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Ultradistributions, TI

The kernel theorem and ultradistributions

with support in a submanifold

By

Hikosaburo Komatsu

The purpose of this paper is fo prove the analogues for ultradistributions
of two major theorems of L., Schwartz for distributions: the kernel theorem
[12], [13], [14], [15] and the structure theorem of distributions with support
in a submanifold [11]. We obtain also a Whitney type extension theorem for

ultradifferentiable functions as the dual of the second theorem.

This is the second part of our study of ultradistributions and we use the
same notafions as the first part [5], which we quote as [I]. However, we change
the terminology of locally convex spaces a little. According to [6] we call a
nuclear space a Grothendieck space and an S*-space a Komura space. Theréfore,
an (FN)-space in [I] is called an (FG)-space (= Fréchet-Grothendieck space).

An (LFG)-space is the strict inductive limit of a sequence éf (FG)-~-spaces and
‘a (DLFG)-space is the strong dual of an (LFG)-sﬁace.
M, p=20,1, 2, ..., 1is a sequence of positive numbers satisfying the

P
following conditions:

M.0)
(0.1) MO =1 ;
(M.1) (Logarithmic convexity)
2
0.2 M = cee 3
(0.2) " gMp_lMp_'_l, p=1,2, R

(M.2) (Stability under ultradifferential operators) There are constants

A and H such that-



(0.3)° M € AP min MM, p=0,1,...;
| Ogggp ¢ P71

(M.3) (Strong non-quasi-analyticity) There is a constant A such that

o M
-1
(0.4) S = gAPMMP s P=1,2, 0. .
q=ptl q © UpHl

(M.2) and (M.3) may sometimes be replaced by the following weaker conditions:

(M.2)' (Stability under differential operators) There are comstants A

and H such that

P, = .
(0.5) Mp+léAHMp’ P 0,1, ...;
®.3)" (Non-quasi-analyticity)
s Mpo1
(0.6) S, —— < 0.
p=l p

_An infinitely differentiable function ? on an open set L in lR‘n is

said to be an ultradifferentiable function of class (Mp) (resp. {Mp}) if for

each compact set K in ) and h> 0 there is a constant C (resp. there

are constants h and C) such that

o L]
(0.7) ig]l) @) SChTH s lal =0,1,2,... .
The space of all ultradifferentiable functions of class (M ) (resp. % MS’]) on
L 1is denoted by S(Mp)(n.) (resp. .8{%}(9-)). The spaces é'(up )
M}

and § P’(n) as well as ’

™) ™) v} Mo
(0.8) D P(=8(Wnf P and J P (a) =00 n £ P

have natural locally convex topologies.
M) {Mp{ . )
An element of the dual ,,9 P '(Q) (resp. B (L)) of B (5L

M7
(resp. 09{ p (L)) is called an ultradistibution of class (Mp) (resp. {Mpi).

The associated function
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(0.9) ° M(f) = sup log(fpmp) . 0 ‘éf < 60
P

plays a very important role in our theory. If ; is a vector in c“, we

write

(0.10) M(E) =M(lg]).

in §1 we prove the Paley-Wiener theorem for ultradistributions saying
that an entire function £ (;) on € 1is the Fourier-Laplace transform of an
ultradistribution f with support in a compact convex set K in Rn if and

only if it satisfies the estimate
(0.11) 1EC1 g cexp {ML D +RA(Y], ¢ e,

where HK(; ) 1s the support function of K defined by

(0.12) HK(;) =sup In {x, {7 .
xeK

C. Roumieu [10] and M. Neymark [7] have obtained a similar theorem with
the right hand side of (0.11) replaced by Ce exp-{ M(LY) +HK(;) + Elt l} for
any £ » 0. We eliminate the term ¢ |§| with the help of the Phragmén-
Lindel6f theorem. In this process condition (M.3) plays an essential role.

As Roumieu shows in [9] we cannot obtain estimate (0.11) in general without
conditions (M.2) and (M.3).

Section 2 is devoted to the proof of the kernel theorem. Our proof is
similar to that of F. Treves [16] in i:he case of distributions. Condition (M.2)
is important in this section. |

n' : n
as (x, y) with x €R and ye R .

We write a point in R" = g" X &"

Let

v
(0.13) F={x 0; xeR , 0¢R"

be a linear submanifold in R". We prove in § 3 that f(x, y) 1is an ultra-
distribution with support in F if and only if it is developed in the convergent
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(0.14) £(x, ¥) = 2, fﬁ(X) ® DpS’(y).
A

Roumieu [10] proves that if f(x, y) 1s an ultradistribution of class {Mp}
with support in F, then it has the development (0.14) which converges in the
topology of ultradistributions of class {VJSTE;'}. We prove the convergence
in the tbpology of the original class.

In the last §~4 wé prove that if an infinitely d}fferentiable function 7
in the sense of Whitney on a smooth submanifold F satisfies an estimate of
class (Mp> (resp. {Mp}) then it can be extended to an ultradifferentiable
function of the same class on a neighborhood of F. This generalizes L. Carleson's
theorem [1] in the one-dimensional case. ﬁe prove this by showing that the
theorem of §3 is equivalent to this theorem together with the fact that every
ultradifferentiable function whosé derivatives all vanish on F can be approxi-
mated by ultradifferentiable functions whose support does not meet F. We note
that the last fact is by no means trivial.

We will employ the theorem of §3 to characterize those weakly hyperbolic
operators for which the Cauchy problem is correctly posed in a Gevrey class of

ultradifferentiable functions and ultradistributions.



