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Non-triviality of some secondary characteristic

classes of foliations

Shigeyuki MORITA
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§1 Introduction

Bott and Haefliger [3] and Bernstein and Rosenfeld [1] defined char-
acterlstlc classes of foliations with various geomctrlc structures. In
partlcular, for codimension n smooth foliations with trivialized normal
pundles, they consider certain differential graded algebra ‘Wn and con-

struct -a homomorphism
. X ) *
fY: H (“n) ——> H*(B] n’ R

where Bf; is the fibre of the natural map B(’ —> BGL_R.
The purpose of this note is to show that ‘f images of some elements

of H*(Wn) are non-trivial. More precisely, we shall show the £0110w1ng

Theorem 1. ‘f(h1 h. ++-+ h. ¢*) is non-trivial if 1 < i1, & 200 &
11 lk - l
ik < n and c“‘ is a monomial of Cpo +oes c, of degree 2n.

For codimension n smooth foliations, we have characteristic classes,

$: HX(WO ) —> H*(BT" 5 R)

An immediate consequence of Theorem 1 is the following.

e o . _ .. . PP
Corollary 2. f(hl hil hik ¢*) is non-trivial if 1 i,

. . . oA . .
iy < n, 1j: odd for all j and <c¢ is a monomial of Cys +o0s Cp
degree 2n.

The proof of Theorem 1 will be given by computing the secondary

classes of a particular foliation, namely a homogeneous codimension 1

foliation on SLn+lR.- We can also consider s codimension n holomorphic

-
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foliation on SLn+l¢. For this type of foliations, we have sccondary

‘classes.
C . y =¢,
f : H*(Wn) -—~—7_H*(BTfn, €).
The same proof as that of Theorem 1 shows

Theorem 3. $¥(hy h; «++ h, ) is non-trivial if 1<i < +eeg
1 - ik ;

& is a monomial of <c¢

ip < n and c c. of degree 2n.
n h

1° cc o
Non-triviality of ‘:f(h1 h2 ce hn c?) has been already mentioned
in Bernstein and Rosenfeld [2] and Corollary 2 is proved by Kamber and
vTon&eur‘in a‘feCently published Lecture Notes [5] as an application of
their systematic theory. Our method is more elementary and computational,
Therefore we shall only summarize the outline of the proofs. Finally, we
mention that the secondary classes of homogeneous foliations on
S0(n+1, 1)/SO(n)} has been calculated'by Yamato [6]. | |
The author would like to express his hearty thanks to Professors

K. Aomoto.and T. Mizutani for many helpful and encouraging discussions.

' §2 The curvature form

Let H = {(xij) & SLn+lR; Xop = t00 = X101 7 0} be a subgroup of

SLn+1R. We define a codimension n foliation F on SLn+1R by the right

cosets {gH}géSL .
‘ >Hn+

‘Let s £ ,,R be the Lie algebra of SL,

Ro

+1R. Then

{esgr B Tl il™ M9 forms a basis of s R, where
j
. 1 :
lJ = [ e l -, fk = —1

Let {eﬁj, fi} be the dual basis of .(s,ﬁn+1R)*. If we consider an
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clement of (s n+l R)* to be a left invariant 1-form on SLn+lR’ then

it is clear that éz is defined by the equations, -

egl = 0 i=2, ..., n+tl.

pirect computation shows

53 5
de¥*., = e*. e f* e* + f* e* ..
il J#l i ij N JZZ j N iN il

Therefore the connection form O associated to the Bott connection

of normal bundle of F is given as follows.

( n+1 '
. CE% X . %
( ?ng§> £ €23 - €2 n+1
n+l
(1y 8-= e% - fR2 ] -f% ..ol e¥
32 i=2 j 3 73 n+l
: ! n+l |
e¥ e* _  eeme . - Z £% ) -f*
n+l 1 n+l 2 eV n+l
.

Again direct calculation yields

d8 = (UiQ)ij), where

n+l
= * * * - %
(2) (dé)yy E’ze 1k A €% ¥ j;i:&*lej i+1 A €51 5
= S * S ® ..‘ * * Y 3
019)ij KieT j+1ek je1 A et 1t (£% 4 fj+1) A el 5e1 (i73).

