goooboooogn
0 3970 19800 187-205

187

A FEW PROPERTIES OF CLIQUE GRAPHS
Science University of Tokyo

Iwao Sato

ABSTRACT

We present solutions of several graph equations about the
clique graphs, the line graphs, the middle graphs and the total
graphs. Specially, the equation C(L(G))=G generalizes the

results of F, Escalante, S. T. Hedetniemi and P. J. Slater.

1. Introduction
We state the definitions and the notations required here.
The definitions and the notations not presented here, may be
found in'Harary [4].
Let G be a simple graph. A clique of G is a maximal
complete subgraph of G. Let K(G) be the set of all cligues of
G. The clique graph C(G) of G is defined as having the elements

of K(G) as vertices and two vertices Cl, C., being adjacent in

2

C(G) if and only if the cliques Cl, C., have a nonempty intersec-

2
tion in G. Moreover, we define Cn(G) by C(CH_J(G)) (n>2).

For example, in Fig. 1, the subgraphs(C C. and 03 are the

1° 2
cliques of G. The clique graph C(G) and the graph 02(G) are

also depicted in Fig.l.

J w ~ -
K<—~? RU. v W ?f

/’/ P\ /A \ \

o_l!’ % Y, )

* p ¢ A
C% C1 Cz Cﬁ
o————o0—0 0

CL&) - (q)

Fig.l

Next we define three special graphs of G. The line graph
L(G) of G is the graph with vertex set E(G) and two vertices
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of L(G) are adjacent if and bnly if they are adjaéent edges of
G. The middle graph ¥(G) of G is the graph with vertex set
V(G)UE(G) and two vertices of M(G)uane adjacent if and only if
1) they are adjacent edges of G or 2) one is a vertex of G and
another is an edge of ¢ incident with it. . The total graph T(G)
of G is the graph with vertex set V(G)UE(G) and two vertices of
T(G) are adjacent if and only 1f l) they are édjacent Vertices
or edges of G or 2) one is a vertex and another 1s an edge of G
incident wlth it.  Moreover we deflne AL (G) M (G) and T (G) byn
pr® 16y, M 1(6)) ana T(1"71(6)) (n22) respectively.

For example, the line graph, the middle graph and the total
graph of the graph G of Fig.l are depicted in Fig.2.

Fig.2

F. Escalante [2] gives the following result on the cligue

graphs having no triangles:

Proposition 1
A graph having no triangles satisfies the equation 02(G)=G
if and only if every vertex of G is of degree at least two.

For example, in Fig.3, the graph G_, satisfies the equation

1
C (G )= G but the graph GZ does not. 1In fact it holds that

2
c (02)—02-{u V(G,)| deg u=1 }.

@zye;»

Gn e C)(Gf} z Tl Cazé'z) ,

'Fig.3
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For this ‘relation, S. T. Hedetnimi and P. J. Slater [5] obtain
the following result :

Proposition 2

If G is a connected graph containing no triangles and at
, 2
least three vertices, then it holds that C7(G)=C(L(G))=G—{ueV(G)
|deg u=1}.

Thereupon, we can pose a problem which graphs satisfy the
equation.C(L(G))=G. We answer to this question in the next
section. Moreover, by replacing L(G) of the equation C(L(G))=G
by the middle graph M(G) or by the total graph T(G), we have the
analogous equations and find the solutions to the equations:

C(M(G))=G, C(T(G))=G,

2, The solutions of C(L(G))=G, €(M(G))=G and C(T(G))=G.
Theorem 1
The graphs G satisfying the equation C(L(G))=G are the only
graphs which satisfies following three conditions:
(1) The degree of every vertex of G is at least two.
(2) Every pair of two triangles of G is edge-disjoint.
(3) Every triangle of G has exactly one vertex of degree two.
Proof.(5=) Suppose that G is a graph satisfying the three
conditions.‘ If G has not any triangle, then the equation
C(L(G))=G becomes CZ(G)=G, since in this case C(G)ZL(G).
Accordingly, C(L(G))=G holds if and only if every vertéx of G
is of degree at least two by Proposition 1. We may consider
in the case when G contains triangles. Construct the line graph
L(G) of G, then there corresponds to every triangle Tj(j=1,...,r)
and to every vertex Uk(k=1,...,s) except for vertices uj
(§j=1,...,r) of degree two on the triangle L(Tj)=T3 and
L(K

are cliques of L(G), and L(G) has no cliques other than these.

