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Notes on Finitely Determined Singularities
of Formal Vector Fields
By Fumio Ichikawa (¥PU X)
Introduction.

Let X be a germ of 52vector field at 0€ R". We say that X is
k-determined if for any dzvector field germ Y which has the same
k-jet as X at 0& R®,ther is a Clocal diffeomorphism P :(R®,0)—> (R™,0)
such that $,Y = X. X is finitely determined if there is a positive
integer k such that X is k-determined. For thé singularities of
vector fields, Sternberg linearization theorem [5] is well-known.

It can be stated as follows:

. (]
Theorem. Let X be a C-vector field on R" of the following form
X = a.., X, ) + o([x]). Let Ais Ass «o- 5 A be the eigenvalues
~— 71 7] — 1 2 n -—
‘JJ»_‘ X.
1
of the matrix (aij)’ and suppose that for each Ai’ i=1, ... ,n

ml)\l + m2)\2 + ...+ mnhn % /\i

whenever the mj are non-negative integers with ‘ mjg;Z.
a=i
Then there exists a Z1ocal diffeomorphism g’:( Rn,O)———9( Rn,O)
) 5 .
such that TJ*X _ a P

Ly X
=l T d %y
in some neighbourhood of 0 €R".

On the other hand, Takens proved the following theorem [10].



" Theorem. Let X be a C2vector field on Rl of the form

X(x) = xFx) 2

with F(0) ¥ 0 and k > 2. Then there exists a C-orientation
preserving diffeomorphism SP:( R1,0)4-—9( Rl,O) such that in some

neighbourhood of 0€ R,

P x = (§xK + a x2T

d
3 X

with é = +1 and ueng § and A are uniquely determined by the

(2k-1)-jet of X at 0 €R.

Using the notion k-determined, above two theorems assert
respectively l-determined, (2k-1)-determined under the each conditions.
In this note we study the condition for the formal vector fields

with singularities to be formally finitely determined.

Definitions and statement of the results.

Let K be the field of real numbers R or complex numbers C.

Let ‘?(n) = K[[xl,x ,xn]] be the formal power series algebra

05
on n variables over K. Tﬂn denotes the unique maximal ideal of ?(rw,
Fbrmal vector field X is a derivation of ’}(n), i.e. ‘X is a
linear map of if(n) into itself which satisfies X(fg) = (Xf)g+f(Xg)

where f,g é€}(n). For two derivations X and Y , [X,Y] denotes
the usual Lie bracket product, i.e. [X,Y] = XY — YX. 1kfn) is the
Lie algebra given by

[ x| x-Z T &, w2}

=1 idlzke $* 0 9%y

..,2..
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We obtain a sequence of Lie algebras

X°(n) O ¥t(n) D ¥(n) D
and )(k(n) is the ideal of X'O(n).
Definition. By Jk(n), we mean the quotient Lie algebra Xo(n)/ Xk(n)
and by [ , 1¥ its Lie bracket. J<(n) is called k-jet space and
the element of Jk(n) is calléd k-jet.

We have a natural projection jk: }O(n)-———) Jk(n).

Let X Dbe a derivation of }(n) and let SD be a K-algebra

automorphism of F(n). We define a derivation P X of F(n) by
~)
Tux = Fexe¥,

i.e. the diagram ?*X

F) Fen)

~N

¥ bt

Fn) X ?f‘(\r/l)

A 4

commutes. Immediately, we have
Polx,¥] = [ DX, PeY]
Vi PuX = (PP )X

where X.and Y are derivations of }(n), 3) and Y/ are automorphisms.

Definition. Let X,Y€¢¥°(n). We will say X and Y are equivalent
if there is a K-algebra automorphism ¥ or ?(n) such that $,Y = Xx.
Definition. Let Xeg€ Xo(n). We say X is k-determined if for

any Ye_xo(n) such that jk’X = jkY, X and Y are equivalent. We will

say X is finitely determined if X is k-determined for some k.

