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0. Introduction.

n
Let 4 = Q:ﬁqu be an algebraic subset of P,(f) where

for each 1, Jii i1s irreducible and given by an irreducible
polynomial equation in the homogeneous coordinates on EZ(@):

X.) = 0.

Pi(xl, X5 3

We are considering Pfaffian systems of the form

(1) dz = w z
w = A, —=
=

¥ J,S5.P.S. visiting Professor July 1978 to the end of October
1978.
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where the Ai's are constant square matrices of order m.

In this lecture we are going to speak about

1) the set ®R(1l) of relations between the Ai's implied
by the condition

dw = WaAw =0

2) the relations in 7rl(P2(®) -A)

3) the nature of the solutions of (1)

4) the Riemann-Hilbert problem.
In this lecture there are no deep results but only simple

remarks.

1. Some examples.

1.1. A=¢, w=0, mPEC) =1 and ¢™ is the vector

space of solutions.

3

1.2. A = i=1£i’ A, = {xeP,(¢) | x, = 0}

3 dax.
(1.2) w= 3 Ai—x——l— .

i=1 i

Then ®R(1) : { [Ai, Aj] = 0 i#J

Ay + A, + A= 0
And

T, (P,(C) - A4) 1is abelian.
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A fundamental matrix of solutions is given by:

XAl XA2 XA3
1 ¥ *3

and all solutions are elementary functions. The Riemann-Hilbert

problem can easily be solved with a system of the form (1.2).

1.3. The Pfaffian system associated to the hypergeometric
functions in two variables.

i1s given by the system of

The hypergeometric function Fl

partial differential equations

a2
x(1-0) (o) 254 [ Gemy) = 103" 4 @ +1)xy + p11 52
X

- By(1-y) %—dp(x—ﬂz =0

2
y(1l-y) (y—x)s—g+ [y(y-x) - (o(+,8'+1)y2 + (o¢+p'—ﬂ,+1)xy +(3x]-g§
y

- B x(1-x)2Z g (y-x)z = 0

922

27 9z _
(X_Y)axay -Bax +/8§37 = 0.

But the map

v
N

Z V>

© Y
N

y

(-]
B

transforms this "complicated" system into the following one of

type (1) which is completely integrable.
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dz = wz
i . dxi 23: dul
w = A, —— + B, —
=1 * % i1t Y
u, = xj-—xk J Ak, JA1i, kK # 1,
where
0] 1 0 0 0 0
Al =10 l—[+p' 0 Bl = 0 0 0
0 _Bl O _dp' __ﬁ! x_o(_P!_l
0 0 1 0 0 0
S LY By = | papl p
} 0 0 1—x+ﬂ 0 0 0
0 -1 -1 0 0 0
A3 =| «f ot ‘g B3 =[ 0 -4’ B
o(pr pt OH'/?' 0 (51 __}9

and we have

7 | N~

X2 =X3 X3=O
The same thing can be done for the functions F2 and F3 by

using the map
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z >

for F the singular set 1s

A ={x = o} U{Xz =O}“{X1 =X3} U{Xz =X3} v
{xl+x2—x3=0} U{X3=O} 5

for F the singular set is

ﬂ = {Xl = O} ) €X2 = O}U{x3 = O} U{xl =X3}U{X2 =x3}U
{X2X3 - X1X3 —X1X2 = O} .
We don't know if a transformation does exist for Fu. If it

1> Fos Fa

does exist it will be more complicated than for F
n

1.4, Let A = \),41 an arbitrary algebraic subset of Eg(C).
i=1

Then 1let {Ai} a set of permutable matrices satis-

i=1,2,...,n
fying

n

_Z deg(Pi)Ai = 0.
i=1

Then the system

dz = wz
with
n dPl
w = 2;'A1 P,
i=1 i
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is completely integrable and has ¢4 as singular set. But we

cannot call this system "generic'".