)=K (p(v)=deg,v), respectively. All T, and X

I,p(v p(v p(vk)

Now we define a mapping ¢ of V(G) onto V(C(L(G))) as follows:

¢(uj)=T5(j=1,...,P), if uj is a vertex of degree two on Tj'



(k=1,...,8), if vy is a vertex other than uj
(§=1,...,0). v+b=|v(G)]|.
The mapping ¢ has properties (a), (B) and (Y). -
(o) The mapping ¢ is a bijection of V(G) onto V(C(L(G))).
(B) uj and vk are adjacent ( vk is a vertex of triangle Tj
other than vertex uj of degree two ) in G<=> TgﬂKp(uk)%¢ <=>¢(uj)
and ¢(vk) are adjacent in C(L(G)). v
(Y) Let both Vi vj(k,j=1.,,,.s) be not vertices of degree

N

two of triangle, then vk, Uj are adjacent in G <=> Kp(v )
#¢ in L(G) <=>¢(vk) and ¢(vj) are adjacent in C(L(G)). k

K
p(vj)
From (o), (B) and (Y), we know that ¢ is an isomorphism of & onto
C(L(G)). Therefore, the graph G satisfying three conditionsA(l),
(2) and (3f satisfies the equation C(L(G))=G.
(=>) Let G satisfy the equation C(L(G))=G and condition (2)

except for (1) or(3). If all vertices of a triangle of G have
degree greater than two, then we have C(L(G))=GDK4(Fig.4). This

contradicts to (2). Hence, at most two vertices of every triangle

are of degree greater than two.

7

C(L(G))

Fig.4

Then a clique K of L(G) is one of the following cases:

(1) K=L(K )=Kp(v)’ where either v(v€V(G)) is on a tri-

1,p(v)
angle and p(v)>3, or v is on no triangle and p(v)=2.

(2) K=L(Tj) (j=1,...,7), where {Tl""’Tr} is a set of tri-
angles of G.
Now we consider the following mapping ¢ from V(C(L(G))) to V(G):

IfK:L(K],p(U))=Kp(v)’ then Y (K)=v.
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If K=L(Tj) (§=1,...,7), then Y(K)=v, where vis a vertex of
degree two of a triangle Tj'
It is clear that Y is an injection. Thus the number of cliques
of L(G) is at most [V(G)I. Consequently, if either G has a vertex
of degree one, or two vertices of a triangle of G are of degree
two, then we obtain an inequality |V(C(L(G)))|>|V(G)|. This
contradicts the assumption C(L(G))=G.

Next, let G do not satisfy the condition (2) and contain an

induced subgraph XK ,6—x which consists of two triangles having one

4

vertex in common.

Fig.5

If G satisfies the equation C(L(G))=G, then there is a subgraph

H of G such that in its line graph L(H), complete subgraphs K(J),

K(2) of L(H) have a vertex in common with each of three complete
subgraphs K(J) other than itself, respectively and complete sub-

graphs K(S)’ z(4)

K(1) (2

of L(H) have a vertex in common with each of
» respectively (Fig.5). According to Krausz s Theorem
(Hararyl[4], Th.8.4), there may be such a graph.

But there occurs two triangles <{vl,02,03}>, <{vz,v4,v5}>
in L(H) which have one vertex v] in common. .Since these are
complete subgraphs of L(H), together with K(t)(i=1,2,3,4), C(L(H))

contains a subgraph K4, but is not isomorphic to X, —x. Thus G

4
4 Since C(L(G))=G and G contains a

G must contain C(L(K4)) (Fig.6).

must contain a subgraph X

subgraph K4,
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K, L(K, CLLIK, )

Fig.6
However, C(L(K4))contains K4, and so G contains 2K4. Similarly,
C(L(G))=G contains ZC(L(K4))=4K4.

becomes an infinite graph, but this is a contradiction. Hence,

Continuing this process, G

G does not satisfy the equation C(L(G))=G. [/

For example, the graph H of Fig. 7 satisfies the conditions

of Theorem 1 and the equation C(L(H))=H.