Moreover we have

6% = ((6%))y;), where

2 rd
(3) (67).. = 0 ef A ex
SRR ¥ U TS REAC T M T
z = s ® % _(f% . C 4
(6 )ij KA1 %il j+lei+1 A" 541 (fi+1 l) A el+1 o1 (i#3).
’ H

Now the curvature matrix k is given by ‘
k=dg + 82,

— 33—
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Therefore, from (2) and (3), we have

k#1

’

- * * e e e 2. @t .
(4) k ey ney D (et /Aef)ve g nck €] n+1€

k#1

e* e*_ ne*
L 12 n+1 1 13" "n+l1 2 KA1

* * . * b
(2 (efyneppretyney; 13" © e a2

-ieem B (e* kM ek *e] 10

The ¢ form of & is defined to be the degree 2i part of

n+ll]

det(E + %= k). Now let c® be a monomial of Cys «ves Cp of degree 2n.

Zﬁ;
Then from (4), we conclude

A - K. et AN eeenn * %
(3) ¢ = Kgelp, Aejy A Ael ne1 N el 1

where K“ is a non-zero constant.

§ 3 Cohomology of s.2n+1R

In this section, let us recall the cohomology of SQ‘n+lR‘

the compact form of s £n41¢ is su ., Wwe have isomorphisms

* >~ ES - *
(6) H (s_Qn+1R) T H (Sun+1) Y H*(SU_, )
(7) H* (s 4 NS 2 n}{) T H*(su su.)
= H*(SU_,,/SU)
= m*(sm*L

where we consider s.enR to be a subalgebra of s_2n+1R;

i SInR——+s£n+1R

A —

o---=--
>

Since



81

- . . . 2n+l . .
Since the fibration SUn —> SU 1 — S is rational homotopy

_theoretically trivial, we have a rational homotopy equivalence

su ~ 3 x g% ... xgin*l,

n+l Q
Therefore we have
(8) CHr(s A, R) Y HE(SD x 87 x e xSPPTL ).

Using the theory of harmonic integrals (Hodge [4]) and the isomor-

1

phism (6), we can construct a closed ,Q-form 'ﬂ’,t & A (slmllR) (L=

3, 5, ..., 2n+1), whose image under the isomorphism (8) evaluates non

L

trivially on the fundamental cycle of S, as follows.

R and let us write (X..) = (x..)-l. We define a

Let (xij) e SLn ij ij

: +1
1-form ‘glk by

i A
-Sk-_ 2 X"dxjk'

i . . .
Then °§ X can be seen to be left invariant. In fact we can show

i .
3 x eiick (1# k)
l = . o o
9 X L = £+ v £2
St £ (i =2, ..., n+l).

Now JLL is defined by

‘ i i ij’
(10) QL=Z‘5112\5213 R e

From this definition, it is clear that ,Q,ﬁ is natural under the

1

inclusion i : sg R —> s R. Thus we may write i*fb, = SL
n n+l £ i)

(L =3, 5, ..., 2n-1). Next we define a closed (2n+l)-form D"2n+1 by

= * % % * % *
- (D Ngney = (£ YAl ACTACSIA T T ACT A Cher 1o
Then it is easy to see that ﬁ2n+1 is a generator of A2n+1(s,{/'n+l‘sR,

s!ZnR). The most important fact about these classes is the following.

— 5
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———

1 s o o _(1, ﬂ - -
(12) ILS'QS Jn-1- 2n+1 1S @ volume form on S,Qn+1R.

For the details of these results, see [4].

84 The h, form
i
Now let us calculate the hi form. On the manifold I X SLn+1R, we
consider 1-form &= t0 and the corresponding curvature form

(13) ¥=4d8 + 02 =-at8 + tab + t26°,
Let E; ‘be the degree 2i part of det(E +.7%?§3. If we write 21 =
dt a; * bi’ then vhi is defined by
1
h., = g a.dt.
i o 1
4 3 3 i = = w 2.+1 * Y * W e
First we determine hl' Since <y ﬁ?dt(fz + +fn+1). We have
= - Dtl ey .. *
hy A I TS O
Therefore we have
(14) h P 16 (£% + .. +'f* YA er, Aer A e A ef A e
1 2R 2 n+l 12 21 : 1 n+1 n+l 1
- -l 0
= ZWLK&512n+1 (see (11)).

