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REDUGIBILITY OF FUCHSIAN SYSTEMS

By Kenjiro. Okubo, Department of Mathematics

Tokyo Metropolitan University.

Defipitiop. A system of linear ordinary differential equations with rational

coefficient:

(1) x' -Ax

~

is reducible, if and onmnly if there is a non-singular linear transformetion:
x=T(t)y
such that the transformed system
' -1 -1m,
y = By = (T "AT-T""T')y

has & reducible coefficient B(t). A rational trensformation B(T) is reducible

if it has & proper non-trivial 1nvaf1ant subspace V of C, independent of t:

B(t)VcvV for all t, -
Of course, there is a constant non-singular metrix G, such that G_lB(t)C
has a off diagonal block with all the element zero:

B 0
(2) ¢ 1a(t)c - ( 1 )
Boy Boo

if B(t) is reducible,

Definition. Let Ss[Aj,....,A,,®] be the set of poles of A(t). Let X(t) be

some fixed fundamental set of solutions of the system (1). Let ¥ be a closed

circuit on EI-S, and let X(t)M()) be the result of analytic continuation of

X(t) along ¥ . We call the representation of ul(Pl—S) in GL(n,C) defined by
¥ -> M(T), the monodromy representation of (1) with respect to X(t). |

Definition. A linear representation of a group G is reducible if there is a

proper non-triviel invarieant subspace for all the elements,
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Theorem 1. If the system (1) is reducible, then every monodromy representation is
/"—.‘

reducible.

gorollary. If a monodromy representation is irreducible for (1), then (1)

is irreducible. ( = not reducible ).

Proof of the theorem. By a rational trensformation, we get a new system

of the form:
y;' = Buyy
y2' = B21¥1*Bo¥2
We have a non-trivial set of solutions for which y;=o identically, that is; we have

a fundemental set of solutions of the form:
Y 0 -
11
Tor Yo
If ¥;; be an r by r matrix, Y,; be (n-r) by r, Y5 be (n-r) by (n-r), end the

gero block be r by (n-r), Then it is clear that the representation with respect

to this set has the form:

( o )
Gy Coo

0
Any vector whose first r components are zero is trensformed by this type}fmatrix

from the right into a vector whose first r components are zero.

Theorem 2, If a monodromy representation of the system (1) has an (n-1)dimensional
invariant subspace, and it is Fuchsian, then the system itself is reducible.
Proof, We may assume that the inveriant subspace V is the set of vectors

whose n-th componentsmmw is zero. Let gy seeensBp be the generators of the

Tepresentation. They have the form:

o
g * ¥
) .
0
-2y
x e ?
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where cy (j=1,2,...,n) are some constants determined up to an integral difference,
Let x,(t) be the n-th column vector of the fundamental set X(t) corresponding
to the above representation. Then by simple obmervation, we see the vector
solution x,(t) is trensformed into xn(t)exp(-2nicj) by the circuit around I
Hence the column vector y(t)=r(t)x,(y) with e scalar multiplier;

r(t) = (t-a)) ... (t-ay)Cm
is single-valued in the entire complex plane. On the other hand, we have
assumed the system to be a Fuchsian system, that is, y(t) is e non-trivial rational

function, satisfying the system of differential equetions:

dy/dt = r'xp(t) + rx,'(t) = [ r'/r + A Jy
Let R(t) be any non-singular n by n metrix with rational elements whose
n-th column vector is y(t). Then the n-th column of the matrix:
dR/dt - A(t)R -r'/r-R
is identically zero. Multiply R-1 from the left, and we see the matrix
R-ER' - AR] ~(r'/r)1

has zero n-th column, Consequently, the matrix

B(t) = RTI[R¢-AR]
heas the n-th column of the form:
by(t)= (0,0,...,0,r'/r)

Thet is, B(t) has an invariant subspace of vectors whose n-th component zero,

Theorem 5. Let

"ﬂl 1
. 9] .
Aw . ) B = diag[ 0,0,...,0,1]
0 . )
B U
bl s s 000 . n’l -%

be two constant n by n matrices. We denote the eigenvalues of the matrix A
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by °1’°2""’°nf We consider the system of n first order linear diffefential

equations:
(*) (t-BR)dx/dt = Ax

under the conditions:
1°. ajﬁ 0 (mod.1) 2°. ¢ # 0 (mod.1) 30, a-8y # 0 (mod.1)
for all j and k.,

The system (#¥ has n singular solutions of the form:

x(t) = 7 czog (m)t® ( 3=1,2,..,m-1)
J ki
m=Q
x,(t) = (+-1)7"2 3 g (m)(¢-1)"
‘ _ m=0 .

