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1. Introduction. Let H be a (real) Hilbert space and T be

a fixed positive number. Let {¢t; 0 <t < T} be a family of proper
l.s.c. (lower semicontinuous) convex functions on H. Assume that
for each*v&[?(o, T; H) the function t - ¢t(v(t)) is measurable
on (0, T). Then for any given u € H and féSLz(O, T; H) we

consider the Cauchy problem:
(E) (d7dat)ult) + 3¢, (ult)) 3 £(t) on [0, T],

(D u(0) = u,

where for each t, 8¢t is the subdifferential of-¢t. This kind of
Cauchy problem has been studied by many mathematicians; for
instance, we can recall results of Brézis [U4], Watanabe [10],
Moreau [8], Péralba [9], Attouch-Damlamian [2], Attouch-Bénilan-

Damlamian-Picard [1] and the author [5].

In [4] Brézis treated the case of

¢t = d) + IK(t)’

where ¢ 1s a time-independent proper l.s.c. convex function on H,

K(t) is a closed gonvex subset of H with parameter t and IK(t)

is the indicator function of X(t). Also, Watanabe [10] and
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fttouch-Damlamian [2] dealt with this Cauchy problem. But they
required that the effective domain D(¢t) of ¢t is invariant with
respect to the time t. By the effective domain of ¢t we mean the
set of all x& H such that ¢t(x) < ®., In this paper we are going
to treat the case where the effective domain of ¢t may change

with The time t.

As is easily seen, the evolution equation (E) is translated
into the following parabolic variational inequality:

7

;T
i % (u'(t) - £(t), u(t) = v(t))at < a(v) - &(u)
(v) q °

whenever vE€D(%) = {vész(O, T; H); ¢t(v(t)65Ll(O, T},

where ¢ is a function on L2(O, T; H) given by

¢ T
¢, (v(t))at if vED(9),

o(v) = },
0 otherwise.

Therefore we consider the Cauchy problem for this parabolic

variational inequality (V) instead of (E).

R gol, Let us formulate

2. Formulation of a problem PLo, ,
& problem precisely. Denote by Do the effective domain of ¢O’ and
by D the closure of D, in H. Then, given u ,&D and fé&LZ(O, T; H)
we formulate the problem P[¢t, f, uO] to find a function u €

C([o, T]; H) such that

(a) wu(0) = U

(b) u€D(®) (and hence ¢t(u(t)) < » for a.e. t €[0, T]);



(¢) u' = (d/dt)u€12(0, T; H);
(d) (V) holds.

Such a function u 1s called a strong solution of P[¢t, f, uO],
while a function u&C([0, T]; H) 1s often called a weak solution

of P[¢t, f, u ], if conditions (a), (b) and the following (e)

o}

are satisfied:

. T
g %O(v'-:@ u - th-%m% —V(W”?

(e)
) < O(v) - o(u) whenever v€& D(®) and V'E:LQ(O, T; H).

.

Before stating a sufficient condition for a strong or weak

solution of P[¢t, , uO] to exist, we consider a simple example.

Example. Let us take H = LQ(O, 1) and consider a function
B as foliws:
ir-I’ if r < 0,
B(r) =% tan r if 0 <r <m/2,
L e if r > on/2,

Define proper 1l.s.c. convex functions ¢1 and ¢2 on LQ(O, 1) by

the following:

ot (v) = 2ie,

5 ‘ 1,v(x)
" (v) = S g B(r)drdx.
0’0
Then we set
§¢l(v) if t €0, n/2),
92 (v) ir tefn/2, 2].



and consider the Cauchy problem:
) (e

y ()
(¥)y
L) u(0) = u_¢1(0, 1).

\ (u', u - v)dt < o(v) - @(u) for all v&D(a),
0

clearly, the inequality (a) is equivalent to the evolution

equation
u' + 8¢t(u) =0 on [0, 2].

If this Cauchy problem (¥) has a strong solution u, then we have

u(t) = u et

o on [0, w/2],

pecause 3¢t is the identity for any t€ [0, w/2). Moreover, the

function u must satisfy

u' + a¢2(u) = 0 on [n/2, 2],
(*¥%)

u(n/2) = uoe_ﬂ/2 (e D(¢2)),
that is, u 1is a strong solution of the Cauchy problem (¥¥) on
{r/2, 2]. Therefore uoe_ﬂ/2 must be contained in the effective
domain D(¢2) of ¢2. But this is impossible if’uo is sufficiently

large, because
D(¢2) C {QGLZ(O, 1); p(x) < 7/2 a.e. x€ (0, 1)}.