BR:e:

H L(H) CCLIH))

Fig.7
Theorem 2

The graphs G satisfying the equation C(M(G))=G are the onlf
graphs which contain no triangles.

Proof, Let G+ be the graph obtained by adding to G new p
vertices v; (i=1,...,p) and new p edges {Ui,vg}, where p=|V(G)]|
and V(G)={vl""’vp}' Then L(GT) is isomorphic to M(G) ([3],Th.1).
Hence, the equation C(M(G))=G considered may be rewritten as

ccreat))=a.
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(1) Let G contain no triangleé. Drawihé the Iine graphr
L(G+) of G%, since G contains no trianglés, in this,case‘éach‘
clique of L(G+) is the line graph of thé subgraph induced by éome
vertex v of G and its neighborhood in G+,‘where the neighborhqod
of a vertex v of G is a set.of all vertices\beiﬁg‘adjacent With::

v . in G+, Thus the number of ciiﬁues of'L(G+) is equal»tole(G)[;

Each vertex of L(G+)‘belongs to at most two éliqﬁeé B
([4],Th,8.4). The vertex is,unicligualvif it is iﬁ‘exacti&rone
clique (as vertices wi’w' etc, ip_Fig,7).‘bA¢cor§ih§ fo [41,Th.é%3,

J ; S e
+ . . - + . .
G is obtained by acting L 1 to L(G ). In this case, by neglecting
unicliquql vertices, L_Z becomes the operation c, and then G is
obtained. » )

(2) Suppose that G contains triangles, All three vertices
Vis Vs

v, of a triangle <{vi’vj’vk}> of G have degree of at
. +
least three in G . Therefore L(G ) has more cliques than G by at

least one clique. Hence we have the inequality |V(G)|<

|V(C(L(G)))| i.e. C(M(G))=C(L(GT))#G. //

Theorem 3 . i :
The graphs G satifying the equation C(T(G))=G are only
totally disconnected graphs. B

Proof, If G is a totally disconnected graph, then it is clear
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that C(T(G))=G. Therefore let G be a nontrivial connected graph,
and examine the cliques of its total graph T(G).

For convenience sake, we denote by ej={vj1,vj2}(j=1,...,n=¢E(G)!)
the vertex of T(G) corresponding to edge ej of G. Let
{v],...,vm}(m=|V(G)|) be the set of all vertices with the degree
not less than two. Now we consider the following cliques of T(G):

K <qe, Jeeeses le.Dv, (t=1,...,p(v,))} Uiv }>
7 p(ui) It
(i=1,...,m)
=<{e.,v. ,v. I>(e={v. ,v. }; d=1,...,n).

J { J., JZ.’ JZ Jl, JZ ’ J E 3
All cligques listed above are distinct to each other.

Next, for each vertex v (i=1,...,|V(G)[) of G, correspond to
a clique of T(G):

If p(vi)=1, then v, corresponds to L.%)where ej={vi’vk}'(#)

If p(vi)§2, then v; corresponds to K (i=1y¢..,m).
It is clear that the total number of cliques in (#) is equal to
|v(G)

M=<{{vi,vj},{yj,vk},{vk,vi}}> of T(G) is a clique of T(G) and

. Let G contain a triangle T=<{vi’0j’vk}>' Then a subgraph

different from every cliue in (#). That is, we have |[V(G)|<
|V(c(T(G)))|. Hence G must be a star X
not less than two, then we have C(T(K

;. g (821). But, if s is
3

| 1,87 K146
one, then we have C(T(KJ 1))=K1. Thus it is clear that C(P(G))#G.
3 N

if 8 is equal to

From the aboVe; it follows that there does not exist any non-

trivial connected graph which satisfies given equation. //

2.The solutions of C(L"(G))=G, c(M"(G))=G and C(I"(G))=G (n22).