1. The Paley-Wiener theorem for ultradistributionms. Suppose that f

is an ultradistribution with compact support in R". For each Ce ¢® the

function exp(-i{x) in x belongs to £ *(Rn) and it is easily shown that

exp(-i{ x) depends on § holomorphically in the topology of £*(R"). Hence
(1.1) £(3) =<exp(-18x), £(x)>

defines an entire function on ¢n, which we call the Fourier-Laplace transform

of f.
The Paley-Wiener theorem holds also for ultradistfibutions.- The associated
function M({) and the support function HK( ) have the same meaning as in

§3 of [I]. The asterisk * stands for either (Mp) or {MP}

Theorem 1.1. Suppose that Mp satisfies condit'ions-(M.O), (M.1), (M.2)!

and (M.3)' and that K 1is a compact convex set in R®. Then the following

conditions are equivalent for an entire function f'( {) omn an:

(a) ?( ; ) is the Fourier-Laplace transform of an ultradistribution

M) M1
feH P 'K (resp. ,8“ p}

K) with support.in K;

(b) There are constants L and C (resp. for each L > 0 there is a

constant C) such that

(1.2) IECE)| S CexpMLE), FeR,

and for each € > 0 there is a constant C£ such that

(1.3) 150 Scg exp {B(D+elCI}, Lec.

If Mp satisfies (M.2) and (M.3) in addition, then they are also equiva-

lent to the following:

(c) There are constants L' and C (resp. for each L' > 0 there is

a constant C) such that
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(1.4) 1TCE) = C expfMLIE) + B (5}, $e €

A subset B of ,&*'K is bounded in «9*'(3“) if and only if we can

choose constants L and C (resp. for each L > 0 a constant C) independent

of f € B such that (1.2) holds.

M) M
€9 P ' (resp. .9 P 'y) comverges if and only if

A sequence f

3
for some L (resp. for any L > 0)

(i) exp (-M(L ‘g ))%( -‘g) converges uniformly on ‘IRn.

If Mp satisfies (M.2) and (M.3), then this is also equivalent to each one

of the following:

(11) exp(-M(LY ))Ej(g) converges uniformly on a strip ’Im {l€ac< o 3

(iii) exp{—M(L§ ) —H.K( |4 )}E’J ({) converges uniformly on c.

Proof. (a) = (b). Suppose that B 1is a bounded set in .8 *'([Rn) in~-
cluded in _8*'K. By Proposition 5.11 of [I], it is also bounded in the dual
E*' ®™) of the reflexive space 6*(Rn). Hence there are a regular compact

set Kl ijn R® and constants h and C (resp. and for each h >0 a con-

stant C) independent of f € B such that

o
D )
1.5) '((f, £y|sc sup—‘—';‘—iygc——"
S T T

. e E*R™ .

If we take So (x) = exp(~-ix ‘gA), E € Rn, then the right hand side of
(1.5) is bounded by

o 1| |
-—-‘—i-—‘—-— <c sup—'—g—]——- = C exp M(§/h).

] . L8]
M L Y

C sup

Hence we have (1.2).
Since ultradistributions are imbedded in the hyperfunctions without changing

the support, (1.3) follows from the Ehrenpreis-Martineau theorem (Hormander [4],

-6 -



143

Theorem 4.5.3). We will give here a direct proof, however.

Let &€ > 0 and let KE be the set of all points x in |Rn such that the
distance from x to K is less than or equal to &. For éach h>0 we can
find an ultradifferentiable function X(x) € oB{Mpi’h/Z(an) with support in
the interior of K, which takes the value 1 on a neighborhood of K. Thén

we have
<¢, £>=<X9» £, ge £*®™, fe B.

In view of [I], Proposition 2.7 we have for some Cl

o
1<, £315 ¢ sup 12 R

: focd
xf(l(:l h M'“‘

Y
S C, sup 'D (X)| , ?Eé'*(Rn),

1 jxt
xsKe (h/2) M'«'

Let (f(x) = exp(—igx) with ; € ¢". Then we obtain
|EC5)1 < ¢, exp{u2g/n) + axgu;‘)} .

Since HKg(g) SH]((§)+5|§| and since M(f) =o(f) as ,D —> 00 ([I],

(4.7)), this implies (1.3).

(b) => (a). Suppose that B is a set of entire functions 7{(‘;) on ¢€°

satisfying (1.2) and (1.3) with a uniform constant C.

o) {3 ~
If (f € P (an) (resp. o p (IRn)), then it follows from the Paley-
Wiener theorem for ultradifferentiable functions ([I], Theorem 9.1) that for
each h >0 there is a constant C (resp. there are constants h and C)

such that the Fourier-Laplace transform fj; (¢) satisfies
(1.6) g (g)| € ¢ exp{-M(G/h) + nklcg)},
where K1 is the convex hull of supp ? .

-7 -
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Hence for each ’fve B
| $(5)E-5)1 5 ¢ CexpfMCL ) -M(E /) }
is integrable on " by Proposition 3.4 of [I]. Thus

1
)"

a.7n <?; £) = ‘fan éx(g)?(—g)d;

defines a linear functional £ on o8 ="(IRn). The boundedness of {f H e 'ﬁ'}
follows from the proof because we can choose a uniform constant C1 in (1.7)
for all ¢ in a bounded set in &*R").

The fact that supp £ € K may also be proved by the Ehrenpreis-Martineau
theorem but we prove it directly.

Suppose that ‘f e.@*K , Wwhere Kl is a compact convex set in an' with
Ky
Kn Kl = ¢ We choose a & > 0 smaller than the distance between Kl and K.

Then there exists a real unit vector ’5'0 such that

LE )+ H (-1 ) = sup<x, f >-infx, § > < -8
HKl §Q HK go xeKl Eo xeK go

We consider for each f&R" the holomorphic function
E@ = §(5+E 2§~ §g2)
defined on the upper half plane Im z 2 0. By (1.2), (1.3) and (1.6) we have
| F(x)| § €, Cexp{-M((§ +§ ) /b) +M(L(§ + N}, xER,
and
|F(2)) €, Cp exp{-MCCE+E @) /0) +8y (Fg2) * B (- * €13+ gzl}

<_\01C£ exp{—M((g+gOz)~/h) - 8Im z+ 8|§| +£|z|} , ImzZO0.

