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Hecke rings over arbitrary fields

Hidekil SAWADA
Department of Maethematics, Sophia University

Let (G,B,N,R,U) be a split (B,N)-pair of characteristic p
- and rapk n, and K be an algebraically'closéd field of

éharaéﬁeristic p. Let KG be the group algebra of G over K and

=2 u.

ueu
At the confeanCL the author 1ntroducad a constructlon of

bases of Hecke rings over arbitrary flelds; but in this note we
concentrate on proving the next theorem. Further properties of
general endomorphism rings of induced linear representations,i.e.,

Hecke rings over arbitrary fields are found in [2], [4] and [5].

Theorem 2. Let (G,B,N,R,U) and K be as above. Let -

EzvﬂndVG(KGﬁ), then E is a Probenius algebra.

We use the same rotation and definitions as in [5].

Lemma 1. Let AP be a one-dimensional right ideal in [

cenerated by A. Then A(U) is a weight element of weight_(yﬂH,

\ ) where ¢ is a linear character of E into K afforded
y/(“‘(w JERR: 1$n) ¥ ~

AL i.z., &x=Af(x) for all x¢E and ¥(h)=W4,) for all heH.
by : ior a.-. ior @+

ha(U;"A(hﬁ) m(bh)—AA (T)=¥h)A(T) for heH, and

uA(T)=A(ul)=A(T) for uel.

04wy )A(0)=2(T, (w; )T)=A(T(w, NI>—1A( (=Hag, a0
from [5, Lemma(l.4)]. G.32.D.

‘Proposition 1. Let {x;| 1¢i¢s} be as in [5, vheorem(2.11)].

Then (i) B=nlEe..;®n°E is a decomposition of the right regular

module EB into non-zero indecomposable submodules{ﬁim}




155

(1) =, = w8 if and only 3f i=j, for all I¢i,j¢s ;

(ii) all the right irreducible representations of E are

one-dimensional.

Proof.
(1) is clear from [3, Corollary(54.10)], because {ui} are
primitive idempotents of E such that l:nl+...+ns.
(i) is also clear, because EE has exactly s equivalent
classes of irreducible representations and right principle
indecomposable modules from [3, Corollary(54.14)]‘and [5,
Theorem(2.11)]. |

(iii) Since I& has s linear representations (see [5, Theoren

(2.11)]),@ has also s one-dimensional right modules, which are

all the right‘irreducible representations of E. Q.E.D.

Proposition 2. Let EzEndKG(KGU).

(i) Let AE be a one-dimensional right ideal in [E generated

by A, then A(KGU)is an irreducible left module of weight (¥|H,

) where & is a linear character of B afforded by AlE.

y(A(wi)>1<i<n

(i) Let BA be a one-dimensional left ideal in E generated

by A, then A(U)¢UKG and A(U)XKG is an irreducible right KG-module

of weight (Y¥|H, Y(A(W ))1<i<n) where ¢ is a linear character of
TR |
E zfforded by EA.

‘Proof.

(i) Since XGU= z: @KGe(x) where K*éK—{O}and £(¢)=§Z:¢(b—ljb
xe¢Hom(B,K*) béB

(see the proof of [5, Proposition(2.8)]), &(ﬁ)=mxﬂ+...+mxt where
m € KGe(xy)-{0} for all 1¢igt. Since A(T) is 2 weight element
1
from Lemma 1, m, 's ere also weight elements of the same weight
1

as of A(TU). From [l, Corollary(é.ll)], mxi's generate irreducible

modules KGmxi's in KG€(%). Since the socle of KGU is multiplicity-
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free (see [5, Proposition(2.8)]), t=1 and A(ﬁ):mxi. Hence A(XKGU)
is an irréducible module.

(i) Since AeEndKG(KGU}, we have A(U)eUKG from [5, Proposition
(1. 5)] Since A(V yA(0)=A(T) (w; )U and A A(T)=A(T)n, A(D) is =
right weight element of weight (¥|H, T(A(W ))1<1<n)’ Hence we

can prove the assertion by the similar argument as in (i).Q.E.D.

Theorem 1. Let E=End.;(KGU) and {x,|lcis¢s) be the primitive
idempotents as in [5, Theorem(2.11)]. Then,
| (1) for all 1€i<s
socle of the right ideal n. lt:.—KA( ,w°x)
where W, is a unique element of maximal length in W, and
socle of the left ideal,ﬁni=KA(J;X),

where A(J,X)ni=A(J,%);

(ﬁj'let B, be-the gsocle of the right regular ideal EE,>then
EO is also the socle of the>left regular ideal.EE and

CBy= 2 KA(I,X) .
_ (J,x)eP
Proof.
o Wo
(i) Since A(J,%X)n. ~A(J,¥) if and only 1f . A( x)

w

A( °J, 7c) for all 1¢i¢n and (J,X)€P, it is clear that =, [I:.'D
KA(“’ , x) if A(J,X)ni=A(J,’X).

Let I be an irreducible right module contained in niﬁ, then
M‘isldne—dimensional,i.é.,'M=KA for some Aéﬂ—ﬁﬂ. From (i) of
Proposition 2 A(XGU) is an irreducible module. SincerniA=A,‘
A(KGU)CY vhere Y, =n (KGU) Hence A(KG[T)=A(W°J,W°96)(KGIT),
because the socle of Y —A(‘o , OX)(KGﬁ) From [1, Theorem(4. 3)]

N

we heve A(G)KA( °3, °x)(T) and KA=KA( °d, °%)=k. |

Again let A(J,%)nizA(J,X), then EniDKA(J,X). Let M' be an
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irreducible left ideal of [ contained in Eni, then li'=KA' for

some A'e E—{O}. From (i) of Proposition 2 A'(U)KG is an irreducible
right KG-module contained in UKG. Since the right socle of TUKG

is multiplicity-free, there exists a unique pair (J',«')eP such
that A'(0)KG= A(J',x')(T)KG and KA'=KA(J',»'). Since A(J] «)n;
=£(3',x'), (3% «)=(3,%).

(i) is clesr from (i). : 0.E.D.

Proof of Theorem 2.

Let I be an irreducible left E—module; then the dual module
M'=HQmE(E,EE) is oné—dimensional, because the socle of EE is
multiplicity—-free. Hence M' is irreducible. Similarly the dual
module N'zHomH(N,EM) is also one;dimensional and irreducible
where N' is an irreducible right E-module, From [3, Theorem(58.6)]
we can conclude that E is a quasi-Frobenius algebra.

Since I8 is guasi-Frobenius, E and (EE)*zﬂomK(E,K) have the
same distinct indecomposable components. Since B is being
decomposed into distinct indecomposable components Enl,...,EﬂS_
and dimKE=dimK(EE)*, B and (EE)* are isomorphic. Hence E is a

Frobenius algebra. QoD
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