In this section, we replace L with Ln(nzZ) etc, and present
the solutions of the equations C(L"(G))=G, ¢(M*(G))=G and
c(r"(6))=G (n22).

At first we consider the solutions of the equation ct(g) )=
¢ (n>2).

Lemma 4.1.

If a graph G has a triangle as a subgraph, then the graph
C(Ln(G)) is not isomorphic to G (nx2).

Proof., Suppose that there is a graph G with triangles

satisfying the equation ct™cq))=¢ (n22). Let G be connected.
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If G is a triangle, then it holds that C(Ln(G))zKZ(nil) i.e.
C(Ln(G))#G(nzZ). Suppose that G has a triangle as a properly sub-
graph. Then there is a vertex v being adjacent to one vertex of

this triangle. That is, G has the graph G, of Fig.9 as a sub-

1
graph.: In the case of n=2, G has the graph K4 as a subgraph since

C(LZ(G ))=K (see Fig.9).

L8 4
/\ | \//

&, L{&) 1.2C4,) - C(LMG))

Fig.9

In the case.bf n=8, G has -the graph X, since the graph C(LS(GZ))

4

has the graph K4 (see Flg 10) .

& @

L3(G) c(L3(G))
' Fig.10

The llne graph L (G ) has the graph T (see Fig. 11). Then it holds
that the graph C(L (G )J) has the graph C(L(T)) In the case of

n=4, G has the graph K since the graph C(L (” )) has the graph

4

vEa @

ccLeTm))
Fig.ll
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In the case of n=5, since L4(GZ)2L(T)2T, the graph C(L5(G1)) has

the graph C(L(T)),i.e. K,

4 2s a subgréph.':That'is; G has the

graph K4. Similarly to the case ofkn=5, in the case of n>6, G
has the gréph K4 as a subgraph. Hence G has K;'for any case of
n>2. o I ’ '

Next we shall show that G is an infinite'graph and obtain a

contradiction.

The.graph—C(LZ(K4)) has the graph 2K4
G has the graph 2K4, G#C(LZ(G)) has the graph C(L2(2K4)),i.e.
4K ,. In:general, G has the graph;2nK

4 4
an infinite graph. This is a contradiction to that G is finite.

Case 1 n=2.
: .. (see Fig.l2). Since

for any n2l1. Hence G is

RESX

Ke  S=LKe)

C(L’(K‘;))
Fig.12 T
Case 2 ﬁi3. .
Sef S=L(K§). Then L(S5) has K4(see Fig.1l2), so that the 1line
graph LS(K4)=L (S) has the line graph L(K4)=S. That is, the graph
C(LS(K4)) has the graph C(S) i.e. 2K4(see Fig.6). Since the graph
L4(K4) has the graph L(S), the graph C(L4(K4)) has the graph ‘
C(L(S)),i.é. 2K4 (see Figl2). Moreover, since L5(K4)2L2(S)2L(K4)
=S, the graph‘C(Ls(K4)) has'the'graph C(S) i.e. 2K4(see Fig.6).
Similarly to the case of n=5, in the case of nz6, the graph
C(Ln(K4)) has the graph 2K4
C(Ln(Kg)) as a subgraph, G has 2K4vfdrﬂany n>3. Hence G has the
graph ZnK

as a subgraph. Since G has the graph

4~fqr any n. Therefore G is an infinite graph, this

being a contradiction. //

We_must note that if H is a subgraph of a graph G, then
the graph c(r™(n)) is a subgraph of the graph C(Ln(G))(nEZL

10
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Lemma 4.2

Let n be two or more. Then, if a graph G has no triangles
and there is a vertex of G such that deg v>4, then the graph
c(r’(@)) is not isomorphic to G.

