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Introduction

As is well-known, L.Ahlfors [1] and L.Bers [3] proved indep-
endently that the Teichmiiller space Tg of compact Riemann
surfaces of genus g > 1 has a complex structure with respect

)

are holomorphic functions. I want to discuss this for the case

to which all elements ‘fij of the Riemann matrices ( 5ij’ tij
of noncompact Riemann surfaces.

In our former joint paper [6] with Taniguchi, we studied
some continuity properties on holomorphic differentials with
finite norm and in particular the continuity of Tﬁj on the

Teichmiiller space of open Riemann surfaces belonging to class

0". Here wé shall show the analyticity of *rij

with respect to
the Bers coordinate in the Teichmiiller space of Riemann surfaces
of class 0". The details will appear elsewhere.

1. Let R be an open Riemann surface and E = {Rn} be a

[~
n=1
canonical exhaustion of R. We denote by ltn the family of
dividing cycles on R - K (K is a compact set in R, for instance,

K = ﬁi) freely homotopic to ®R_ and set
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By 0" we denote the class of Riemann surfaces each of which

admits a canonical exhaustion E such that the extremal length

)\(J:E) vanishes. The class 0" is quasiconformally invariant

and O S Og in general, but 0" = O, whenever the genus is finite

([5]). The following bilinear relation plays a fundamental

role in this article.

Proposition ([6]) Let E = {R } be a canonical exhaustion of

R € 0" for which )\(J:E) = 0. Let fA B. }ng be the canonical
homology basis on R(mod @2R) with respect to E,where_ gi(gee) :is the
genus of R.Then for any closed Cl-differentials w and o with

finite norm, there is a subsequence {an}such that

(w,*s ), = - lim [ wf -waazl
R v Ag, BJCR IA B; By YAy -

In particular, if w has vanishing A-periods, then

(w, *w ) = 0.

2. For arbitrary Riemann surface Ro,let f: R0—+ R be a
quasiconformal mapping of class Cz. Then, given < (R) € I“i(R)
the pull back o (R)of belongs to _Fi(Ro)and has the same periqu
along corresponding cycles under f. (See Ahlfors-Sario [2] for
the notations of spaces of differentials).

Now we shall provide the following lemmas.

2
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Lemma 1 Let ROG(Y'and f: Ro—9 R be a Cz-quasiconformal
mapping. Given 6R = a(g )dg<€1;(R), then there exists a unique

differential @, € [;(Ro) with the same A-periods as 6 and
0 .

we have

eyt dz || « 1 o I,

1 -k o

where k = suplfz/ £1< 1.

Lemma 2 Let R € 0" and £): R —» R, (3=1,2) be c?-quasi-

J
[;(Rj) be differentials with the same A-periods as 6R . Then
o)

conformal mappings. Given 9R € [.(R) let @, = a.(Z)dZ ¢
, o a‘t o R j

we have

5 Mo - Ol < fayeehie] - capotiel |

~

k
<
= Tk (A-ky)

el .

(o}

where kj = sup [’,{j], /lj = f%/ f-i and’lz = sup l/ul(z) -/Lz(z)( .

For instance, the proof of Lemma 2 is carried out as follows.

Since w = 6R>of1 - BR o £2 has vanishing A-periods, we have
1 2

(w,*w ) = 0 by Proposition. Hence the middle term of the
inequalities above is equal to ”(alofl)f% - (aZsz)félland

one can easily prove the above inequalities.
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3. Let {Aj’Bj}jgl be a canonical homology basis on R (mod

"@9R). Then it is known that there are square integrable normal

(i,j=

differentials ej(R)é [;(R) such that jkj 6;(R) = aij

1,2,...,g). We write

fBj 6;(®) = Ty (R

Now let RO € 0" and {AJ.,Bj }jgl be a fixed canonical homology
basis (mod 3dR) with respect to a canonical exhaustion E for
which ‘Al‘lE) = 0. Suppose f: Ro-» R is the Cz—quasiconformal
mapping. Then we can prove by using Proposit%on the following
first variational formula for T..;

1]

TR - TR = ﬂ.Ro(ai,R"f)ﬂfz aj,Rodzd'z' ,
where 6; (R) = ai’R(z)dz, ft= £5/f, . Also we know the conti-

nuity of Tij;

[T ® - TR0 = 6@l g Ryl

where k = sup lul < 1 (cf, [6]).

4. Now we shall consider the Teichmiiller space T(R*) center-
- ed with a Riemann surface R*. Let R = (R,f) be a point of T(R*)
and [T be the Fuchsian group acting in the upper half plane U
such that U/ 1is conformally equivalent to R. We denote by

M(I") the space of Beltrami coefficients for I . For each M in

4
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M(I") there is a unique quasicbnformal mapping ¥ of ﬁ onto
itself which leaves three points 0,1 and o0 invariant, satisfies
the Beltrami equation W = Mw_ on U and is conformal in the
lower half plane. The Teichmiiller space T([") is the equivalent
classes in M([" ), where M and y are equivalent if and only if
f# = £Y on the real axis. A neighborhood of the origin in T([I")
corresponds to a neighborhood of the point-ﬁé‘T(R*) and we may
identify them.

We say that peM([) is canonical if u(z)|z - 'z‘l-z is holo-
morphic. Then it is known (cf.[6]) that there is an open neigh-
borhood V of the origin in T([ ) consisting of canonical Beltra-
mi coefficients. Such a V is called the Bers coordinates at the

point R in T(R*) (cf.Earle [4]).

5. We shall consider the differentiablity of ‘tij(R) at any
point R0 of the Teichmiiller space T(R*) of R* € O". Let f; be
the Fuchsian gfoup on U such that U/.rb = Ro, and V0 be.the
Bers coordinates at ﬁs. For canonical /4€V6 we denote again by
£ the quasiconformal mapping of R, induced by f* stated above
and by RF the image of Ro by means of f”; The f# is of class Cai
because so M is. Then by using Lemmas 1 and 2 we can prove the
following second variational formula. That is, for ény fixed

canonical Y and sufficiently small.complex number t we have

Ty (Rupgy) = T3 (R = tﬂR v (afo £9) (0 £9) (£5) Pdzaz + O(t?).
O



88

Thus

T.

ij

Tij is Gateaux differentiable at every neV . Moreover

is continuous as stated before. Hence 'rij is Fréchet

differentiable. Thus we have the following

of class 0" all elements tij of the Riemann matrix ( Si

Theorem On the Teichmﬁllgr space T(R*) of Riemann surfaces

R
] 13)

of normal abelian differenitals with finite norm are holomorphic

with respect to the Bers coordinates.
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