3=~
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Definition. Let ZG(Ik(n). We say 2z 1is wild if for any XKfXO(n)
such that ij =z, X 1s not finitely determined.
1 . ?
Let z€& J (n) and suppose z = 2;; 235 %y 3%, Let A]}..., A

denote the eigenvalues of the matrix (aij) counted with their

n

multiplicities. K(z) denotes the set of n-tuple of non-negative
integers given by

K(z) = { A = (Xys e ,o\n)l ApAqt ooe + X oA = o}.

n n

Under this notation, we state the several eigenvalue conditions.

Definition. We say 1-Jet =z satisfies the strong eigenvalue
condition (abbreviated S.E.C.) if K(z) = {(O, e ,O)} .
Definition. We say l-jet =z satisfies the weak eigenvalue

condition (abbreviated W.E.C.) if if there is an n-tuple of non-

negative integers X = ( dl? ey qrg such that
K(z) = {'rq ! r=0,1,2, ... }.
Definition. We say 1l-jet =z satisfies the nice eigenvalue

condition (abbreviated N.E.C.) if the following hold

(1) 2z satisfies W.E.C.

(2) Al’ cee Ap denote the reciprocally distinct
eigenvalues of z. For each 1 =1, ... ,p
~o ~s v
if Plﬂ]_+ ce. * ppﬂp = A,
@j: non-negative integer J =1, ... ,D

then f, > 0.

In this note, we scketch the outline of the proof of following

theorems [2].

_4\
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" Theorem 1. Let Xe;xo(n). If j1X satisfies S.E.C. , then X is

finitely determined.

Let Xe,Xo(n). We can decompose X as follows:

X = X% + Xn, [Xs,Xn] = 0 where X° (resp. Xn) is the semi-simple
(resp. nilpotent) part of X : ?(n)——~9r}(n). We define precisely
in § 2.

Theorem 2. Let XeX°(n). If jlX satisfies N.E.C. but not S.E.C.

then the following statements are equivalent :

(1) X is finitely determined

(2) xj“: H—H i_snon-triviai, i.e. xh{ £ 0
where H = f £ € F(n) ! x°(f) = 0 }

and XS

is the semi-simple part of X.

Theorem 3. Let =zé€ Jl(n). If =z does not satisfy W.E.C.

then =z is wild.

St Tangent space of orbit

G% Fm) o K-algebra automorphism %/ﬂW) T 4roup
XF3, Gom P PLa=4c 0¥ 9=(4,, %) T %5
b3, Ghe P=(Ur . axt, o et o, e Xt) 09
tn 73543 Go normal subgroup Y C. GLR % quotient
g roup G/t v, GErw B4 R ABRAT L ot
A3,

G\ji (YQSF, Jhamy) o T W& ‘?(m)/m,j‘f‘ o automorphism (resp.

devivation) ©B3, Ga X)) A2 ER Z RTwr T FR

_.S‘_.
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R GLE A T¥) & LZ"@ Fs R L Z 03, Xpe Tk,
PreGlt el U G Xa =% o Xa= %
Xg o GlE-orbit & GEXy v®5 5T v QX w

TEn) 2 sub manifeld T B3,
Dofnition  XeX°n) Ry (. TaX), TUW) %

Ta(k) = codimension of GLEGN) (0 T

T = o TaX)
v wETI, BIMR, BLL ovr TH(X) S LX) < TW

Lemma L| X, YeXm) Xy Y @ eguivalent w3 293
Tovx X heddt & Y Redet (2r5992)

Pvc-?osi'hon |0 XeXomy X a :ﬁ'rli"rejy determined ¥ ¥ 3,
= T <& (FEBREQ)

Xﬁ@“ﬁ(m Ray (o Lxp X Zii’ 2 E £3 3.
Lxp o = 1:+X£‘r D ()t
AL T & Foymt 15 Fo/mi A0 l8%T R, wE TS, KL
1SR ,Q.-;cPtX'JQ 4 G 5 cne- para meter subgroup = % Y.
GlE o Bfem Exy 3 R TGl « Tha + B0
SeAbAE, Tin Xp Ye €TR) w L