Proof. Let G be a graph which satisfies the condition of
Lemma and the equation C(L7(G))=G (n>2). Then G has the star
]{1’§ as an induced subgraph. In the case of n=2, the graéh"
C(L (K1’4))=C(L(K4)) has the complete graph K4 as a subgraph.
That is, G has K4. This is a contradiction. ~In the.case of
n>3, since n-1>1, the graph~0(Ln(K1,4))=C(Ln_1(K4)) has the
complete graph K4 as a subgraph by ;he similar argument to the

proof of Lemma 4.1. But this is a‘contradiction; //

Lemma 4.3
Let n be two or more. Then, if a graph G has no triangles
énd there is a vertex of G such that deg w=3, and the degree of
each vertex of G is two'or three, then the graph c(r™(G)) is not
isomorphic to G.
Proof. Let G be a connected graph which satisfies the condi-
tion of Lemma and the equation C(L'(G))=G (n>2). Then G contains

one of the graphs in Fig.l3 as a subgraph.

Hl : H2
Fig.13

Case 1. G has the graph Hl'
Then the graph C(Lg(HJ)) is a triangle. Hence G has a tri-
angle. Similarly to the proof of Lemma 4.1, it follows that G
has a triangle for any n>2. This is a contradictiony - :
Case 2. G has the graph H2. k 4 |
Similarly to Case 1, we obtain a contradiction, //

11
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Lemma 4.4

Let n be two or more. Then, if every vertex of a graph G
having no triangles has the degree three or less and some vertex
of G has the degree one, then the graph C(Ln(G)) is not isomorphic
to G.

Proof, Let G be a connected graph which satisfies the condi-
tion of Lemma and the equation C(Ln(G))=G (nz2). Then G is one
of the following graphs:

1) a path.

2) a graph containing a cycle of length four or more as a

properly subgraph. ‘

3) a tree distinct to a path.

1) G=P (m31).

It holds that

" Pm—n-] (m>n+1)
c(L (Pm]}=1 K] (m=n+1)
L@ (m<n+1)

where ® denotes the empty graph. Hence C(Ln(Pm)) is not iSdmorphic
to P_. '
2) G contains a cycle Cm(mz4) as a properly subgraph.

G has one of the graphs in Fig.l4.

Fig.1l4

Similarly to the proof of Lemma 4.1, it follows that G has a tri-
angle for any niZ. This is a contradiction.

3) G is a tree but not path.
If G is the star X

Then ¢ has the star K then we

1,3° 1,3’
have C(Ln(KJ 3))=K1#K1 3(n22). Accordingly, we suppose that G
3 k] -
has Kl 3 as a properly subgraph.

Case 1. nzS.

12
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G has the graph TZ in Fig. 15,

r—————o jr———f
™~
-Tﬁ —rl.

Fig.1l5

Similarly to the proof of Lemma 4.1, it follows that G has a tri-
angle.

Case 2. n=2.

Since the graph C(L2(T2)) is a triangle, cannot contain

T2. Therefore G is isomorphic to the graphs in Fig.l6.
mzl . ynzl
wr v ur

GI Gz

(m s The leagth of wic-path.) Fig.l6

. 2 _
But, since C(L (Gl))—Pm

ana ¢(1%(6,))=P , ¢(1%(6)) is not iso-
morphic to G. // |

+2

By these lemma and noting that C(Ln(Cm))=Cm(mz4), we obtain
the following theorem.
Theorem 4. »
The graphs G satisfying the equation C(Ln(G))=G(n;2) are only

regular graphs of degree two not including triangles.

Moreover we have the following theorem.

Theorem 5.

- The graphs G satisfying the equation C(Mn(G))=G(n§2) are only
totally disconnected graphs.

13
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Proof, Similar to the proof of theorem 4. //

Theorem 6.
The graphs G satisfying the equation C(Tn(G))=G(nz2)are only
totally disconnected graphs.
Proof, Let G be a connected (p,q)-graph. Since C(Tn(Kl))=
KJ, we suppose that G#KZ. Moreover we set
V(G)={v1,...,vp,wl,...,wp_r} deg vizz(i=1,...,r),
deg wj;Z(j=Z,...,p—r),
E(G)={ez,...,eq}.
Now we define the mapping ¢ : V(G)—>V(C(T(G))) as follows:

