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On the explicit formulae of characters for

discrete series representations

Hisaich Midorikawa

Let us consider a simply connected complex simple Lie group GC

and its connected real simple form G. We denote by , ®) the
Lie algebra of Gc’ G respectively.

According to a criterion of Harish-Chandra in [3], a square
integrable representation W on G (i.e., one of each matrix
coefficients of W is squafe integrable with respect to a Haar
measure dx on G) exists if and only if G has a compact Cartan

subgroup B.

In this paper, we shall study the global characters of sauare
integrable representations which are called the discrete series.
Hence we shall assume that G has a compact Cartan subgroup B.

For one of each irreducible representation w of G in the discrete

series, we define a distribution H on G by

® (f) = Trace /; £f(x Ho(x) dx
for all ¢'-functions £ on G with compact support.
Then ® is a tempered invariant eigendistribution on G, and @ is
real analytic on the set of all regular elements in G (cf.[?}).
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We select a maximal compact subgroup K of G containing B. Let

w | K be the restriction of W to K. Therefore we put, for each
irreducible representation 3t of X. by | w|K: 7| the multiplicity
of =t occuping inw| K. Then the restriction of ® to B is expressed
as

® (b) = 2 |w|K:x| Trace T (b)

ia
p4Y

in the sence of the distributions on B, where EK is the set of
all inequivalent classes of irreducible representations on K.

We will summarize Harish-Chandra's parametrization in [1] s t'f.]
for the characters of representations in the discrete series.

Let us consider £ the roo:t system of the pair (@c/@) where @
is;the complexification of Lie algebra @) of B. By P', P', P7, L',
we,shéll denote the set of all positive roots, the set of all
noncompac‘c positive roots, the set of all compact positive roots,
the setrof all regular integral form onC@C respectivel‘y.

Let ® be the character of a fixed irreducible representation o

of G in the discrete series. Then

® - s s g ( ' *
= - (s) exp sA on B ceee (¥)
seW(G/B)

for suitably chosen in L'
where B' = ?b:epo; beB, o(H) # 0 for all « in P},

z
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W(G/B) = the Weyl group of the pair (G/B),
¢(s) = the signature of s in W(G/B),
and &(A) = TI sgn(A,d).
deP
Conversely, for each form A in L', there exists unigque irreducible
representation w of G in the discrete series such that
® = Trace w satisfies the above identity (*). Thus one of each
discrete character @ is parametrized by‘GD::Q}A_(ZK-L‘) under the
identity (¥).
We now state our purpose of this paper. Let us consider =

regular dominant integral form A_on.@% and finite dimensional

irreducible representation Jlpof GC with the highest weight

Q;%'dz o . Therefore we define a distribution S, on B as
ep :
following;
. Pt ,
Splo) = 2 @ - (-1)° Trace Ty(b), veB

seW(G/B)\W SA

where W is the Weyl group of the pair «@%A:%}.

By The identity (*),SA; 0 on B'. Moreover, since the discrete
representations are all infinite dimensional, SA # O on B.
Hence 3p is a singular distribution on B, because B' is open
dense in B. We shall, in this paper, give a characterization of

e

and obtain a global formula of the character 2 GQ%Q
s W(G/BN\W

under the following assumptions.
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(Al): G contains a compact Cartan subgroup B.
(A2): A1l of noncompact roots in £ have the same length with

each other. .

For this purpose, we will state more precisely descriptions.

We define the generating function ?S A (se W) on B, as

followings;

] son S T (1-exp-&)exp(sA+s?)/ TI (L-exp®)
AP (s) | ole P*(s)

where S =%d2 o, PH(s)querty P55 THy0, and PT(s)dkPTV P
> 4ep |

5B > O%-

Then @ is holomorphic on the complex domain

S,A_

DS = ib = exp HeBC; lexpd (H)| < 1 for each & in P+(s)l|.

The functions QS A (se W) are concerned with Blattner's conjecture.
?

This phenomenon is stated as followings. Let L be the set of all

integral form on @C and Qs(}*) (e L) be the partition function on

L, which is defined by

1/ IT (1-expd) = 2 0 (rk) exp W .
deP+(s) el S
Then §37/L is expressed as
§-S;A = 2 o (WTIT (1-exp-%) exp(sa+sS+ M.
pel oe P (s)

We now choose an element u in W satisfying u—lo(> 0 for eachol in P~.