These solutions constitue a fundemental set X(t) of solutions, with respect to

wvhich the monodromy has generators of the form:

"1 q‘l(el‘l)
: 32 0
M = .
° 0 eny a_leq 1) (o5 = exp(2ni(-ay)). )
O O voevecones 1
1
. 0
Ml - O

1

Pl(an’l) pa(en‘l) ”""pn—l(en-l) en

vhere 2(n-1) constants P sk are given by the formulae:

P - ~b; T(i- 2;)-7(0-)-11'1 T (1-4+ ax)
T—‘; 77('1~aj+c-*)
1\’ - —-]l,— T (a;) T(lvé,,).;]:&“ Tfaj"“k)

¥ 1T, T’(c,,_j)
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Theorem 4. Under the conditions of the preceding theorem, the system (*)
is irreducible.
Proof. We remark that none of thg quentities Plse+Pp 199190459,
is zero. Suppose V is a non-trivial proper linear subspace of C® such that
VM, v, Ww;Cv
There is at least one vector v in V such that the n-th component is not zero.
For if v-(vl,....,vn_l,o) be & non-trivial vector in V, then from ‘the condition

vM, € V, we have;
n-1

(elvl,ezva,.oot,en_lvn-li % qj(ej-l)vj.)

If V consists of the vectors whose n-th component is zero, then we have

(clvlgsoo,en-lvn_l, 0) eV
n-1 ( : )

, g le=l)v: = O

I A I

Similarly, we have (n-1) conditions of the form:

n-1 K
j§1 Qj(Qj-l)ej v.j - ¢} (_k'l,...,n—l)

Since the Vandelmonde determinant det(ejk) is not zero under the condition 50,
we haye identically: »
qj(ej-l)vj = 0 §:1,2,... 401,
Thet is , v is a trivial vector.
Suppose now v-(vl,.,.,vn_l,l) is in V., Then we have

(eg=1)"1v(¥y-1) = (py,e..ppy_y,1)EV.

; 2 n-1 ‘
We claim that n row vectors P-(pl,...,pn_l,l),PMo,PMo yoosPMy are linearly

independent, that is, V is actually the full space. If we write the matrix M,
in the form:
, 1 ‘

MO - (I+C) diagoielo"'sen-]_’l](I"'O)

with: 0 O aevens q
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jt is easy to see the k-th power Mok to be of the form:

Kk k
el LR R N A ) ql( el —1 )
k k
Mk . .o 02 EEEEEEE q2( 62 -1 )
o) .
® &9 20 000 '..k k
L I N s 0o 0 0 en_l qn_l(en_l -1)

LRI BRI A A AP WY 1

Now it is sufficient to show that the following determinant is not zero to

prove the theorem:

P pl P2 tees v 1
PM, P.°)  Ppep . z quj(ej—l) + 1
det : . - det- e sss 000 s 000000000000
%M n-l LR R BN N T I B Y 9 50000080200 40
° n-1 n-1 n-1
plel p2e2 cs s o0 ) 2 quj(ej ‘1) + 1
pl 92 e s s eeens v 1 - 2 quj
pel pPre ! tcee0sesecs e 1 "‘zp.q
= det, 1 22 Jj
n-1
i n~-1 .
P18, P,%5 O 1'-3 quj
el-l 82_1 s s e s en_l-l
2_ 2. 2_ -
.det. el 1 e2 1 sscoes e en_l 1 . plpz.....pn_l[ 1 2 quj]
e n—l_1 e'n~1_1 e n—l_1
1 2 seseree n-1
S

.[ 1 - 2 quj ] p1p2"'pn-1(el—1)""(en-—l_l)v(el""'en—l)

where v(el"°"en—l) denotes ##s Vandelmonde determinant formed by n-1 quantities

el""’en—l' If we use the foruuls :

) n-1 B -
-jglquj = ;:E Lsinncj]/Lsinnaj]

 with the 4 s ° ° ° .
é‘ conditions 1 , 2 , 3 |, we see the determinant in question is not zero,
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Theorem 5. Let B a diagonal matrix B-diag(kl,....,kn) with mutually distinct

diagonal elements Aj,... ,A;. Let A be e matrix whose ( j,k) elements is denoted

by &5k with eigenvalues PysPosecesPpe We assume:

1°, 853 £ 0 (mod,1), 2° 3 pk/o (mod.1) , 3° pk—ajjﬂo (mod., 1)

for all j,k. Then the system
s(t-B)dx/dt = Ax

has a set of n solutions:

%55 G w
xy(8) = () 1 2 g (A" (31,2,...,m)
=0
which constitute a fundemental set of solutions X(t). The monodromy representation

with respect to X(t) has the set of genrators:

Mj = I+ (Gj‘l) . o (j-1,2,...,n)
(o] [¢] R o

Theorem 6. Besides the 3 conditions in Theorem 5, we assume: there is & number j
such that 4° Py # o for all k, 5° P, ; #0  for all k, 6° the set of n
vectors Pk'(pkl’ka""‘ ..,pkn),(k-l,Z,..,,n) are linearly independent,
Then the system is irreducible,
Proof. It can be shown as in the proof of theorem 4, that there is
at least one vector v whose j-th component 1s not zero in any invariant subspace
V of C,. Let this non-zero component be 1. Then we have ij-v = (ej-l)Pj. That
is to say P. is in V. Similarly, we have Pij'Pj+pj,k(°k-1)Pk’ and this shows

J

P, is in V. Now the invariant subspace V conteins n linearly independent vectors.

k
This shows that there is no non-trivial proper linear subspace V in variant

under the monodromy, This completes the proof.




