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On Pretzel Links

Taizo Kanenobu

Kobe University

A link L in S3 is said to be prime if. L = L1 # L2
implies that either L, or L, is a trivial knot. Here I, # L,
<

is a composite link of Ll and L. ([N]) Wwe will give a
sufficient condition for a link to be prime and prove that pretzel

links are prime.

Definition. A group G is indecomposable (relative to free
products) if G = A ¥ B implies A =1 or B = 1.
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Let sz(L) be the k-fold cyclic cover of 8 branched over

a link L.

Theorem 1. If 7t1(23k(L)) is indecomposable for some k(Z2),

then L is prime.

Proof. Let us suppose that L = Ll # LZ’ where neither L1

nor L, 1is a trivial knot. Thep 'El(Z]k(L)) = El(ZEk(Ll)) *
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I L =
Ll(ZEk(La)). On the other hgnd, T (L, (L)) #1 for 1i=1,2.
(For a non-trivial knot, see [T]; for a link, see [HK].)

This completes the proof.

Corollary. If 721(2]k(L)) is a finite group or a group
with a non-trivial center, in particular, an abelian group for

some k(Z2), then L is prime.

Proof. By Problem 21 for Section 4.1 in [MKS], T, (%, (1))

is indecomposable.

A pretzel link K(pl,pz,...,pn)' as shown in Figure 1 1is a
link with a projection in which the crossings lie om n two-

stranded braids, jpl[,]paj,...,[pn[ are the numbers of crossings
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in the braids, and the signs of pl,pz,...,pn depend on the
directions of twist in the corresponding braids.

In the projection of K(pl,pZ,...,pn), the placement of any
p; which is equal to *1 1is immaterial insofar as link types
are concerned.

A pretzel link K(pl,pz,...,pn) is said to be degenerated if
there are p; and pj which are equal to 1 and -1 respectively.
This pretzel 1ink is clearly eguivalent to K(pl,..,ﬁi,..,g.,..,pn)

. J
(ﬁi means that 1 is omitted).

Lemma. Z%ﬁK(pl,pa,...,pn)) is the Seifert fiber space
(0,0,0] 05 (py,1),(pys1) 5400, (p 51)) in Seifert's notation

[S,'p.EOSJ, or the manifold with the following surgery presentafion:

Proof. See [Mo].

Theorem 2. A non-degenerated pretzel link K(pl,pa,...,pn),

where nZz2 and Py #0 for all i, is prime.

Proof. El(zz('plﬁpza"'ipn)) = El<(oaoao)oa (pl:l):(p27l)a

...,(pn,l))) is a group with a non-trivial center or a finite

group. ([0, p.92, pp.99-101])
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Remark. Most pretzel knots of type

(ql,qa,-.-,qm), where all

the g. and m are odd, have been shown to be prime by R. L.

1
Parris [ PJ.

Example. Let M = 232(1067). (Ir])

Then ﬁ;l(M) =< x,7 ; yﬁlqu—lxuy—lx

535255 - 1>

= y'x'y % From the second

relation, we have

Thus XBY = yx7, i.e., X is in
the center of 7t1(M). Because
Hl(M) =<x; X65 =12, %> £ 1

in T l(M), which implies that H:l(M)

has a non-trivial center. Therefore lO6

| [,
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Figure 2

is prime.
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