Let 'g' be the component of E orthogonal to g o and E= xOEO + El .
Then .we have by Proposition 3.4 of [I]

-8 -
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"exp{-M((§ + E %) /b) +M(L(E +§ ¥)) | S AL+ [ +§ ox})‘“"l

< At DD Y, ek

‘ +1 -
Applying the Phragmén-LindelSf theorem to (z+x0+(1+ li'l)i)n e ing(z),

we have finally

1

153'(;+1~cgo)%’(-§—1~c;0)|gAle'“(1+|g|)’“’ , JER", T20.

Thus we can deform the domain of integral of (1.7) to- Rn+i‘t §0 and obtain
-i:ff, f>=0 as T —>oo. ’ ;

’Since every <f € *(Rn) such that supp cr n K= 4) can be represented
as ?:E;ae sum of a finite number of ? i € ,&*(an) with the above property, we
have supp £ C K.

In order to prove that F(g) is the Fourier-Laplace transform of £, we

consider the regularization
(P*0) (xg) =<Ylxyx), £,
where \I, €h *(Rn). Since the Fourier transform of \]/ (xo—-x) is equal to

e \’F(-g), we have by (1.7)

1
@er)”

(P D) (xy = f eix°§q)(g)'f”(g)dg :

Since \if* f 1is a continuous function with compact support ([I], Theorem 6.10),

‘this proves that \F(‘g )?(E )b is the Fourier transform of \{'*f . Let
-n
Y = € (x/e)
with a \fl(x) € & *@R™) such that f\fl(x)dx =1 and that \fl(-x) = \fl(x).

The mapping £ > \.)rs*f on Il *'((Rn) into itself is easily shown to be the

dual of the mapping jo — So* \}’E on £ *()Rn) into itself and the latter -
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converges to the identity mapping as € — 0. Hence \}/E %* f converges to f

in 5 *'(an) so that fh(‘g )F(g) converges to the Fourier transform of f£f.

~

Since \Fe( g) converges to one, f must coincide with the Fourier transform

of f£.

(b) = (c). For each real unit vector g o ve write
SO = HK(igo) = sup(x,,go> .
xeK
Then for each gs Rn the holomorphic function
F(z) = f(g+'§oz)
on the upper half plane Im z 2 0 satisfies

‘F(X)’ < C exp M(L(§ + on))9 x€R,

and
‘F(z)\.s Ce exp{Xo Im z + £|§| +£Izl}, Im z 2 0.

.Let

50 iL(Z+x%,+ 1 E11)
(1.8) pz) = TI @ - ————).

p=1 P
Then we have by (10.5) of [I]

| i§ x

lew e © F®|<C, xeR,

and
i§ z
N ~|P(z)"1e 0 F(z)lgce exp{£\£|+£|z|}, Im z 2 0.

Hence it follows from the Phragmén-Lindeldf théorem that

. -iSoz
|F(z)| £ C|P(2)e | £ ClP(z)Iexp(HK(s + Eoz)).

On the other hand, we have by Proposition 4.6 of [I]

P S A expUL (5 +§ D)
' - 10 -
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for some constants A and L'. Consequently (1.4) holds.

Trivially (¢) implies (b).

The strong topologies of o *'(Rn) and g*'(a“) coincide on °9*'K'
In fact, if X is a function in B *(an) which 1s equal to one on a

neighborhood of K, then we have for every f e.&*'K

$Ps £)=<Xgs £5, Ged*E®Y

and the multiplication by X 1is continuous on 6*(Rn) into °S*(E&n).

3,

™)
In particular, @ P !K (resp. & P is a (DFS)-space (resp. an (FS)-space

K) )
as a closed linear subspace of the (DFS)-space £(Mp '(Rn) (resp. the (FS)-space

.8( M) j

contained in an absolutely convex compact set B and f

converges if and only if f, £ are

3

converges in norm

'@®™).In both cases a sequence f
3
of the Banach space XB generated by B ([6], Theorem 1.12.3 and Theorem III,
9.5). In case * = (Mp), the least constant C- of (1.2) is exactly the norm
of X, for some B. In case * = {Mp}, the above proof shows that (i) implies
the uniform convergence of £ i on every bounded set iq .S*CRn). The cenverse
is clear.

If Mp satisfies (M.2) and (M.3), then the proof of the part (b) => (c)
shows that (i) implies (iii}. The implications (iii) = (ii) =} (i) are

trivial.

2. The kernel theorem. We say that a subset K of R" satisfies the

cone property if for each x € K there are a neighborhood Un K of x, a

unit vector e in R" and a positive number Eo such that (U a K)+ e 1is

in the interior of K for any 0< ¢ < 80.
|
In this section we denote by fL' and JL" open sets in R®  and
"

&" respectively. A point in JL' (resp. in [fL") is denoted by x (resp. y)-

Similarly we denote by K' and K" compact sets with the cone property

- 11 -
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included in Jf)' and {" respectively.

Theorem 2.1. Suppose that ]!'Ip satisfies (M.0), (M.i), (M.2) and (M.3)'.

Then the bilinear mapping which assigns to each pair of functiong so(x) on

' and Wy) om Q" the product T(x) Y(y) on Q'x 5" induces

the following isomorphisms of locally convex spaces:

(2.1) 6(MP)<:L'> & £(M")(:z'> x é:(MP)m' x "3
(2.2) ééM"}m') ® @{Mi’}(su') T 5{MP}(Q' T
2.3 | ~8(MP)K. ® .S(MP)K..’:-: (MP)K.,,‘K., ;

2. ${MP}K. ®${M"}K..’:09{M*’IIK.KK.. ;

(2.5) ,&QM"} (R aﬁw"} " ?S{M‘ﬁ( L% QM-

Proof. Since E* 8, 'B*K and o8 *({L) are Grothendieck spaces
([I], Theorem 2.6), the projective topology 7C and the biequicontinuous topo~
logy & ' coincide on the tensor products.