~f-
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: _ o (R VR )y Xﬁ:d\dxlt&o (Lxp =tTa) e ki = (L2p 2Ty
= X, e I©

Pegposition 13 Xex0). 4% =Yg ¢33 1ot
TXE G Xy = { D YaT® | Yee TR §
N Tﬁ(x):d;mk{mejﬁm;[Xﬁjw]a:o}

82 Nermal Form

MTo section T BB oty K=C ©§3,

Xe ¢T%m 113 (. Xg (resp. X&) 2 linear map Xg: Fhnt
— T/ g semi-simple part. (resp. h:‘lpoTenT Part) d3,
ce Xa=Xo+ Mo, DX "o 20 AR unige

Broposition 2.1 Xa Ye B Feo/mE o demivation T3
(3EPR BR)
Defmitisn  X€X@) . Xe=3% v 335, 29c%
XS:Q:Q—Q_V\_ X{E Xh’—'g_nt% XQ Cinyerse lim.t)
CEs X2 X"E X2 semi-simple part. | milporent part €,
X=x5+x" [ X"]=0 Q3% iy (2
(Fxh°= Fux® . (S X" = Sy X" TR S,

_.i', -
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W FER T R o0 2 RANIBLUL HY Kiew Uik
XeX') 9 1-jet X, © Jordan R RG> T L3I LfaR T3
ce. XC=AY, TRLH T Ay,

& i=La,om wa (. BtRen $ReFmin fs23
FREFRETYLI N LI 2L RS,
T i S A FYIE s,
AL X =3 Toa Fate — F/me projection,
Jo = ia $& CGoverse limt) v EEFT v BsP R
X5i=2: 4 =2, M
A2 G339 =4, Fa) TEERISC
(KX = % ¢ =008, ey, e T An¥ady
LK)’ (x)"J=0 ERETH W QA R %ZOTE (2Tu3,
k=X T2 (Gpars Qan X ) 3y, (%)
ARG M=Chpa, b ) - Tple of mon-negative integers [z
SULAD= MAt Moyt s Flimds £33,
()& Xo normal form ¥ =g

WRemack] X o normal form W ~EH BRI TS 5 0. (2
Lo =08 nrs. X oV o mormal foom & B et %

Fo>rs n BES,
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§3 Proof
eIl oigW

Lemmg 1.1 %Y. X9 1-jet Xi & Jordan *‘%%&—:ﬁ% R7A>T
V3 YARE (2 —RAE AR O, X o BRBE AL s
Y§3¢. X\, #SECE#ET 2 »5 BH R

T={ u=u, ~, n) FERBESNER | A>=A,
for some A¢ t=Lwm M(z2%
i é?&&f&?m BL =M+l
£ = x|

R TR Remark =), R-jet # X v RO MBEa Y R
Xe YR RC normal form 2 €5, Br5 X v ¥ meguilent
{22, X & B-determaine.

BER3 0FFOR o BE

WEory Ljer 2 HAL YA T V3B 405N
33, 2SN TAL,T O T Andn S,
TP WECGCEFETG VLTI v, FRERINFA_u
2. < A>=<u, A>=0o  ul=vl=T uev grQx
%23 THIL AT BATS,

XeXoqm)y s dY=X y435SR Y3y, S<OlL o4

. AT+l
DV . +(.e~s)u
NS T LXQTM S SﬂH‘Q %_, = EZ A ‘%L,

_.Cl_
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=0 AL Xem=d"X 353,
Prop 13 &) T (X) > € @60 x3hy TOO=00
Rop W2 &) X1 finitely determined 2750, X @&
FokrAS 2 R wild ©83,

w2 0N o E

KeXm) o 1-et X, 3 NEC THR (. SEC. Eak2 g
D d3, Xio BAB AL A PEORSRREAIAR S
2485, ™o o BRERREITORBMTEI R
F Y RT Lemmall ®¥Y X W normal form R 52703
vfRg ( 2ru, BPs.