Problem I. For any algebraic set A = }igjgi in P,(C) does
3=
there exist a completely ihtegrable Pfaffian system of type (1)
with singularities on A4 and which is not example 1.4. 2
For some singular sets the answer 1is yes: examples Fl,
F2, FB'

In example 1.4, we have a global fundamental matrix of

solutions

n Ai
I B,
i=1

which is given by elementary functions. Then we can reformulate

problem I in

n
Problem I'. Find the algebraic sets A= \“)J4i in Pz(C)
| 1=1

for which there existszicompletely integrable Pfaffian system

having singularities on 04 and which does not have a global

fundamental matrix of solutions which 1s elementary.

2. The condition dw=waAw-= 0.

n
Let A = .UlAi o Ay s Py(xg, x5, %) = 0 (drreducible).
l:

2.1. The ‘/Ei's are normal crossing.



31

n dp,
Consider w = 2 Ai-T;L then it is easy to see that
i=1 — 71

dQ=wAw(®[Ai, AJ.]=O for all i, J i#3J.
And w 1s well defined on E2(C5 if we add the condition
' n
%(deg P,)A, = 0.
And in this case problems I and I' are sdlved and the solutions
are all elementary functions.

The Riemannn-Hilbert problem can be solved with a system of
type (1). In fact 'Ii(@z(@) -A) 1is abelian, then any linear
representation

X : wl(ng(C) -A4) — GL(m, €)
is abelian.

The fundamental group has n-generators 815 855 -5 8

n
related by
n deg P
i-l;rl ®1 =1
Set Xxgi) = Di and K; = E%E-log Di' Then
(A, 'Kj] =0
and

n ~
> (deg P.)A, = 2m7i I
1=1 o

and by choosing in a suitable way the determination of log Di’

it is possible to find the set of Ai's satisfying
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and

n
;Ei(deg Pi)Ai = 0.

2.2. The ‘jti's are not normal crossing.

2.2.1. An example.

1
A
>

]
1}
O
S~
no
I
A
>
no
1
(@]
——

, _
# = }:iJLi’ "1 -

]
A
P

’._.I
]
b
[\
Aot

And dw = WA W gives

[Al, A1+A2+A3] =0
g [A2, A1+A2+A3] = 0
[A3, A1+A2+A3] = 0

which are trivial consequence of

A1+A2+A3

1
O

which has to be satisflied to have a system on EZ(G).

This means that any set of matrices Al’ A2, A3 such that

A1-+A2-+A3 = 0 solves the problem I, the solutions are not

elementary but nearly related the hypergeometric Gauss function

of one variable.
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2.2.2. Let us consider a Pfaffian form

n dPi
w= 2 A 5
i=1 i
qu.: Pi = 0, Pi irreducible. Then by a finite number of

monoidal transformations (blowing up), we construct a manifold
X with an analytic map
& X —> PZ(C)_
There exists in X, a divisor
m
A¥ = UAF  (m >n)
j=1

where the ‘/%j* are normal crossing and for each 1e((l,2,...,

nl there exists Jj(i) e [1,2,...,m] such that
. * ~
7oAy S A
But 04* contains some exceptional divisor coming from blowing
up of the singularities of A . Moreover 6 is an isomorphism
from
*
X-4 onto P,(€) -uf .
This implies that
- * Lo —_—
T (X - 4*) = T (B, (C) -4 ).
Denote by 6*(w) the inverse image of @ by 6, then
6 *¥(w) has logarithmic pdles on (4 ¥. Then we have for each

i€ [1,2,...,n]

O
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Zz * = 4 =
Re541(€ w) Re%4.(aﬁ Ai

i
and for each exceptional divisor 43

n
7/ * - /
Res£(6‘ w) iglri Rei‘i(w)

where the ri's are integers.
By local computations in X, we can easily prove the
following
Waw = 0> 6w ctw = 0 & [Rés#*c*w), Ré%*c‘*(w)] =0
1 J
ror all 1, § 174 ] with £inA] # @ .
This result can also be seen by using the following remark.
Locally in X near a point M sxjpi (\qu, choose a
simple path . ¥, surrounding 043% and a path 73 surround-

ing 043* having the same origin and such that

]

apr¥
f —L = ox /7T
Y

*
1 Fi
ap¥
f —% = 2 J-1 .
Px
)’j J
A A
Denote by X& and ‘Xj the local homotopy classes of 3&
and Xj‘ We have