Since the polynomials are demse in  £*(fL) ([I], Theorem 7.3), XY
QE*(Q"™) is demse in  § *(R' x L.

The continuity of multiplication £ *( Q') x gxean — EF A x 4™
([1], Theorem 2.8) implies that the induced injection E*(aM @Tta*(a_") —
8*(.0.' x §)") is continuous.

- To prove that it is an open mapping onto the image, we consider arbitrary
equicontinuous sets A in E*' (') and B in £*'(N"). Then there
exist regular compact sets L' in L' and L" in ", and constants h,
C' and C" (resp. for each h >0 constants C' and C") such that

| D% ¢ ()
(2:6) pA(?) = sup I(?, £>]s¢C’ sup-;‘l-‘—‘r‘?——x-l ,
feA

-12 -
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l 0P (3]

2.7 P ( ) = SUP <y, 82|
¥ K> y%. N ™

Suppose that X € 8*(.&1') ® g*( A", fe A and g & B. Then we

have by (M.2)

ID:JX(x,y)g(y)dy l

(2.8) LUX(x, M E(x)g(y)dxdy | S C' sup )
ng' MG

| D20 x(x,3))
n Py

£ C'C" sup
(x,y)€L'xL" h

< p
|Df Ly X&EN|
S AC'C" sup l
(x,y)eL'xL" (b/m) ¥y
Y

< Mg

le

Thus the semi-norm

(2.9) pBx) = sup |KX» B
heAgB

is bounded by a continuous semi-norm on £¥*(J' x HM. In otheg words, the
£ —topology on £ *( n"l e 8*( JU'') 1is weaker than the induced topology from
é (A x M.

| Since 5*( L' x ") is complete ([I], Theorem 2.6), we obtain the

isomorphisms (2.1) and (2.2).
Mp} , iM
The proof of (2.5) is similar. To prove that 8 (M ed P is
M) M}
dense in @ P (' x ", 1let ? €d P (L'x n'"). Let L' (resp. L") be

the projection oﬁ supp¢ into A,Q_' (resp. f"). We choose a x' e;@iMP W
(resp. x" € 8 P}(I).")) which is equal to one on a neighborhood of L' (resp.
L'"). By LemmaM7 .1 of [I], there is a sequence Seje RN x 58 which converges
to cf in g p}(n.' N"). By approximatlng ?j by polynomlals, we can find
a sequence of polynomials \}»‘1, which converges to cf in £ P (L), where L

is a regular compact neighborhood of supp X' x supp X'". Then it is easy

- 13 ~
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| M M
to see that X '(x) X" (y) \'I«j(x, y) € 8 P (LY ® L PY(R") converges to ¢

in 46\{ P}(n'x am.
My 3 M}

The multiplication is hypocontinuous on of Py xd P into O F(a'xa™

M}

iM
([1], Theorem 2.8) and & Pea'y and & p}(jz'f) are (DF)-spaces. Hence

the multiplication is continuous by Théoréme 2 of Grothendieck [2] and there-

1} ) 3
fore ,9 (an ® o " — S (' x :S)..") is continuous.

i}

Let A and B be equicontinuous sets in od (') and P Mp} am
respectively. Then for any regular compact sets L' "in [)' and L" in
fl" and for any h >0 we can find constants C' and C" éuch that (2.6)
and (2.7) hold for all ¢ e E{MP}L, and \}; ,a{ p}L" .
We have by !:he same computation as above that the semi-norm pMB defined
iMP}L,xL,.. Since every compact set in 2'x fL"
is included in a compact set of the form L' x L", it follows that pA@B is

by (2.9) is continuous on oS

continuous on o Ml?}( [t xan".

Lastly we prove (2.3) and (2.4). Since ,&*K is regarded as a ciosed‘.
linear subspace of  £*(), "9*1(' é& 3 *K" is identified with a closed
linear subspace R of . £*(,Q_’ M. Clearly R . is included in ’Q*K'xK"'
On the other hand, if the support of ¥ 6-.8 *K'xK" is included 'in a compact
set in the interior of K' x K", then X can be approximated by a sequence
of elements in °8*K' ®-<9*1<" as in the proof of (2.5), so that X  belongs
to R.

Since K'xX K" has the éone property, such X form a dense iinear

subspace of * In fact, let be an arbitrary element in ,8* P oo
K'xK

K'xK"*
There is a partition of unity 1 = ¥ '\}:j on a neighborhood of K'yx K" which
is subordinate to the open covering associated with the cone property. Every

Y’j ? may be translated to a function xj with a compact support in the

interior of K'x K". Since the translation is continuous in ,2*(51) . as

- 14 -
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was shown in the proof of Theorem 6.10 of [I], 50 =3, \/Ij ¢ 1is the limit

of a sequence of functions in S* with compact supports in the interior

K'x K"

of K'x K". Thus R coincides with °8*K‘xl("'

As for (2.4) we have the following more precise results.

Proposition 2.2. Suppose that Mp satisfies (M.0), (M.1l), (M.2) and

(M.3)' and that K' and K" are compact sets with the cone property. Then

for every h > 0 (resp. every k > 0) we can find a k> h (resp. an 0 < h

< k) so that we have the following continuous inclusions of Banach spaces:

{Mp} sh @ 2 {Mp},h fM }

(2-10) 08 K’ 7 K" K'xK" -
iMi,n M 1,h Mi,k MYk
(2.11) 99 P K’ ®€ va'i p} K" C@§ P} K’ ®7C 08 N P K H
{M’, h- kA M },k.