X=X 8y ThlLSn, T FAnXn Sy,

G X=X+ 3,7 Gm ™ udyt o ¥ Qe M0y

Bl d=(l k) FEBE 208 = KX )= rd | T=o. .20}
0B Xo semi-simple part XS=AAgy, T+ AnXn
2% 543, H={FF | =0 T={Z,2 tnx™§ <
S33h WERL2rRE s ML 23,

@) Xlw H— " # non-trivia] <e X\aﬁ: 0

Q) B ERERL PABEZ, QLdi+ Qoo+ +Qn om®0
-7 S RTwEMMIAT &Y. I U= Q
MRAL BRI

-0~
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Propesition3 . XeXn) i hermal  foom &%) 757 03k
3. Ao Ml T2 Gemdi=c s, X finitely
determined T A0,

BER] A% o niil [X, T Aex®udy I=c o3

R @R T ER NI, Ak TUW=0  Prpl2
L) X {(mt‘ely determined =7 1,

M2 Yerm hiy ( Xe o Bget X e85 &3,
Lemmad2 X, YeXm Y=o . [Xe, Yal'so v 33,
SISV bl (p Y X= Koy + Doy N JH (SreBe)

ix \ —_
Bl= ) > FERor%. M=z, Lo KRR (2
Oy = Gam = > =0lpn =0 2B 4 0% TEBRTI, 8Ps,
L = ; < m:
X =X\+Zm=1_qm“lmll§%m+ T Z%~=La’”°" lmd”‘g?n
Z = | Cm_O{ F0 Z/ﬁi\/%g 50

Cte—m NN Ls ‘ .
Xo= G x 35, + 0 Tan XHady, M= g,

BQ = IMII%’LU e, l“‘x"\%im 3RS A 3 vector space
%53, W, =] wBe#s Bal Ao linear map 2 00T %23,
(X0, X =MD & — Lag (20 0%y 3 )

o7 By 4=ln @ base XSy, o, xBandy, E S (2

near Map [)(u‘p; ]384 —> | ot & Matrix TERII
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L‘d‘ aIL ‘dlChL b —d'y\cle h
—X UL —0ly 0y —Amily 4
(X% X) L \ | , —+ L ME

L0 Ang =Gl - «d\ma,,,L
AL Ern tan) BAEATH| 55 7.
determinant (¥x¥) = " M™ (L-L)
A6o2, =zt ot Xy, 17 Be— B & Surjective,
T2 BedY er&l X yl=LXuy, Y1+ he(g,her order
REETRW. MEo T v v Lemma32 ¥) Bp ik YMeByy
BY Al (e Y X o QLrURI-det 4 X 9 % R R
T (BN ] % oTB A 0THI IDN TE I, TR
DY I=0 5) (ogp YU KS=X° 0 3FT AR
Lx (R ip Ye¥ N X1=1[ (Lxp Y X2, (Lp YW x ]
= (exp Yy (X x]=o
e _(M,p‘{"“]*)( £ hormal form R VG,
ACREER. W% 5 Y By, T AW
(o T )¢ [Conpm it
o QL+t %ZoT® A 0rHIESI N TT3, WL R
L2 AR B dYHY Lsbazer T,
$= im (opp Yo (ap Yo o (LapYHtY)

Cinverse limit) Z L h1d X 3 QLTI D 0§>o|yn0miaf

- lZ_
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vecter dield X% Y, JRON Y= Py eg s,

¥ 450 Remack &7 Y2 X e R (2Ll+1)get T #
>Y 33y Yo nermal form ® X v @ C (2LRIt1)get & ¥
3. ACRCARRT KK @ polynomial vector freld v 33§
DY AT, AEsT X Ta fgu{Va!ent iR X 3 (2Likltl)

~ determined TE 3,
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