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PERFECTNESS AND DISTRIBUTIVITY.OF CONGRUENCES
ON FINITE INVERSE SEMIGROUPS

Howard Hamilton and Takayuki Tamura

1. Introduction. Let S be a semigroup and P a congruence on S.
For a€ S,ap denotes the p-class containing‘ a. A congruence p on S is
called perfect if ‘

for all a, b €8S, (ap)(bp) = (ab)p as sets.

A semigroup S is called perfect if all congruences on S are perfect.
This concept was introduced by Vagner [10], and perfect semigroups were
studied by Fortunatov [3],[4],[5],[6]. Groups are typical examples of per-
fect semigroups; also it is well known that the lattice of congruences on a

group is a modular lattice [1]. A semigroup is called modular (distributive)

if its lattice of congruences formsa modular (distributive) lattice. 1In -
this paper we study the structure of finite perfect modular inverse semi-
groups and their lattices of congruences except distributive groups. It
will be seen that the two concepts, perfectness and distributivity
(modularity), are independent for finite inverse semigroups. The complete
proof of a part of this paper will be published elsewhere [8].

2., - Preliminaries. Perfectness is preserved under homomorphisms; a

semilattice is perfect if and only if it is a chain; a proper ideal of a
perfect semigroup is a completely prime ideal. Let S be a fiﬁite inverse
semigroup and S =.%¥Si bebthe greatest semilattice decomposition of §

where I is a film'.te chain, I'= {0,1,...,n} with i.j = min{i,j}. If S is
perfect, then Si is a group for all i€Il, i#0, and SO is either a group or a

Brandt semigroup. S is determined by the set of homomorphisms wij of Si

into the right tramnslation semigroup Qr(Sj) of Sj’ jx iz
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. >
(Pij H Si - Qr(SJ) ’ P P:Pij’ P € Si:

p¢ij : Sj - Sj ‘ x P x(p?ij), x € Sj'
In case i, j > 0, Si and Sj are groups and p?ij is regarded as an ele-
ment of Sj' Foriyls,, the set {¢ij: i>j} is the so-called trénsitive
system [2]. Throt;hout this paper w(X) denotes X X X.

THEOREM 1, Let S be a finite inverse semigroup and S = U 8; be the
v i€r
greatest semilattice decomposition of S where I' denotes a lower semi-

lattice. Then S is perfect if and only if

(1) T is a finite chain : T = {0,1...,n} with ij = min{i,3}.

(2) Sy is either a group or a Brandt semigroup, and S, is a group
for all i > 0.

-

(3) S 4is composed by permutations, that is, pwij’ is a permutation

of Sj for all p € Si’ alli, j €T, j<i.

(=

(4) For all i >

> (for all i > j> 0 if S, is a group)

L0 222 0

.

P.. ¢ 8, = Sj is surjective.

'ij i

If S0 is a group of order > 1, S 1is called type 1; if S0 is a
Brandt semigroup, namely, a completely O-simple semigroup mo(m,G) whose
basic group is G and sandwich matrix is an mXm identity matrix with m>1,
then S8 is called type 2.

Let L be a lattice and LO the lattice obtained by adjoining a new
element O to L such that 0 is the greatest element of LO preserving
join and meet in L. The following is easily obtained.

1EMMA 2, 1° is modular (distributive) if and only if L is modular
(distributive).

Modularity (distributivity) of lattices is preserved under hdmomo;-
phic images, sublattices and direct products.

LEMMA 3. A homomorphic image of a modular (distributive) semigroup
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is modular (distributive).

Let L(2) denote the lattice of two elements 0,1 with iVj = max{i,j},
iAj = min{i,j}. Let D be a semigroup and DOLI{O} be D with zero 0
adjoined. Let L(D) denote the lattice of congruences on D.

LEMMA 4. Let D be a semigroup. Then L(DO) is a subdirect product

of L() and L(2). Therefore D0 is modular (distributive) if and only

e
H

D is modular (distributive).