(2.12) K x g C B " g &8 P -
fM3,n
Proof. (2.10) follows from the continuity of the multiplication L9 p '

Mt.h {M3,h
)(,,8 P ' "")0& P K'xK""

If T: X —> Xl is a2 nuclear linear mapping and S : Y —> Yl is a

continuous linear mapping, them T ®S : X @E. Y —> X1 ®71: Yl is continuous

(cf. Pietsch [8], Satz 7.3.2). Hence (2.11) is proved by the fact that

{M 7.h M 3,k
ko) P X' —-9:9 P 'Y is nuclear ([I], Proposition 2.4).
{M Lk {My,k

(2.8) shows that the norm of .9 K'®E B P K"
{MY,x/H ‘ .

constant times the norm of 8 P R'xK" We can prove in the same way as
.(Mp] ok MY,k {Mp} ,h

K

.®09 P g is dense in ,§

is bounded by a

above that 38 in the norm

M _3,k/8 ~
of o P K'5K" for some h < k/H. We can also start with h.

K'XK"

Let X and Y be locally convex spaces. Then we denote by BS(X, Y)

(resp. B(X, Y)) the space of all separately continuous (resp. continuous)

- 15 -
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bilin‘ear functionals on X x Y. Under a mild condition we can introduce in it
the topology of bibounded convergence or the topology of uniform convergence
on the sets of the form A x B, where A and B are bounded sets in X and
Y respectively. The space BS(X, Y) (resp. B(X, Y)) equipped with this
topology is denoted by 373 (X, Y) (resp. Bﬁ(X, Y)).

L(X, Y) 'denotes the space of all continuous linear mappings T : X —>Y
and L,s(X, Y) stands for L(X, ¥) equipped with the topology of unifémn
convergence on the bounded sets in X.

The following is the kermel theorem for ultradistributions.

Theorem 2.3. Suppose that Mp satisfies (M.0), (M.1), (M.2) and M.3)'.

Let * be -either (Mp) or {Mp } Then we have the canonical isomor-

phisms of locally convex spaces:

BH* (N, HHA™) = L@ (AN, B*(am)
(2.13) A
: = Lﬁ-(-a*_( A, H*(AN=3%(AN® SEAM =D * (L x -
Proof. Since H*¥(L") and H*(L") are reflexive spaces ([I], Theorem
2.6), B‘; (E*(NY), H*(L")) is identified with the spa.ce BSzs ((@*%M»J_w
9 *'(.Q_"))ol*) of separately weak*-continuous bilinear functionals equipped
with the topology of bi—equicontinuous convergence. The latter space is
| canonically isomorphic to Le((-s*'(;L‘))'_t , ,8*'( ")) equipped with the
topology of equicontinuous 'cor;vergence ([16], Proposition 42.2). Since S*(N")
is reflexive, this is‘ in turn isomorphic to Lﬁ(.@*(,ﬂ_'), Q*F ", Simila;'ly
we have the canonical isomorphism . Bsﬁ O, HFA™) = Lp(.ﬁ*( am, a*@n.
Secondly, since Q*' (') and ‘a&*'(n.") are complete Grothendieck
spaces, we have by Théoréme 6 of Grothendieck [3], Chap. II thé canonical

isomorphism
BS (GO (AN, @1 @M’ ) = J* D BH* (M.
¢ s
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‘Lastly the multiplication 8 *( Q') x S*(L") —>.9*(Q" x [L"), which

is separately continuous ([I], Theorem 2.8), induces a linear mapping
1%L QM —B2(@*(2", A¥a").
Let K' and K" be arbitrary compact sets with the cone property included in

H' and §" respectively. By Théoréme 12 of Grothendieck [3] we have the

canonical isomorphisms of locally convex spaces:
. 4 . A .
Bﬂ (6*1(' 9 @*K“) = Bﬂ(ﬁ*K' t] ¢8*Kll) ='(ﬁ K'® @ *K")k .

The last space is by Theorem 2.1 isomorphic to (8* and hence we have

K'XK“)'ﬁ

-] ]
(2'14) Bﬁ (a*K' ’ é*Kn) = (é*K'xK")F .

Since compact sets of the form K'x K" form a fundamental system of
compact sets in JL' x fL", it follows that i is bijective. In fact,
suppose that 1(f) = 0 for an f € H*'(N' x N"). Then the restriction of
i(f) to .8 *K' X '8*1(" vanishes and hence by the isomorphism (2.14) the
restriction of f to J*K'xK" vanishes. Thus we have f ol 0. Similarly
if Ke B3(H*( A", ,8*(5)_")), then its restriction to *K' x 8% . gives
rise to an elzlament fK‘x K" of (Q*K'xK“)" Since fK'xK" are compatible
with restriction, they define an ultradistribution f & BF'(N" x ") such
that K = i(f).

Since every bounded set in ,8*(,[)_') etc. is a bounded sets in some

"8*K' etc., the topological isomorphisms (2.14) imply the topological isomorphism
(2.15) Bl (H*(D"), H*(A") = (B*(A' x 2" -
In case * = {Mp}, the topological isomorphism
AN B WBF(A") = (D% x "'
may also be proved as the dual of (2.5) by Théoréme 12 of Grothendieck [3],

‘Chap. II.
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3. The structure theorem of ultradistributions with support in a sub-

Arn

manifold. Suppose that F is a linear submanifold of R". Under a suitable
—~— o

coordinate system it is written
' n‘ n"

(3.1) F={(x,0; xeR , 0€R }.

| n ’ : n' - a" .
A point in R~ is denoted as (x, y) with x €R and y €R . If (L 1is
an open set in Rn, we write '
(3.2) &', =Fnll -
and ,8*([1_') etc. stand for spaces of functioms on ' of n' variables.

We recall that

(3.3) aa*F'(D_) ={fe B*(Q); supp fCF].

We have the following analogue of the Schwartz structure theorem of distri-

butions with support in a submanifold (Schwartz [11], Théorime 36).

Theorem 3.1. Suppose that Mp satisfies (M.0), (M.1l), (M.2) and (M.3)

' )
and that F is a linear submanifold as above. Then every f£f(x, y) & ,,Qmp 'F »(.D.)

