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DYER-LASHOF OPERATIONS FOR CERTAIN INFINITE LOOP SPACES
by
Masatsugu NAGATA

§1. Results (with notation in 2.)

. -1
1. Let X = BU = Z. Consider H*(X;Zp) =\Zp[a0,a0 ’al"'°]’

deg a; = 2i, for an arbitrary odd prime p.

m _ k,m
Q' (a) = 2,-Cn ,oon 2 %"
1 p 1 2 P

where n1+---+np=k+m(p- 1), n,20,>...3 0.

Ck,m

The coefficients
nl’...,np

are defined as the (unique) solution

of the system of equations:

m k,m

[k/P] kK - D(P-l) B
nl,. son

k - »(p-1),m + p _
( )Cn =

. e (-1)
L=0 b 1’ "np

5 "'(1'1)

where
D
1277 o-ee‘p/H a(1)’  ’a(p)

(H 1is the stabilizer of {pl,'=-,np} )

Akom m(p-1)

nl’. +s,1

= the coefficient of X in the polynomial

n n n
1+X) T@+20 4.0+ -Dx) PL



The equation can be solved in some special cases.

k=k'(p-1) -0

Set

0<<p - 1.

k! T . .
i) In case k'sg p: ckom =Y (-1)m+k J(k :“_I)BJ (p-1)-&,m+k J
n1:”'9n . k =] N,,*s«s,N
p J=1 1 P
k LY
ii) In case k' =p + 1: c<m = 2: (same as above).
nl’.‘.,np j=2

p
iii) In case there is a number n such that E:(ni -n)< p-1,
i=1

n, > n,
i
m.k,m _ n
CLB L, T @G,
1 P
k,m _ n-k-1 .
and hence C = #(© /H) ( ), applying Th. 25.3 of Adem.
nl"“’np P n-m
iv) In case there is a number n such that n, =m, == np_1 =,
np =n-1, C::’m'”n = (nr-llfl;lz)
1’ 2 p
As for the remaining generator a61:
m, -1, _ XA 1, N n. - Am -pOuel)
Q"(ag) = (-1 Qo) @ ) e @) Mg ,
where zlkl = m, )\=ZK1'
2. Let X = K(,n) : the Eilenberg-MacLane space for an arbitrary

finitely generated abelian group 7, and n > 1.
For any prime p, the Dyer-Lashof operations on H*(K(ﬂ,n);zp)

are trivial, except that Qo(l) = 1.



§2. Proofs of 1. : X =BU x Z .

In [1], S. Priddy has computed the Dyer-Lashof operations on
H, (BU x Z;Zz). We shall adapt his methods to the mod p case for an
arbitrary odd prime p, and obtain some results.

For the necessary background literature on infinite loop spaces
and Dyer-Lashof operations, We‘refer to J. P. May's papers [2], [4].

It is known that

H,(BUx Z) = Z [a ,a-l,a yana,001]
pt?0°%0 *%1°%2

and that the generator a; comes from the generator €y of H*(BZP),

(Zp is regarded as the subgroup of U,, with generator a = ezﬂi/P)

1,
which is the dual of y,'e H*(8Z)) = Ab}) ® Z,[y,].

According to [1] the diagram

Bj
B(ZPIZP) _ B(@pful) — 3 BU
- B
WZ_ % (BZ )* ——> W@ * (BU,)
P ZP P p?\p 1

x (BUxZ)P BUXZ
"G, "D g B

P

is homotopy commutative, where j 1is the inclusion of the wreath product

and @ 1is the Dyer-Lashof map.



Consider the following commutative diagram of group homomorphisms

IXA@ j
Z X1 zpjzp < e%gul «J 5y

% P

1A\ p( Pt
Zx(qu-xZ)-—-?—)Zﬂ---izf—aux-"xu Iy
p P P d p
P P P
where
(a3 b.,+++b ) = (ab,,a?b_,+++,aPb )
? > 1° ,P 1° 2° > P

(group multiplications of the cyclic group Zp)

m = juxtaposition of matrices

1 ( ij . _ 2mi/p
g
I<igp
(note that p-! =P).

We now apply H,B( ) to the diagram, and compute the images of

the element ® e, € H*(BprBZp):

2m(p-1)

€om(p-11 2k

B(1xAP),
1) Pk k-p(p-1)) o
B(1AP) > ( 17 " v )e2(m+pv-k)(p—1f°e2k-2v(p-1)
* * Bj,
) 2 1M §7 k-p(p-1), qmp
(-1) 2‘;( P @ o)
Z:a X XERY-] . id.
i1+"l+i =kezm(p_1)®e211 e21 id
m,4.\ (4)
j S0 s i i e
E:\ Z‘ 2 2.,.(p_1) p 1(J1;11)‘” (Jp-lilp—l)
il+'“+ip=k j1+°"+jp_1=m(p-1) 1 p-1
aj +i W aj i ai
171 p-1 "p-1 7p



(proofs): (1) is referred to Lemma 4.6 of [3].

(2) is obtained from the definition of Qm.v (see [3].)