Thus for a sufficiently large initial data, the Cauchy problem
(¥) cannot have a strong of even weak solution. Such a phenomenon
arises from the fact that the effective domain of ¢t undergoes

& change from a large set into a small set suddenly at the time
/2, so we can say about the problem P[ét, f, uO] that in oder
for a strong solution to exist the effective domain of ¢t should

Move smoothly with the time in a sense, 1in particular when the



effective domain of ¢t is decreasing.

In this note, we require the following assumption on the

time-dependence of the family {@t}:

Assumption. For each t& [0, T], x& H with ¢t(x) < ® gnd

selt, T], there is an element ¥*€H such that
N - x| < const. |t - s]|,

6 (X) < o (x) + const. |t - s|(1 + (x)® +]e, O],

where these constants are independent of t, x, s and .

By the way, the family {¢t} in the Example does not satisfy
the Assumption at t = 7/2. If we exchange ¢l for
¢2 in the Example, the family {¢t} given by this exchange
satisfies the Assumption. More generally, if ¢t(x) is a decreasing

function in t, then the Assumption is trivially satisfied.

3. Main results. Under the Assumption mentioned in the .

previous section, we establish the following existence theorem.

Theorem 1. 1) If uOE:DO and fE&Lz(O, T; H), then
P[¢t, f, uO] has a unique strong solution u such that t - ¢t(q(t))

is bounded on [0, T].
11) If u €D and f€L(0, T; H), then P[¢,, £, u ] has a

unique weak solution u such that for any positive number ¢,
' 2 .
u'eL°(s, T; H),

t - ¢t(u(t)) is bounded on [§, T].

So far as a weak solution i1s concerned, we see the following:



Let u, be any element of D and f be any function in L2(O, T; H).
Then a function u€L°(0, T; H) is a weak solution of Po,, T, u,]

if and only if there are sequenses {fn}C_Lg(O, T; H), {uo n}(: D
3

and {un}CfC([O, Tl; H) such that each u, 1s a strong solution of

p[¢t, fn"uo,n] and

£, > f in L°(0, T; H),

u_ > u in LZ(O, T; H)
asn—>00.

Moreover, for any given uoe D, define a multivalued operator

M, from L2(O, T; H) into itself by the following:
)

fE&Mu (u) &< u is a weak solution of P[¢t, f, uO].
o

Then we see that f & M, (u) if and only if UE€D(®) and (e) holds,
O

and have an interesting result about the operator Mu
o]

Theorem 2. For each uoe D, Mu is a maximal monotone
o}

operator in L2(0, T; H).

Remark. In particular, when ¢t is time-independent, Theorem

2 was proved by Brézis [3].

Remark. Detail proofs of Theorems 1 and 2 are found in [6]

and [7], respectively.

4. Construction of a strong solution. Finally we state

how to construct a strong solution of P[¢t, f, uO]. Here we
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employ a finite difference method with respect to t.

For each positive integer N we set

_1 ( &
e, = T/N and T = ¢ S f(t)at, n =1, 2,..., N,
N N,n N
e (n=-1) :
N
and successively define a sequence {uN }N_ as follows:
sn n=1
N,0 T Yoo
%% % - ; = .
( ) (uN,n uN,n—l)/gN + 8¢5Nn(uN,n>:3fN,n’ n=l, 2,..,N;
when the element uN o1 in the (n-1)-th step is defined, the
5 .
next element uy . 1s chosen so that the relation (¥%%) ig
3
satisfied. In fact, such an element Uy exists, since 3¢ is
511 SNH

maximal monotone in H.

Now, we:put

uN(t) = uN,n :
if tE;[eN(n—l), eNn),
Vi (E) = <uN,n - uN,n—l)/gN n=1,2, ..., N
13 o S . .
to obtain two sequences {uN}N=l and {vNuN}N=1 of simple functions.

If uOE-DO and f€5L2(O, T; H), we can show by using the Assumption
that {uyg} is bounded in 1”(0, Ty H) and {Vyuy} is bounded in
L2(O, T; H). So we can choose a weakly¥ convergent subsequence

{uN } and a weakly convergent subsequence {VN uN,}:
k k 'k

(e
u,, -+ u weakly¥® in L (0, T; H)

k
and
Y Uy TV weakly in LE(O, T; H).
k "k
Then we have u' = v and can show that the 1limit u is the required

strong solution.
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