Proof. For each E€ L(D), define a congruence ((£,1)on D° by
(@G, = {(0,0)} Ue.
Then L(B) is isomorphic to a sublattice of L") under £ B (&,L) . If
£ € L(D) such that D/E has zero 0, let I(§) denote the pre-image of O un-
der D » D/§, and define a congruence (§,0)) on p° by
(G509 =we@@UohU Gk
where D* = D\I() and §ID§* denotes the restriction of § to Dg*.
(it §=0@, 0@% = (5,0)) Then ve have
L(DO) = {((g,l)) : § € L(D)} U {(( g0y : € € L(P), D/E has zero}.
We can show that if E, T € L(D) and i,j € L(2) then
«E,i) V (MN,i) = (EWN, minfi,j}),
CE,1) A (M,3) = (&M, max{i,i}) ..

Consequently L(DO) is a subdirect product of L(D) and L(2). The last

statement is obvious.

LEMMA 5. If D is a semilattice of two non-trivial groups, and if

condition (4) of Theorem 1 is satisfied, then D is not modular.

Proof. Let D = D UD,, |D,|>1, {p,l>1, D, and D,

Let £ be the smallest semilattice congruence on D, and T the smallest

are groups.

group congruence on D . Define a congruence ([ by

C=w@®@) U AIp,).
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Then { € § but
EVIl = CVTl=w(@D). EAN = (AT = LDlU('ﬂlDZ).
Hence D is not modular [1].
3, Structure of the Lattice, Type 1. From the results above we have

 ———————e . — —

(6) f a finite perfect inverse semigroup of type 1 is modular

(distributive), then S must be one of the»following:

M 1. achain; M 2. a group; M 3. a chain-group.

By a chain-group S, we mean an ideal extension S of a finite chain
T0 = {0,1,...,n-1} by a finite group G With zero édjoined by means of
identity mappings, namely, the identity left and right translations of Té.
Chain., Let C(ﬁ) denote'tﬁe chain of n elements, n > 1,

PROPOSITION 7, L(Cép)) is iéomorphiq to the direct product of kn-1
copies of L(2). Hence C(n) is distributive.‘

Proof. in Lemma 4 let D be C(n-l);‘ Sincev D is fgnite, D/ has
zero for every € L(D). Hence L(C(n)) = L(C(n-1)) X L(2). By inductién
on n we have the conclusion. |

REMARK 8, Any chain’is distributive without assuming finitenesé.

The congruences on a chain as a semilattice are its partitionsinto non-
overlapping segments aﬁd this.pértition'giveé also a congruence dn the .
chain as a lattice (Exercise 1, P.138 [1]). By Funayama and>Nakayama's
theorem ([7] or Theorem 9, P, 138, [1]), the lattice of congruences on any

lattice is complete Browerian, but a Browerian lattice is distributive. by

Theorem 18, P. 45, [1]. Also we can show: The lattice of congruences on

a lattice S(V,A) equals the lattice of congruences on the join (meet) semi-
lattice S(V) (S(A)) if and only if S(V,A) is a chain.
Chain-Groups. By Lemma 4 we see that a chain-group is distributive

if and only if the group is distributive. However we study more the
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structure of the lattice of congruences on a chain-group. Let S =TUG

G 1is a finite

where T = {si...,sn_l} is a chain with SiSJ = smin{i,j}’

group and S 1is the ideal extension of T by GO by means of identity
mappings. If § € L(T) and T € L(G) then EUT € L(S).Let [ € L(8) and
assume alb for some a € T, b € G. Because of identity composition,
alxb for all x € G, hence alc for all ¢ € G; thus { can be obtained as
follows: if § € L(T),

C=8] (\(s _E)) Vw(s _EUG.

Let L(S) = Ll(S) U LZ(S) where Ll(S) and LZ(S) are defined by

L, (S) fc € 1.(S) :afb for all a €T, all b € G},

L,(5)

n

{C €L(S) : al b for some a € T, some b € G}.
Then L, (5) Z L(T) X L(G) and L, (8) = L(T). We have |
L) T {CEM:§ €LM, N €LY, L) F {(5,00: 8 €L,
where CELM IV (E,,00 = (§,VE,,0)
CELM DA (5,00 = (ENE,, ),
PROPOSITION 9, If S = T U G is a chain-group, then

L) T L x. we)’,

S 1is distributive if and only if G is distributive.

n
4 Structure of the Lattice, Type 2. Let § =5, U U S, be of type 2.

n i=1
If S is modular (distributive), then § = U Si must be one of Ml, M2 and
i=1i
M3,
(10) If a finite perfect inverse semigroup S of type 2 is modular

Adistributive) then S 'must be onme of the following:

M4. a Brandt semigroup; M5, a Brandt-group;
M6. a Brandt-chain; M7. a Brandt-chain-group.