}v

M,
(resp. O P p(2)) 1s uniquely represented as

(3.4) £(x, y) = %f{sm@ pPs (v
with |
M) , (M3
fp(x) ed P (resp. H P

satisfying the following conditions:

For every compact set K'c §I' with the cone property there are constants

L, h and C (resp. and for every L >0 and h > 0 there is a constant C)

such that

(3.5) he, N < CL'“/M

A M3,h

e
4"y
K,

- 18 -



Conversely if a family of ultradistributions fﬂ € 8% (') satisfies

the above estimates, then (3.4) converges in ,8 *'(l) and represents an

fe n&*F'(I)_). We have moreover

(3.6) supp £ = \U supp £, .
A A

Proof. We prove the converse part first. Suppose that {f 7 (x)} cl8*can

satisf'ies the estimates (3.5).

"
Let K" be a compact set with the cone property. in ®" such that K'x K"

Cfl and let k = (2L)—1. Then the bilinear functional fﬁ(x) Q D'SS (v) on

98*1(' X *K“ satisfies the estimate

1§ § ¢ @ y£40” 5 raxay) 5 27 mc“?"gupa b WY ), ‘

M h
Thus the right hand side of (3.4) converges absolutely in the norm of B (.9 P}

éMp} iMlh o o Ml
P '
o = 8 o & B '
Hence it follows from Proposition 2.2 that (3.4) converges absolutely in the
My.4 ' |

norm of (e@ P for an L (resp. for all I > 0). Since the compact

K'x K")/;
sets of the form K'x K" form a fundamental system of compact sets in L ,
(3.4) converges in q&*'(ﬂ)f It is known that J*'F(g_) is a closed linear
subspace. of 0 *'(f)) ([I], Theorem 5.8). Hence the sum belongs to .ﬂ*'F(Q.)-
We have also the inclusion supp f € \ supp £ 8 |

- If (3.4) converges in ,8 *1(Sl), then we have for every ‘T(x) € ,9*( Q_')'

and P

”?(x)x(y)yﬁf(:&.y)dxdy =<g, B!,

. . "
where )X is a function in o *(R" ) which is equal to ome on a neighborhood
of 0 and has a sufficiently small support. Hence f ﬁ is uniquely detefmined

by f and has a support included in supp f.
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‘To prove the direct part, let fe @*'F(nﬁ-). First we consider the case
where supp £ 1is included in a compact convex set K. in J'.

Let F(C, f)’ vhere § = ¥ +1p and f=‘ 6 +iT , be the Fourier-
Laplace transform of f(x, y). Then it follows from the Paley-Wiener theorem for
ultradistributions that there exist comstants L and C (resp. for each L>0

there exists a constant é) such that
1ECg, plsc exp {M(LE) +M(L P) +E (YD} .
Hence 1if we write
i ~ . = ~ ﬁ
(3.7) o Hg P %,fﬁ(pf

with

~ : : £, P
£,(¢) = 1 d »
p g (Zﬂi)?wé fpfi"' fn" y

then we have

S . cemp MG ‘
LRSS )o—-"'—"f;l—.fl_exp{na;>+ax(;)s
1""’ n"

(3.8) '
181
"
€ C exp{M(LY) + H (3} (a7 L) Mg -
Thus it follows from the converse part of the Paley-Wiener theorem that ’fvﬂ( 1)
are the Fourier-Laplace transforms of £ p €8 *'K( L'). Clearly ?P( %) f F s

the Fourier-Laplace transform of f ﬂ(x) Q Dﬂ $(y). Estimates (3.8) prove that
z g
% exp {-M(LY) - M(2{a"Lp) - B (7)) ?;5(\;)?

converges absolutely in the supremum norm. Therefore we have (3.4) by the last
part of the Paley-Wiener theorem (cf. [I], Proposition 3.6). { 3
M,k
To prove (3.5), let K' be a compact convex set in F. If (f ed P k' ®

‘then we have by Lemma 3.3 of [I]
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[«54]
& o

[FCe)1 s 1k | exp §-MC5 /("D g N
Hence we have

. ; iyl
<52 £421 % G lemp{-1CE /T 0 +H@ERI oo IGIWETD) P -

VBy Prop‘ositior'x 3.4 of [I] there is a k (resp. for each k > 0 there is an L)
such that exp {-M(}/ (Vn' k)) +M(L ¥ )} is integrable. Consequently we have. .
the estimates (3.5). '

When the suppo.rt of f 1is arbitrary, we take é partition of unity
1=3 .xj'(x)». :
in  H*(L") such that the convex hull of each supp X j is included in f.°'.
Then each term of
£(x, y) = 2 X, 0E(x, )

has the expansion (3.4). 1In view of (3.6) we can sum up the coefficients of
D’3 3 (y) with respect to j and obtain expansion (3.4). . Since every compact
set K' in [L' meets only a finite number of supp X T we have also

estimate (3.5).

4, The Whitney extension  theorem for ultradifferentiable functions. Let F
be a linear submanifold of IRn, let fL be an open set in ' Rn and let ' =
QAnF as in §3. We define

F
(4.1) E*(Q.) = {‘f(X, y) € E*(n); Dfsu (x, 0) = 0 for all ﬂ} .
Clearly this is a closed linear subspace of & *().
F F
(4.2) XY = H*() a EFQL)
is also a closed linear subspace of .,8 *SL) .

. F .
We are interested in the quotient space é:*(.ﬂ.)/ 6*(.0_) . To describe
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1"
it we introduce the space "h_(.S)_') of all arrays (Cfﬁ (x); ﬁ € " ) of
functions ggﬁ (x) e 8*(.{1') such that for each compact set K' in )’ and

h > 0 there is a constant C (resp. there are constants h and C) satisfying

(4.3) sup lp“%(x)l £ ch""*ﬁ'uwm :

We have the following expressions of *&(.Q'):

(.4 5(Mp)(n_') - lin 1 g{Mp} ey
a foy B C

4.5) &{Mpy(&');{l@_ lin gm")”h(x!) ,
L €d Bew TC

{My,h -
where 54{ (K') 1is the Bamach space of all infinitely differentiable

functions (Du(goﬂ) in the sense of Whitney on the regular compact set K’ (see
page 41 of [I]) which satisfies (4.3). We introduce in 5’}1(5)_') loéally
convex topologies defined by (4.4) and (4.5).