(3) and (4) are proved by investigating the duality. In fact,
g, i €, i €.+, i.+i
171 2. 72 _ 1 %2 7172
< yl y2 ® yl y2 > A* (eZk)> - <y1 y2 > e2k7
=1 iff £1 = 62 =0, i +i, = k,
and hence A*(e ) = Z_ e, ® €, ;
2k e T2 2i
i+i =k 771 2
172
k1+k2
<y, fulen ® e )>
k,+k
2 k +k2

17"

_ /ki+k
and hence /‘*(eZklﬁ e2k2) = ( 1k12)e2k1+2k2.

Note that = ((ﬁ"""‘sop)“'T"(Ap"l)’
AN

We see that
)
s .00 = (M, 2o e, @e-0e
pre25) = P e 2k,,
1 p
B k +.u+kv
= k — =-(ki"."kp)e2j
1kl

- vee sy = 1y
= (1+ . +1) e2j p e2j’

and hence L, (eZn&eZi$ -nOeZip)

Jl+--.+JP=n 1

where T 1is the shuffling map and $°U= /xo(syxl) with Sy, =/‘.Ly°Ap: arra’,

p

. 3 Jooa oL L.

= 1,72 5Pty .., (3ptt
Z\ 172 p *( li 1) { 12 p)e2j +2i° @ezj +25 °
P 171 P P



From the preceding diagram we have

k,m
n,, **,n an"' an ’
1’ ,P 1 p

55:(k‘”,ﬁp'”)Q’"*”(ak_wp_l)) = (-D™ LB
and (1.1) follows.

Note that the solution of the equation (1.1) is determined uniquely,

k,m

since the left hand side is of the form C + (k: lower), and the

right hand side is known.
(1.1) can be solved only in some special cases.
First, we get i) and 1ii), using

Lemma. If i< p and 0% ¢ € p-1, then

jp-1)- _ i - i i+jel-1
( i “) = (-1) i+1Hj+d-1 = (-1)7°( jr-1 ) mod p.

(this is proved by considering the power series

and the fact that

k k-1 .
€k © :z:(kﬁxtl)a. is the solution of (-1)1(k“¥-1
k j=1 k-3 77 b

Jey; = 2

-
Secondly, in view of (1+X)e+» (1+(p-1)X) = 1 - XP°1 nod p,

Ak,m

are expressed by some binomial coefficients in cases 1iii) and 1iv),

and in these cases Ck’m are computed by using some formulas of binomial

coefficients. Th. 25.3 of Adem is referred to [1].



Computation of Qm(aél) is same as in [1]. In fact, we get from
the Cartan formula in H*(QSO),

A A
Cu-n = 2L (g A oinn™ e @ P
Zix=n 1A

in H*(QSO), and the result follows.

Note that

n n
Q"(ap) = D" = Zeep-1) Plg

n1+ ln+np_l=m(p-1) 1

by 1i}.

§3. Proof of 2. : X = K(f,n) .

Remark 3.1. The Dyer-Lashof map

: wz,% Kar,n)P—sk@,n)
P

always represents an element of Hn(WZp E (K(ﬂ,n))p;HD.
P

On the other hand, the properties of 0:
i) 6’(WZ )O % xP: XX is equal to the p-ple product map of the
p’ Z
P
H-space X (see [6]),
ii) 0*(em91@nl~)-m) =0 in Hm(X;Zp), for any m 2 1 (see [2]),

show that

O: ;002 ’Z‘p(K(ﬂ,n))p;Z) —>H, (K(T,n) ;2)

is uniquely determined for i = n.

-l



Hence the universal coefficient theorem shows that ﬁ is unique as an

element of Hn(WZp’E (K(n’,n))p;m.
P

Since ﬁ is unique, the Dyer-Lashof operations on the homology of
K@+m' ,n) = K(T,n) x K(Pr',n) can be regarded as the tensor product of
those on the direct summands H, (K(#,n)), H, (XK' ,n)).

So it suffices to consider the Dyer—vLashofb‘ operations on

H, (K(Z h,n);Zp) and H*(K(Z,n);Zp) (p: prime, h,n 2 1).
p

Lemma 3.2. Let H* = ;€A Z ;BeB be an algebra Z_,
Alxgsaen) @ 2,1y 34¢B] gebra over Z,

of locally finite type, and with product map A*. Then in its dual
coalgebra (H*,Ak), an element is primitive (i.e., A*(z) = z81 + 18z2)
if and only if it is a linear combination of elements {(xd)*, (yg)*}.

Proof. Let S(:LU (12)--~ (Jl) (32)”» be the dual basis of
1 1 V2

6 )

i i,
y sev . Then
)

. 11x 2.y 851
% o #

A sy 1y ) = 2o s@yeee Glerr @ silyers Glyees
LS f1 ' i % 1 LSt 61

ot =
+
-
fl
e
—

re SHeeoo M
[Sp
+
e~ .
—
n
e oo
—

V

and the primitive elements are determined as above.