¢(U7:)_=<{Ui:ej'30{, }>T(G) ej.z{vi,v’b' }(7:::-2:-":10):
d(w.)=<{w. w.o,. 1 W, } 1
J J’ JZ’ e Jo(w.) T(G) N(wj)={wj seeealy
J 1 plw;)
(§=1y¢..,0~7).
Then ¢ is an injection from V(G) into V(C(T(G))). Hence it holds
that |V(G)|<|V(C(T(G)))|. Repeating this process, we have
IV(G)|=p;p+q=[V(T(G))]:]V(C(Tz(G))) . Generally,.it holds that
|V(G)|;|V(C(T”(G)))| for any n>2. Hence C(T"(G)) is not

isomorphic to G. //

}

4, The solutions of 02(Lm(G))=G, CZ(Mm(G))=G and 02(Tn(G))=G

(m>2, n21).

At first, we prove the proposition required to reseach the
solutions of C?Ln(G))=G and CZ(Mn(G))=G (n>2).

Proposition 3.

Let G be a connected simple graph and v a vertex of G.
Then CZ(L(G-U)) is a subgraph of 02(L(G)). , , :

Proof. Since L(G-v) is an induced subgraph of L(G), C(L(G=-v))
is a subgraph of C(L(G)) by Escalante[2]. ‘Hence there is a unigque
clique KieK(L (G)) corresponding to each clique K;eK(L(G-v))
(i=1,8,...,m=|K(L(G-v))]|).

Now we shall that K;ﬂK3=¢(i¢j;i,j=1,...,m)=>KinKj=¢.‘ If so,
then C(L(G-v)) is an induced subgraph of C(L(G)). Therefore
QZ(L(Giv)) is a subgraph of 02(L(G)) by Escalante[2].

14
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We divide three cases.

Case 1. Both K; and K3 are the line graphs of a triangle
in G-v.

Then, since XK. —K' and KJ=K§ it holds that X ﬂK =¢.

Case 2. K; is the line graph of a triangle T in G v and KJ
is the line graph of a subgraph induced by the closed nelghbor—
hood of a vertex w in G-v. ‘ B

Since dG_u(V(T)’w)il' we have dG(V(T),w)il, where dG(V(T),w)

= min d,(v,w) etc. Hence we have K NK_ =6,

G J

Case 3. Both K; and K; are the line graphs of a subgraph
induced by the closed neighborhood of a vertex in G-v.
K7, K3 are constructed by vertices w,3 in G-v respectively.

7
Since dG—v(w’z)§2' we have dG(w,z)iZ, i.e. KinKj=¢’ //

Cor.l
Let G be a simple graph and H a subgraph of G. Then the
graph Cg(Ln(H)) is a subgraph of the graph CZ(Ln(G))(nzZ).

Let G be a simple graph and H a subgraph of G. Then the
Cg(Mn(H)) is a subgraph of the graph 02(Mn(G))(n22).

Proof. By M(G)=L(G+) (Hamada and Yoshimura [3]) and Cor.l.
//

By Cor.l and Cor.2, we can perform the same argument as the
proof of Lemma 4.1. Before we state theorem 7, we prove a few
lemmas.

Lemma 7.1

Let G be a graph containing no triangles and satisfying the
condition 2568(G)<A(G)<3. Then G is isomorphic to 02(L2(G)).

Proof. We put the vertex set V(G) and the edge set E(G) of
G as follows:

V(G)={v1,...,v ,wl,...,wp r}

deg,v =3, degGw =2(1=1,...,0;7=1,...,p-r;p=|V(G)]|),

E(G)= {el,...,e } (q=|E(G)]).
Then we can cla351fy the cllques of L (G) to the following two
types: ‘

15
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KizL(<{ei1’ei2’6i3}>L(G)) (uiEV(G), ejfui’ 1=1yen ., P
=1,2,3),
MkzL(<{eke€E(L(G))!ek and e¢ are adjacent in L(G)}>),

(ekéE(G);k=1,...,q).
Therefore we can classify the cliques of C(LZ(G)) to the following
two types:

Ri=<{Mi SHM, My L, K.}

: : >C(L2(G))’ where ei-svi(z=1,...,r;

1 2 3 9 J
j=1,2,3) and Mi ,KiéK(L (G)).
J
Mj=<{Mj1’Mj2}>C(L2(G)) , where ejiawi(gﬂ,...,p-r;$=1,2)
and M. .M. ek(12(c)).
1 Y2

Here any two cliques of these cliques are distinct and the set
of these cliques coincides with the set of all cliques of
cir?(a)).