Similarly we define locally convex spaces ,2:;_([2') by

) AL I
(4.6) S P () = Up lim g gy,
K'gn' h0
RESR: ful.n
4.7 D g () =l lmg 9 o s
K'«§Y! hae
{M%,n | 1M 3,h

“where ) P.Q. g 1is the closed linear subspace of & P (XK') composed
)

of all cf = (¢ ﬁ) such that every component ('f ) is extended by zero to a
{Mp“ n' V

function in 9 (R" ). We note that

(4.8) supp ¢ = L{{ suPP Gy

is a compact set in fi' for any (r € 03";1( n'.
By Proposition 2.4 of [I] the inductive limits relative to h in (4.5)

and (4.7) are regular. The inductive limits relative to K' din (4.6) and .
M

(4.7) are strict. Hence all spaces are Hausdorff. A bounded set in &8 .ﬂ? QIRD!
M) M },h

b
(resp. o Ji (fL')) 1s a bounded set in some .,8 JIIJ.,K' (resp. & p.Q_‘,K')'
- 22 -



160

Similarly to Theorem 2.6 of [I] we have the following (cf. [6], Chap. III,

§ 11).

Proposition 4.1. Suppose that Mp satisfies (M.0), '(M.l), (M.2)' and

M) M)
(M.3)'. Then 6 ‘f (f') is an (FG)-space, ,,8 J'Lp (JL') 4is an (LFG)-space

Mo

and (,8 E (') 1is a (DFG)-space. In particular, these spaces and their strong

duals are complete reflexive bornoloiic Grothendieck spaces.

Next we determine the duals of the above spaces.

Proposition 4.2. Suppose that MP satisfies (M.0), (M.1), (M.2) and (M.3)°.

Mol

M)
Then the dual of o8 Jf (L") (resp. 3{ Jf

(Q)')) is the space of all arrays

n M), M
(x)3 ﬂel\ln ) of ultradistributions fB(x)s ) P (') (resp. ,8{ p} '(Q")) such

(f

A

that for each compact set K' in L' there are constants h, 'L and C

(resp. and each h >0 and L » 0 there is a constant C) satisfying

(4.9) N, | ccu'Phy .
gl fwph Ip!
@ P )

The dual of @*a( J1') 1is the subspace of (,9‘})—(5)_'))' composed of all

f = (fﬁ) such that

(4.10) supp £ ==Usupp f/3

is a compact set in SL'.

The canonical bilinear functional is given by the absolutely convergent

series

(4.11) - (), (E> - %(Svp, £ -
Proof. Let iﬂ: RG] ——>,9"“D_(,S)_f) and p/3: ,83_(49.'),"‘7 S*cn

be the canonical injection and projection. Clearly iﬁ are continuous. are

also continuous because we have by (M.2)

[+ g %44l
(4.12) h lsn[wm <€ A(hH) A MM'MIPl
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Let f be a continuous linear functiomal on 8 ;_ ({.'"). Then there

exist f,g € 3*(Q") such that -

. = * t
Since for each (re,g:.( an

4. =y o
(4.13) ¢ =2 iﬁ pﬁ(lp)

;3

converges absolutely, we have (4.11).

The continuity of £ implies that for each compact set K' in n°
there are constants h and C  (resp. and h >0 there is a comstant C) such
that

17,0
| 2 <Bp0 PIEE SEP "**ﬁinwm

¢ sup —— ll¢,ll
N hw e
K'
for all (?IS) € ’8?L,K' . Hence (4.9) follows.
Conversely suppose that (fﬂ) satisfies (4.9). If 0< k< min { h/H, l/ZHL},

then we have for (?ﬁ) 3 ,an’K.

€3]]
- ¢ 181
| Z <4, £01 ¢ %(S“p_L"hl*lu, 5 YL Mgy
&
\ D" ¢, (x|
-4 Sﬁ- AC(HLk) Pl sup kld“'(:{p ( I;k )ja(l
R+l
s 2%'ac gl Yk :
p i
'K

Hence the right hand side of (4.11) is a continuous linear functional on .,9*0_([1')-
The statement for the dual of 6’:0.( SL') is proved in the same way as

[I], Theorem 5.9.
- 24 -



Similarly to [I], Theorem 5.12 we have

Proposition 4.3. Under the assumption of Proposition 4.2 (£ i (f') and

its strong dual are complete reflexive bornologic Grothendieck spaces.

We are now able to prove the Whitney type extension theorem for ultra-
differentiable functionms.

Let 1 8 *(J)_)F —> @*(X)_) be the canonical injection and let f :
EF) — 83(&_') be the mapping defined by P((f(x, ) = ((-Dy)ﬁCf (x, 0)).
Clearly EX ) — E:L(Q_'} and f : ,8*(1')_)’—>,8;_(.ﬂ_') are
continuous linear mappings.

Theorem 4.4. Suppose that Mp satisfies (M.0), (M.1), (M.2) and M.3).

Then
(4.14) 0o— £*f - &4y b * (D) —>o0
(4.15) 0 — 8*(wF = 9% —P—>,8”31_'( 2y —>o

are topologically exact sequences of locally convex spaces.

Under the dual f' of f the strong duals of j’z(.ﬂ_') and 8 jl(.f)_')

are topologically isomorphic to the linear subspaces £ *'F(S).) and aQ*'F(ﬂ-)

of £*'(fL) and 9 *' (L) respectively.
In particular, the set of all functions Cf € £*(L) (resp. ,9*(.5;))

such that supp ¢ A F=¢ is dense in 5*(17.)F (resp. @*(H)F)_.
Proof. By the definition 1 1s a topological isomorphism and we have
im ¢ = ker f .