L4
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¢ o TIT _(l~exp—i))
AP oAe P
and sPT € PYU -P" for all ve B, seW(G/B).

Since zﬁK(bS) = %(s)ﬂx(b) (A, = exp

n

N

,)lk—’

we get

o

) e = 2 ) ) '@UEMQA,estumwgﬁhﬂ+w
seW(G/B) ~ 5™ wel sewW(G/B) SY >
ST

“deP (u)

+ + . . .
Moreover by P (su) =sP (u), the above equation is rewriten as

where ?+(u) =

SEW(”/B) Fausn = VZL SEW("/B) 0, (W) Ay expleunss 5 (u)+sty
T & WAl

= 3 ) ¢ ()0 (sp-up- §&(u)) exp V.
ke I seW(G/B) v

Defining the Blattner's number b () (KE€L) a2nd a subset 1" in T

by _ 5 . Ul -
bu,A(f*) _.siW(G/B) e(s)q, (sp-un J(u)),

and L, = §VGL; (K, ) » 0 for each compact positive rootcif,
then

2 Q = 2 b (W = ¢(s)exp st
scu(a/B) WP T wer WA gi(a/B)

]

. 2
T
b3 bu’ﬂ(p) (AK) Trace Tt
ML,
where Fy.is the finite dimensional irreducible representation of
. . . . 1 < o
K with the highest weight M- 5 & .
ole PT

There was conjectured that for the representation (y= W{un) with

its character(E%A s

S b (W) if T =T, beT
[O(uA)IK:TL| = i aptt ot po MeT

O otherwise
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This conjecture implies

fpl 2 '
: B (p) = (-1) A, (b) b (b) ..., *%)
sew StA 19 (0 seW(G/B)\W A (

According to these observations, we arrive the following
situation; it will be suggested fhat a calculation of explicit
relation between SEW§ES’Aﬂb) and Trace”ﬂa(b) (beB) enable us to
clear the gap SA'

As far as the autor knows, the several results of multiplicity
formulae of characters in the discrete series (Blattner's
conjecture) have been obtained in the following papers;[l4],{l§l
(W. Schmid), [10) (R. Hotta and K. R. Parthasarathy).

W) (H. Hecht and W. Schmid), [17)(N. Wallach).

In the amqunt of these papers, Blattner's conjecture was
completely solved bj 4], [15] and by [17] for all real semisimple
matrix groups with compact Cartan subgroups. Especially, the
explicit multiplicity formulae of characters of discrete series
representations were obtained by 14J and [15].

Howevef, we need not apply the multiplicity theorem in [ﬁa, LlS]
to our arguments. Our main results will be stated after the
folloﬁing préparations.

. Definition; a subset F in " is strongly orthogonal if and only

if F satisfies that for each of two distinct rootsti,ﬁ in F,

d=-f and =3¢ Z.
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T . ﬁ+

Definition; two strongly orthogonal system Fl, F, in P are
conjugate if and only if there exists t in W(G/B) such that

~t7F - R -
tF]\U ti.l = _'.?U B

5
By f—o s we denote a complete representative of all ﬁonconjugate
strongly orthogonal system in Pt under W(G/B). Choosing a

system FO in FO satisfying [FO\ = real rank of @, then we can
assume that F £ FO for all F in [—O under the condition Al, A2.
Let B(F) (Fe rO) be the subgroup of B, which is defined by |

B(F) = }b = expHe B; o{(H) = 0 for each « in FT Let us consider
@ = & + @ the Cartan decomposition of @, here (k)is the Lie
algebra of K. Then for each ® in F, there exist Xy, {_, in @'
such that ad(H)X , = j_»o((H)Xio((He@C),JN—i— (Rt X_o) sy (Ey=%_y) €@
Therefore we put @P\(F>"@C(F>’C(F)’ @©(F) (= @I(F)), @(F), and
@C(F) by the followings;
@R(F) =dEF =1 R(X@-X_Q), @C(F) = the centralizer of @R(F) in@,»
@C(F) = the orthogonal complement of @R(F) in @C(F) with

respect to the Killing form on @o’

((F) = the Lie algebra of B(F), @\F) =@ (F)4@R(F), and
@C(F) = the complexification of ®(F) in ®,-

Then @), (F) is a reductive subalgebra of @), with Cartan
subalgebra @C(F) Moreover, the positive (noncompact positive)
root system of (@C(F)/@C(F)) can be identified with the set