A A A A

(the local fundamental group is abelian). This means that

10
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there exists a two cell Sij homotopic to zero such that

_ -1.-1
asij - yi b:jrl yj

and

Proposition 1.

eF W), %) = + be2[Rés o5 &F (W), REs, 5 0¥ (W) ]
fsij A A AL

and as a corollary

WAw = 0 => [Ré?ﬂ'§6*(w)’Rési41€*(w)] =0

for all i, J i#7.

Let us summarize the results:
The complete integrability condition is equivalent to the

commutation of the résidues of 6 ¥(w) for d-i* and "'j*

when ‘4'1*““4'3'* # 0.
dp.
i

P,
i

n
This means that for w = i:Ai we have
i=1

n
i_%(deg P,)A; =0

A

where

WA W= 0> [Rés 6% (w), Résd_*o‘*(w)] =0
i J

v 6* - Vi
Re%4§ (w) ReiljuJ

where J¢3 is not an exceptional divisor and

/ % 0 J /
Res %8 (W) = 2 ry Res, w
j i=1

11
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where ry are integers.

2.3. The group of the relation &, w= 0.

Let us construct a group G 1in the following way.
To each irreducible component J@i of 04 is associated
in an abstract way a generator gi of G. Then to each rela-

tion among the Ai's we associate a relation between the gi's

in the following way.

]

n
To 2, P.A. =0 P deg P, les us associlate
i=1 1 1 1

P, P P P, P P
1 2 ... n _ 1 2 ... n
81" 8, = 1 and T(gy g, g, )

=1

for all circular permutation T of the factors.

To [Rés, 0¥ (W), Rés,x0*(w)] = 0

.41 i ;43 i J J
] rl P2 o Tn Pl o Pn] o1
g1 8 &, > 81 8y
and . 3 . s
ry r r r)
[z(ey™ g, Tley g, )1 =1

for each circular permutation = of the factors.

Examples.

1. See 1.2.
6 = {e1s 8y 845 (855 850 = 1, gygpeg = 1, T(eie,ey) = 1

and G is a free abelian with two generators.

12
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2. See 2.1. Normal crossing case.
G 1is a free abelian with (n-1)-generators.
3. See 1.3. Hypergeometric function Fl.
The group G has 6 generators
al’a2’a3’b1’b2’b3
corresponding to u$1> A 5>

A B> By By

The relations are up to cyclic

permutations as indicated above:
[ay, by = [ay, b0 = [ag, byl =1

[az, b3a1] = [a2, bla3] =1
[a3, b132]-= [a3, b2a1] =1
[bl, b2b3] = [bl, a2a3] =1
[b,, biPo] = [b,, a1a3] =1
[bB’ b1b2] = [b3, ala2] =1

and

4, See 2.2.1.

The group G has three generators 81> 85> gB and up to

13
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cyclic permutation as indicated we have the relations
[gi) g1g283] = 1 1= l’ 2) 3‘

but also glg2g3 = 1. As a consequence G 1s a free group

with two generators.

3. Some problems.

I. If problem I in section 1 is solvable for an algebraic set
d}, what are the relations between

1) the monodromy of the Pfaffian system and tPe group G

2) 7('.‘1(IP2(C) -A4) and G ?
IT. In which cases is the Riemann-Hilbert problem ;olvable by
a Pfaffian system of type (1) ? Or such that ¢*(w) is of type
(1) in each coordinate system in X ?

Remark: In many particular examples when v—n&(PZ(C) -A)
is known we have G = 7, (P,(C) - 4).

To finish this summary let me thank Professor M. Oka of the
Univefsity of Tokyo with whom I have had-a very interesting

discussion about fundamental groups of the complementary of an

algebraic curve in PE(C).

14