Next we prove that f?' is a topological isomorphism onto the closed linear -

subspace g*'F(.D.) (resp. ,8*F',(,)').)) of £*'(fL) (resp. H*'(L)).

Clearly im P' is included in the orthogonal space [Z*(J’L)F]_o (resp.
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*)1%  of ker p . It is also clear that
e* e g% () and L* 1% c.a% (.

Hence p' maps (£} (AN (resp. (B% (AN im0 ET(Q) (resp.
S L))-

If £ = (fy) € (E%(2")" (zesp. H% (N"))'), then we have for every
¢ € EX(Q) (resp. B*(Q))

<¢, f(f)> <p(<,>),f>

- 2_((-D) ?(x, 0, f@(x»

= é
%{(P(x, ¥)s fﬁ(X) ® D&M .

This shows that

A

In particular, P' is injective. Theorem 3.1 together with Proposition 4.2

(4.16) precey) = % £ (x) @D°S(y).

shows that im f' coincides with & *F‘(&) (resp. ,S*F'(Sl)). Its proof
shows also that ( f'?—l_ is continuous. In fact, if a compact convex set K'
in JL' is fixed, the topologies on *I'(; induced from &£ *'(Q) and
B* () coincide and make @ P 'K' a (DFG)-space and aS{Mp} ‘K' an (FG)-
space. In view of the last part of Theorem .l.l we see from the proof of Theorem
3.1 that (P')_l which aSSigqs to £=3 fﬁ ® Dﬁé‘ the components (fﬂ) is
continuous. Since the multiplication by a partition of unity is obviously
continuous, (f ')_71 is continuous in all cases.

since  £*(Q), 61;_(5).'), B*(QL) and ’;L(.Q.') are reflexive spaces,
the mapping f may be regarded as the bidual ( P '}'. Hence it follows from
the Hahn—Bvanach theorem that f is surjective. Since 8 *(fL) etc. have the
Mackey topologies, P is also a homomorphism ([6], 'l‘heoren]:x[I 3.7).

In the course of proof we have shown that [@*(n_,)F]O = 8*1;(5)_) (resp.
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[09*(&)13‘]0 =D *F'(SL)). Since E*F'(;TL) (resp. £*Fi (fL)) 1is the orthogonal
space of the space D of all o€ £*(n) (resp. H*(SL)) with supp ¢ nF
=, this proves that D is dense in 5*({2_)F (resp. ,8*(Q)F) by the
bipolar theorem.

Let Ap be a sequence of positive numbers such that Ap and Ap/p! are

logarithmically convex and that

My\ 1/p
(4.17) lim(—r) >0.
p>e P

Then Roumieu [10] proves that thes space of ultradifferentiable functions of
class {Mp} is invariant under ultradifferentiable coordinate transformations
Q of class 'éAp}. Similarly we cam prove that the ultradifferentiable func-
tions of class (Mp) are stable under coordinate transformations of class (Ap).

If

M, 1/p
(4-18) lim(A ) =20 ,

p>eo\ P

we can also prove that the ultrédifferentiable functions of class (Mp) are

stable under coordinate transformations af class {Ap} . Since Ap = p! satisfies

g(Mp)’ 6{!41,}’

(4.18) for all M, we see in particular that the spaces

M) M
09 P and i) PY are always invariant under real analytic coordinate trans-

formations.
The isomorphisms on spaces £*(§.) and v,,s*(,ﬂ_) onto 6*(;;_1(31)) and

o =1
(Y )) are shown to be topological isomorphisms. Hence we have also
o8 VR P

&

isomorphisms of spaces of ultradistributions.

We will say that a submanifold F of R" with boundary is sufficiently
smooth if there is a sequence Ap satisfying the above conditions and at each
point x € F there is a local coordinate system ?j(x) of class {Ap} or

(Ap) which maps F onto a neighborhood of zero in a linear submanifold or a
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half linear submanifold.

Theorem 4.5. Suppose that Mp satisfies (M.0), (M.1), (M.2) and (M.3)

and that F is a sufficiently smooth submanifdld with boundary of an open set

L in R". If 30 = (D‘x?) is an infinitely differentiable function in the

sense of Whitney defined on F and if for each regular compact set K in F

and h> 0 there is a constant C (resp. there are constants h and C)

such that

(4.19) sup ID"?(X)] < cn'in

0V’ .l"|=0s1’29 eee o
xeK

=

™) M
then there is an ultradifferentiable function \{1& é P () (resp. £ P )

such that

(4.20) D“cf = \HF .

Proof. First we consider the case where F has no boundary. Then at
each point x ¢ F we can find a sufficiently smooth coordinatg systemn which
maps a neighborhood of Vx in F onto a linear ;ubmanifold. Applying Theorem
 4.4, we can find an ultradifferentiable function \;’x of class (Mp) (resp.

{Mp’;) defined on a neighborhood Ux of x in | d .which extends 39{ FnUx'
We take a partition of unity
1= % j(X)
on fL subordinate to the covering {ny R ERN F} Then
P = T X0y @

gives the desired function.

When F has the boundary 9 F, we construct an ultradifferentiable

function \*’l on 4L such that

o 'Pllar = D“?laF :
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iM |
Then § ps(.Sl_) is a (DLFG)-space and hence £ P

e

Then the function ?1 = (Dd? —D'(\/»l) on F vanishes on 9F together with
all the derivatives. Hence it can be continued by zero beyond the boundary BF,
Then we can apply the first method and obtain an extension \{/2 on J .
\}’ = \?1+ \*2 gives the desired extension.

For each open set g in IRn we can find an increasing sequence Kn of
compact sets with real analytic boundary such that JL = \Uint Kn. Hence we

Ir.
have by Yoshinaga's criterion of (DLFG)-spaces ([6], Theorem 11.6) the following.

Theorem 4.6. Suppose that Mp satisfies (M.0), (M.1l), (M.2) and (M.3).

mh

'() is an (LFG)-space.
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