T
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P(F) =§dEP; (a.@) = 0, BGF\i(resp. P+(F):%deP+;di(3%Z for all
in F?. We now consider, for a fixed system F in r_O’ a singular

distribution XSA(F;b) on B, which is given by

< X, (F30),£(0)) = 13 ut) x

W(G/B) uewW(G/B) ‘ teW(@C(F)/@C(F))

lL&KF)(b)IQ £(p) XD utsA{log b) ab
T (1-exp-®(log b)
oe P(F)

for all éﬂ—functions f on B, where db is the Haar measure on B(F)
normalized as fB(F) db = 1,

Ag(x) = eXP(‘ZzLT' e _ o) TIT _ (1-exp-d), PT(F) = P(F)-P"(F).
) MPT(F)  S6PT(F) |

and W«é%(F)Aﬁk(F)) = the Weyl group of «g%(F)A:%(F)).

Our first main result is stated below.

Theorem I. Suppose G fulfills the conditions Al, A2. Then, for

the functionals@S,/l (se¥), X, (F;b) on B, we have
1= +) :
2 (e, o) - : 2(2) (-1 Tl (my0)
seW 1A seW(F)\W
sYF Y0

for all b in B, where W(F) = {seU; sF £ FU —ri.

Let us consider, for a fixed system F in rb, the Cartan subgroup
A(F) of G, which is corresponded to @(F). Let Z(F) be the
centralizer of @R(F) in G. Then @n@),(F) is the Lie algebra of 7(F).

g
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Morover, there exists a unique parabolic subgroup WF) of G such

that the reductive part coincides with Z(F). Therefore we define
. F . .. -

a representation T sA of G, which is induced from a finite

dimensional irreducible representation of Q(F).

For the simplicity of our notations, we will identify 2z, W with

the root system of «g%ﬂ:%(F)), the Weyl group of (@%Aé}(?)) by

using the Cayley transform. Putting

SA® then the dist-

K ) ¢ (s) Trace
A Fef’o SEW(FN\W

sTFy 0, sTTP(F) > 0

sl

ribution T, on G is an extention of 2 @ to G. Speaking more
seW i

precisely,

ZN@S A LJJlP]\A?\Q‘WL on B ..... ()
sel ’ N

We notice that the equation (***) is corresponded to (**).

Theorem II. Under the same assumptions as in Theorem I,

& 2 (Fin)A(Fin) Tp(n)

= 2 I IT E(s—ld)exp sA(log h-) X
seW ueV, (F)O\W(G/A(F)) F *

TI exp -|d(Loglny)™) (st I/l
de F

for all regular elements h = hih, (hIeTA(F)ﬂ %, hRE~A(F)(\exp o)
where W(G/A(F)) = the Weyl group of (G/A(F)),

v (F) = §sew(G/A(F); sF & Fu 77,
9
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A(Fin) = exp(s 3 o )(log h) TT. (1-exp-A(log h)),
deP AeTP

ER(F;h) = II (1-exp-t(log h)),
d€e P

¥ 0 on @g(F)
and ¢ (X) = the signature of rootd .

Theorem III. We keep the same conditions as in Theorem I.

Then Tp= 2 ’® . COnéequently, the right hand side in
seW(G/BNW SA '

the equation of Theorem I obtains a global formula for the

character £ ®. ..

seW(G/BNW oA

The formulae in Theorem I, II will be calculated out by using
the certain properties for the groups W(F), VO(F) (Fe l_o).

The relation in Theorem III can be proved by using Theorem II,
and >by using the uniqueness of tempered invariant eigen-
distributions in [ 1), the explicit formulae of ®SA (se W) on B'
(ef. [3]).

For the global character formulae of discrete series
representations, there were known the following cases; real rank
one groups in [2] s Pp.120-122 (Harish-—Chandra), indefinite unitary
groups, Sp(n.R) in[8] ,Y9] (T. Hirai) respectively. On the other
hand, [14](W. Schmid) has given the explicit formulae of characters

for discrete series representations on split real Cartan subgroup

10
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of Sp(n,R). This calculation is based on the relation of c¢) in
Theorem (4.15),[149 (W. Schmid).

The same relation as in Theorem III have been observed by [12]
for real rank one case, and by L[18](G. Zuckerman) for real rank
one case, indefinite unitary groups. In essence, our direction of
this paper is similar to the one in [l?]r[iS]L Harish-Chandra has
given general principle for these relations. However,‘the explicit

relations are not completely known in general.
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