Now we construct the mapping ¢ : V(G)—>V(C2(L2(G))) as
follows:

d)(vi):]?i (i=1,...,7),

¢(wj)=Mj (j=1,. cesp-1).
Then ¢ is a bijection. Thereupon we shall show that ¢ preserves
the adjacency between the vertices of CZ(LZ(G)).

(1) v and wj are adiacent in G(i=1,...,2;d=1,...,0-7),

<=> KianB{{ek,eh}} in L2(G), where Ki=L(<{ek,eh,eZ}>),

<=> K .NH
> Kin4k3Mk’

<=> ¢(ui) and ¢(wj) are adjacent in CZ(LZ(G)).

(2) v. and v. are adjacent in G(Z_,7
—1,1 j 7,2 . 1 2
<= . M. .= . -
> Kilnk"bga M, where e {vtl,viz}éE(G),
<=> ¢(v. ) and ¢(v. )Jare adjacent in CZ(LZ(G))-
%1 12
(3) wj] and wj2 are adjacent in G(jz,j2=1,...,p—r),
<=> M. NM.3M. wh ={w. . G
le 72" where e {le,wgg}éE( ),
<=> ¢(wj ) and ¢(wj ) are adjacent in 02(L2(G)).
1 2
Here ¢ is an isomorphism between G and 02(L2(G)). //

=1,¢a-,2"),

Lemma 7.2.

Let G be a graph containing no triangles and satisfying the
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2,.2, 4
condition §(G)=1 and A(G)<3. Then G is not isomorphic to ( (L7(G)).
Proof. Similarly to the proof of Lemma 7.1, we obtain the

result that ]V(CZ(Lz(G)))[<]V(G) . Hence we have 02(L2(G))#G. //

Theorem 7.

Let G be a connected graph. Then G satisfies the equation
CZ(Ln(G))=G(nz2) if and only if n=2 and G has no triangles and
satisfies the condition 2<8(G)<A(G)<3.

Proof. By Lemma 7.1,7.2 and the similar argument to the

proof of theorem 4. //

For example, the graph G of Fig.l7 satisfies the condition
of theorem 7 and the equation 02(L2(G))=G.

S

G L(&) L (&)

c (L2 (g))

C(L(q)
‘Fig.1l7

Theorem 8,
Let G be a connected graph. Then G satisfies the equation
02(Mn(G))=G(n:2) if and only if n=2 and G is a path or a cycle.
Proof. Similar to the proof of theorem 7. //

For example, Fig.1l8 shows that 62(M2(P4))=P and 02(M2(04))

4
4"
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>

C(M(c)y C’(M(Cq)

Fig.1l8

Theorem 9.

only

f1]

[2]

[3]

[4]

[5]

. 2
The graphs G satisfying the equation C (Tn(G))=G(nil) are
totally disconnected graphs.

REFERENCES
J. Akiyama, K. Kaneko and S. Simié, Graph equation for 1line
graphs and n-th power graphs I, Publ. Inst. Math. (Beograd)
23(37) (1978), 5-8.
F. Escalante, liber iterierte Clique-Graph, Abh. Math. Sem.
Univ. Hamburg 39, pp. 58-68 (1973). 7
T. Hamada and I. Yoshimura, Traversavility and Connectivity
of Middle Graph of a Graph, Discrete Mathematics, vol. 14,
pp. 247-256 (1976).
F. Harary, "Graph Theory". Addison-Wesley, Reading, Mass,
(1969).
S. T. Hedetniemi and P. J. Slater, Line Graph of Triangle-

18



205

less Graphs and Iterated Clique Graphs, 303, "Graph Theory
and Applications", Springer—Verlag, Berlin-Heidelberg~New

York. pp. 139-147 (1972).

19



