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Multidimensional Central and Local Limit Theorems
for the Phase Separation Line in the

Two-Dimensional Ising Model

Yasunari Higuchi

§1. The Two-Dimensional Ising Model

Let Z* Dbe the square lattice and L be its dual latticeji.e.

7> = {(x1, x2); 21 and x, are integers},
L= ey, 22) + (5, 25 (o1, 22) ¢ Z2).
We consider Zz* and [ also as graphs. Let Q = {-1, ) be
the space of possible spin configurations on L. For each positive
integer «N, we define a square box VN by _
Vy Z {((zy, z2) + (%, %); (w1, z2) € Z%, Osazy<¥-1, f[%Jszéi;e;(J},
where [u] 1is the largest integer smaller than . For given

we  and B > 0, the finite Gibbs state on Q

i

g = -1, +1}V1v

with boundary condition w, inverse temperature f (in the absgence

of the exterior magnetic field) is given by

w - -1 .

Pyn) = z,(w) exp{-B Uy(n: w)} noe 2

where ZN(w) = Z exp{-8 UN(n': w)}, and
n'eQN
uy(ny @ = - I7 nGinG) - [T nuely),
x,yeV xely
N o
yeBVN
where the summation z* is taken over all pairs (x, y)
xeA,yeB

such that (i) « and y are nearest neighbours in L, and
(ii1) x € A and y € B. From now on, we fix the boundary

condition w as

o]

w((xl, x2) * (%, if x5

1
-1 lf X 2
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. . . w
and we write simply PN instead of PN'

§2. The Phase Separation Line
Let us fix ~N > 0 arbitrarily. Define

Vy = ey, @2) €223 0 s 21 < W, -[3) < =, s (5100
We can regard VN as a subgraph of z?. We call a segment of
length one connecting two points which are nearest neighbours in
Z (or in L) by "a bond in Z*(or in L)". Then for each
n e QN’ we can define a subgraph CN(n) of ?N in the following
way. A bond in Z*> belongs to CN(n) if and only if it crosses
a bond in L connecting two points =z, y ¢ L such that
n(zin(y) = -1 (or n(x)wly) = -1). Cy(n) consists of some
connected components, and each vertex of CN(n) belongs to'tho
of four bonds of CN(n) unless the vertex is 4 = (0, 0) or
B = (N, 0. It is easy to see that the connected component of
CN(n) containing A4 also contains B. We denote this combonent
by AN(n), and call it by "the phase separation line". Let
Ay =2 (Ag(n) @ n e @y}, and S = {y; subgraph of Z? such that
(i) the length |y| is finite, and (ii) each vertex of Y
belongs to two or four bonds of «y}.

. Theorem (Gallavotti)

0
There exists a function ¢ :_/‘[= ® s" - R such that

n=0
(i) P is symmetric, (ii) Y |P(r)| < + » and (iii) for each
Te)
rso
A E.AN,

Py(in e Qs Ay(n) = A1)
= exp{-28|r] - } @(F)}/
TeN )
TnAXxo X'GAN

TCVN TaX’Xx¢
FC?N

exp{-28|r'] - ¥ Y1}
TeXN



We denote the left hand side of the above equality simply by Py{A).
Thus we are given a sequence of probability spaces (Ay, Ppy).
To state our result, we need some notafions. For each X ¢ AN,
max{k;(k, &) ¢ A},

1

0 £ & <N, let YN(z) and X,(&) be Yh(z)
EN(Q) = min{k; (k, &) ¢ A}.
Theorem 1.

Let an integer k 2 1, and 0 < ¢t1 < ¢t2 < ... < tp <1 and

the numbers - o« < Tj < Tj <o, 4 =1, 2,...,k be given arbitrarily.
Let aéN) = [tj' Nl =1, 2,...,k, where [u]l is the largest

integer smaller than u. Then,

- (v

k X. ta.
lim PN(/W {r. < _Ei_l__l < T!}}
oo Y lj=1 9 oVl J

) = v
k X, la. X (a. '
= lim PN[(\ {7, < Ly J ) < i1 J_ ) < T!}}

N j=1 9 ovN oV N J

Q-
]
N
N~
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where ¢ = 0(B) > 0 1is a constant depending only on 8 > 0 and
({Xt}o < £ £ 1> Péig] is a one-dimensional Brownian Bridge such
that P§38(Xe = X3 = 0) = 1.

Remark Gallavotti has proved the above theorem in the case
when k = 1 in [2], and it is announced that Cammarota has prgved

it for general k 2= 1, but we have got nothing in print yet.

§3. An Auxiliary Ensemble and the Central Limit Theorem

In order to prove Theorem 1, we need another sequence of
N)' Let I, = {(x1,22)e %;0<x1<N},
and KN = {connected subgraph A of I

probability spaces (KN, p

y such that. (L)]|A] < +w,

(1i)x > 4, (i) there exists a point B’ in {(W, 2):% ¢ Z}



such that each vertex of A belongs to two or four bonds of A
unless it is 4 or B', and A and B' belong to one or three

bonds of A}. TFor each A ¢ KN, we define

Py(0) = exp{-28|r| - ] .<P(r)y/ I expl-28]X] - § @}
TeV Xeh . TeN
TeT y
v Tely
- Toxxe Tnixé

‘Then, Gallavotti has shown that for every AN c AN’

PN(AN) = ZSN(AN ‘ KN) + O(I-\;]—?!"') as N > ® vg EN,

~

where A, = {\ e Ays

Hence we only have to investigate the probability space (AN, ?N).

B' = B}.

we obtain the following theorem first, which is much easier to
prove than Theorem 1.

Theorem 2.

For each integer k 2 1, 0 = g < &1 <++-< 3 < #3,9 = 1

and - o« < Tj < Tj < + o j‘: 1, 2,...,k+1, we have
Lkl 7, (al")
lim PN((\ (r. <« 2 dJ ° < Tf.}]
Voo j=1 7 oVN J
C el x (™) 3y (eh)
= lim PN[r\{T.s SR A B Tc}}
N> =1 Y oVN o/l J

1t

Po(ij € [Tj’ T;],j = 1, 23"'>k+1)3

where ({Xt}’ Po) 1is a one-dimensional Brownian Motion starting
at 0.
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