Next we consider the .h.1 form for i =2, 3, .., n. Recall that

i SQ&R —_— sﬁn+1R -is the natural inclusion. Then we have

—

Lemma 4. i*(hi) = TiilZi-l + exact form. (Ti is a non-zero constant).

Pgoof. By (2) and (3), we have
(15) i*(dB) = - i*(0 9.
Therefore from (13), we obtain .
(16) @ = dr ixh) - (£f - nir(ed).
By induction, we have

a7 ix®) = ic? - 0t ar el v (o - olireh.
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Now let us define a class 731 to be Tr(ww~ ) Then we have

as  i(Z) = Gtk oarce e (-——~>1ft2-t, Tr 1% 6

. ~ . . . =
As is well-known, c; can be written uniquely in terms of zJi

(i =1, ..., n),

r~ o _ i+l 1 Ef .
(19) c; ~ (-1 Tl decomposable terms.

Combining (18) and (19), we obtain

(20) i*(E;) = (-1)i+1(7%7)i(t2-t)i-1dt Tr i*(D Zi-l)

+ ( 1)1+J.( 't)l 1

Therefore

1) %) = (DGR Troarce ) b

1 .
j (tz-t)lﬁldt (# 0) and D 1is a term contributed from the
0

decomposable terms in (20). Clearly D 1is a linear combination of forms

where Ti

of the following type.

2i,-1 21, 2i
(22) Tr i*( 6 YTr i*¥( & %) -+« Tr i*( @ 3), i +---+i_=1i.

Now from (1), we have

Xioobfh X ieeeen *
f2+ +fn elZ eln
* -f% s 0 0 068 e *
31 £ 5n
(23) i*(8)
* * . - £%
°n1 €h2 fn

Here fi and egj should be understood to be elements of (SQ#R)*.

Combining (9), (10) and (23), we obtain

(24) Tr ix(a Tl = D, e APl ).

2i-1
w0 p2y - ix 0L :

Now recall that i*(6%) = -i*(d& ) (see (16)) and odg 1is a

closed form. Therefore the form (22) is an exact form. Ffom (21) and

(24) we have

=(t 2-t)lTr 1% ( 921)+decomposable terms,
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(25)  i*(hy) = (-1 Hid bt ML, |+ exact form.

(73)

‘This proves Lemma 4.

§ S Proof of Theorem 1

Let " <SL_,.R be a discrete subgroup such that [?\SL is a

n+l n+1®

compact manifold. Clearly the action of T on SLn+1R> preserves the

foliation 3Z , hence we have a codimension n foliation on (n2+2n)-

dimensional manifold \SLn+ Since H*(sﬁn+1 admits the Poincaré
duality (recall that H*(sﬂn+lR) ¥ H*(SU_,;, R) as algebras), the natural
map

H*(sf ,jR) ——> H*( " \SL_,,R, R)

is injective. Thus to prove Theorem 1, it is enough to show that
[hl hi co hi ®] # 0, where [ ] denotes the cohomology class.
1 k

Now let K = Ker(i* : A*(sf R) — A*(sﬂnR)). Then it is easy to

n+l
see the following.

(26) K 1is the ideal of A* (Sﬁn+l generated by (f; + e+ f§+l)’

® X *

€12» €317 *++2 €] nelv SR+l 1

: ince ik = T

Now since i (hi.) Ti.KLZi.-l + dcii. for some djﬁ (see Lemma 4),

J J J J J
we have
(27) hy, =Ty QDpy g+ ddky + By
j j j 3 j
f : <
or some o(lj <€ A (sf ,{R) and f, € K.

J

& _ _n+l * * % % ,
Now recall that hlc —TTK (f + fn+1)ele e5 A nl] L4 A

eg*l 1 (see (14)). Therefore by (26), we have

(28) hlcdfiij =0 for all ij
Combining (14), (27) and (28), -we conclude
, } g
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(29) h, h, <++ h. 5d = - %%%%xFi ces Ti . e
1 k 1 k

+ exact form.

By the result of §3 (in particular (12)), cohomology class of the

right hand side of (29) is different from zero. This proves Theorem 1.
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