t-fo|s(‘[)x-sn('c)xn|d.c»

and so

L) e = @eam Txl g jard a-s ©)) e - g a-s©)) Ty

t
+,’ P\xn-x\ + 2\(%[0 |x-S(T)x|dT + \/%[Ot \ S (t)x-Sn(‘c)xn\ dT

= X1 + X2 + X3 + X4 .

Given §& >0 we choose first t > 0 small enough so that X3< &

and then we choose n (we

large enough so that X1+X3+X4 < &

use here Lemma 1 to make Xl small and Lemma 2 combined with

Lebesgue's Theorem to make X, small).

- 23 -
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