.S is called a Brandt-group if S is M2; a Brandt-chain if S is Ml; a

Brandt-chain-group if S is M3. Each S is an ideal extension of S0 by
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by §() by means of permutations. In particular, S of M6 or M7 is an
ideal extension of S0 by gc)by means of identity mappings.
Brandt-Semigroups. Let S = Mo(m,G), namely,

5= { (i, x, §j) : i, j=1,.e.,m; x €G } U{e}

where

(i, xy, &) 1if pjk e

(i, x, j) (k, Yy E) = {
0.

0 ’ if pjk
Every non-universal congruence P on S is determined by a congruence
T on G as follows by [9]:

(i, %, j) P (k, y, #) if and only if i =k, j=4, and x T y,

{0} forms a singleton class.

PROPOSITION 11, If S = M’ (m,6), then L(S) = (L(e))°.

S 4is distributive if and only if G is distributive.

Brandt-Groups. Let S be M5, S = SOU H where S_ = Mo(m,G) and

0

H is a group., Let [ € L(S) and assume a { b for some a € S0 and some

b € H. Since by: 80 2 S is a permutation for all b € H, there is c € S

0 0
such that ca = 0 but cb # 0. It follows that x { b for all x € SO’ hence
z { d for all z €S, all d € H, that is, { = w(S). Thus every non-
universal congruence { on S has the form { = § U T where § € L(SO),
MeLE. But & and T must satisfy;

(*¥) y T u implies xy § xu for all x € SO'

PROPOSITION 12. If S = S U H is M5 where S, = ¥ (m,G),

0
then

, 0 0
L(s) = { (5,1 & € LG, T € LA with (O} € LG x LED) .

S 1is distributive if and only if G and H are distributive.

Brandt-Chains, Brandt-Chain-Groups. If S is M6, S = S0 U S1
n=-1
where S =M0(m,G), s. ={1,2,...,n}. If S8 isM7,S=s8U UsS.Us.,
0 1 0 i=1 n

n > 1 where Si = {si} is a singleton class for i = 1,...,n-1; Sn is a
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n
group. Let V be S, if § is M6; let V = U §;, if S is M7. Then 38 8
i=1

is the identity mapping for all a € V. As seen in M5, for any § € L(So)
and | € L(V), § UT €EL(S). In the same way as M5, we can show if { € L(S)

and a { b for some a € S_ and some b € V then u:(SO) € . Accordingly we

0
have
L () = {g €L(S) : aX b for all a €5, all b € v}
{cEmgensy, 1e1m} Ty x 1w,
LZ(S) = { £ €L(S): a{ b for some a€ SO’ some b € V}
{0 e 1w} T 1w,
and CEM YV €O, = €0, VT,
BN A €OM,) = (&, NTL) .
Therefore L(S) ¥ (L(s))" X L(V) . |
PROPOSITION 13, If S =S, US, is M6 where S, = m°<m,c>,
then L) = @6’ % LS. |
S is distributive if and only if G is distributive.
PROPOSITION 14. If S = sO’U V is M7 where Sp = mo(m,G) ,
n
V= US, and S_1is a group, then
=1+ P07 0 R
L(S) = (L(Sy)) X L(V).
8§ is distributive if and only if G and Sﬁ are distributive.
5. Conclusion.

. THEOREM 15, Let S be a finite perfect inverse semigroup. Then S

is modular if and only if S 1is one of the following:

Ml. a chain; M2. a group; M3. a chain-group;
M4, a Brandt semigroup; M5. a Brandt-group;
M6, a Brandt-chaih; M7. -a Brandt-chain-groun;

equivalently, S has no more than one non-trivial group component in the
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greatest semilattice decomposition of S . Futhermore S is distributive

*
if and only if every subgroup of S is distributive.

Abelian groups are distributive if and oniy if they are cyclic by
Theorem 14, p. 173 [1l]. Obviously if normal subgroups of a group G form
a -chain, G is distributive. As another example, if H and K are non-

abelian simple groups and H? K, then H X K is distributive.
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