We shall use the Cartan formula for the coproduct Zs*:

Ao -Lldey @ i df Aw =Lxex) (3.3
1 .

and the Nishida relations:

SazeQ’ Z(S s Q" esq) (=2 o0 (3.4)
P3eq Z( 1yi*s (- z)r();; Dy gr-s+ipi R
Piep.Q” LE_:( pie R @D hg SLPL Y : 0dd) .- (5.5)
+§(-1)ii+5(tr z)g }) -1yt s+1@1 @ "/
(see [7]). |
As for the structure of the cohomology of‘ K@r,n), we refei‘ to [8]
and [9].

In any case, Lemma 3.2 always applies to the cohomology

group of our consideration.

Proposition 3.6. In H,(K(Z h,n);Zz), Qr(x) = 0, except Qo(l) =
2

Proof. We shall prove this by induction on the degree.

Take a homogeneous element x. By the induction hypothesis,

ﬂy" < “x“ = Qr(y) = 0 for any r, except that Qo(l) =
Then the Cartan formula (3.3) implies that [hQr(x)

= Q' (x)@1 + 18Q" (x),

i.e., Qr(x) is primitive.



1v

Hence by Lemma 3.2, it suffices to show that '(Sqi(ln), Qr(x)> = 0,
where d(I) +n =1 + |Ixll. (see [8].)

1 - 1 eve i 1 | - =
Write I = (11, ,1t). If i, > 1, put I I and v ln’

I

then Sqi = Sq If it =1, put I' = (il,-~-,it_1) and v = ?h(z;)’,

\ ~
then Sq;(l ) = SqI (v). (1. 1is the fundamental class in Hn(K(Z ,n);Z )
n n 2h 2h
and @h is the Bockstein homomorphism.)

N I T ~ I' r
ote that <th(ln), Q (x)» =<v, Sq, ¢sQ (x)>.

Now we use the Nishida relation (3.4). By the induction hypothesis,

Qr'5+i(8qi(x)) =0 if i3> 0. Hence
I' r _or-in, r-il-i r-d(1') r-d(I')
Sq* °Q (X) = ( 111)( 1; 2) e (1t or it_l)Q (X).

Recall r-d(I') = n-fxii+(d(I)-d(I')) £ n+1-jx/|.
Since fxf»n and Q'(x) = 0 if r < ||,
Sqle Q¥(x) = 0 unless x| =n =1, r-d(I') = i, = 1.

t

Hence it suffices to show that

i}
(]

(u1 is the fundamental homology class.)

<B, (T, >

n face, <By @, Q> =¢GN w> = @), ueu>

<(Bo P+ PoB e wr (T, upu;> = <@h(ﬁ)®1 * w?h({ﬂ’ u,8u, >

0, by virtue of Lemma 3.7 below.

10



11

Thus we have shown Qr(x) = 0, and the proposition is proved by induction.

Lemma 3.7. The diagram

ul (X2 1) Qh > H2(X;22)
: l

M *
- | 8, , 4~
H  (XxX;Z ,) > H™(XxX;Z,)
K. T 2" K. 2

i i j J

Z H 1(X;.Z et 2(X;Z W a? Z: H 1(x;zz)sﬂ 2(x;.zz)
ip+i=1 2 20 Brep +Pefp §y*i=2

is commutative, where €= reduction mod 2, éh = Bockstein homomorphism,

K = the cross product.

Proof. This follows from the commutativity of the following diagrams:

CrOGZ08C (2 1)) —pgp? CF (X3 Z,)8C+ (X3 Z)) = C* (X 2))

i*@l 1/ i*
C*(X;Z )OC* (X;Z ) > C*(X;Z )
2h+1 2h+1 K 2h+1
C*(X;Z YRC* (X;Z ) > C*(X;2Z )
2h+1 2h+1 K 2h+l
b8l + 1% T § T
C*(X;2Z )®C* (X;Z ) - > C*(X;2 )
h+l ,htl K oh+l
7487, l Jx \L
C*(X;Z ,)®C*(X;Z ,) > C*(X;Z .)
2h 2h K 2h

Proposition 3.8. In H,(K(Z h,n);Zp), p: odd, Qr(x) = 0, except
P
0
Q (1) = 1.

Proof. This is entirely same as 3.6. In fact:

it suffices to prove <@}11(Zn)’ Qr(x)> = 0, with d(I) + n = 2r(p-1) + |x|.

11



12
Write I = (‘Eo,il,fl,"',it,ﬁt) and put I' =1 - (E,.).
The Nishida relation (3.5) and the induction hypothesis show that

Pl'e*m = x?ft Lo BO5 1 e (),  Aez..

P
n- (x| +Z¢€.
Note that r-ij-ee-ig =——12(p—1) . If Zo+m+€t_1> 1, then
t-1 0 . .
@* oxl'te* = 0. If €0+“'+€t_1$ 1, then r-ij-ee-in g 2/2(p-1),

and hence £ 0, thus Q '17"""'t(x) = o.

Thus <@}Il(ln)’ Qr(x)> is always shown to be zero.

Proposition 3.9. 1In H*(K(Z,n);Zp), p: any prime, Qr(x) =0,
0
except Q (1) = 1.

Proof. This is now obvious, by the proof of 3.6 and 3.8.

Now we complete the proof 2., combining 3.1 and 3.6~ 3.9.

Department of Mathematics

Kyoto University
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