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Invariant Measures for Homeomorphisms with Weak Specification

Masahito DATEYAMA

$ 0 INTRODUCTION.

In this paper one considers the space of measures provided with the
week topology. In [7,8) , K. Sigmund discussed gome categories im the space
of invariant measures for homeomorphisms satisfying specification. The
ingredient of his proofs is in the densely periodic property of homeo-
morphisms with_specification. It is known that weak specification for
homeomorphisms is strictly weaker than specification. For example, N.
Aoki proves in [2] that there exist group automorphisms without densely
.periodic property.

Our aim is to show that the results of K. Sigmund hold for homeo-
morphisms satisfying weak specification (Theorems 1 and 3) . The idea
of the proof is in constructing the property "smallest sets" (see § 2)

that is found in the weak specification property.

§ 1 MAIN RESULTS.

Let X be a compact metric space with metric d and 7(X) ~be the
space of Borel probability measures of X with metric d where d is

defined by

I(,LL,P) = inf{€ ; //.(B) < v({xeX 3 da(x,B) <€}) + £ and

V(B)é/u({xex s d(x,B) < €}) + € for all Borel sets B}

( (5] p.9 or [3] p.238) .
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Define a point measure &§(x) by &(x)(B) =1 if x e B and §(x)(B) =
O if x4B ( Borel set B ) , and denote by B(X,£) an ¢ -closed

ball about x in X. For arbtrary finite sets {xl, vas xn} and

{#iem(x); 1<is<n} with card{1lsisn j puy(B(xgp€)) < 1 /n
<& 5 we get easily d( % giils(xi) , %Zi::l/‘i )< € . It is
clear that the map x —>§(x) is a homeomorphism from X onto a
subset of Jt(X) .
Let O be a self-homeomorphism of X . Then o induces a
homeomorphism ¢ s Ji(X) —» M(X) by Tpu(B) = }A.( G‘—lB) (Borel set
B and u ¢ R(X) ) such that 5(vx) =0 & (x) . Hence we ocan oomsider
that (X, o) is a subsystem of (M(X),7) . It is known ([5], p.17 )
that the set '7)‘(5(1!) of ¥ -invariant measures is a compact convex set.
Let £ (X) denote the set of ergodic measures in 7T (X) . Then
&(X) 4is a nonempty Go-set in M (X) (5], p.25) . Let &(X)
denote the set of strongly mixing measures in :Y}?éx) sy £H(X) denote
the get of measures positive on all nonempty open sets in ’}’FU(X) s and
IV (X) denote the set of non-atomic measures in ’IRG(X) . We denote by-
Vs(x) the set of w-limits of the sequence {%Zg:i S( O‘jx) i ::1 "for“
x€ X . Then we know ([5], p.18 ) that for every x ¢ X , Va.(yx)
is anonempty c'ompact connected subsets of 7 (X) .

Let X and 7 be as above. Then (X, 5) is said to satisfy weak '

specification if for £ >0, there exists M(€) > O such that for

every k >1, k points Xy cee 3 X € X and for every set of integers

k

8) s by <8 Shy <... <a g b with a; -b, >Me) (2<ic<k),
3 N R T
the set B = /N N T YB(vvx,, €E) is nonempty. Since
i=l jaai i
b,+na . . A )
T k i -3 j=-na 5b - a. + M(E)
¢+ﬂ§1ﬂnsﬂrﬂi,1ﬂj'ai+nqcr B( g9 ™x,, €)C B for all q5b - a) + M(E )

we get easily that /ﬁ contdins a gq-invariant subset. When (X,7)
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obeys weak specification and has the following additional conditions

for every q;bk-a.li’il(&) , there is an x & B with ¢ix = x ,

we say (X,0) to satisfy specification.

THEOREM 1., Let X be a compact metric space ( card(X)> 1) ,
and 0 be a self-homeomorphism of X . If (X, o) satisfies weak
specification, then £(X), O (X) , and N (X) are dense G¢-sets of

M(X) 4 and .§(X) is a set of first category in MWM(X) .

THEOREM 2. Let X and ¢ be as in Theorem 1. If (X, q)
satisfies weak specification, then (7(X), @) has the specification

property.

THEOREM 3. Let X and ¢ be as in Theorem 1. If (X, )
satisfies weak specification, then for every nonempty compact connected
subset V of WMG(X) , there is an x € X such that Vyr(x) =V for

all > 1 and the set of such points x is a dense set in X .

g 2 AUXILIARY RESULTS.

In this section we show tworesult which are used in the proof of the
theorems, Hersafter X is a compact metric space with metric 4 and
¢ is a self-homeomorphism of X ,

A nonempty closed subset A is said to' be a smallest set if there

is an integer q > 1 such that GqA = A and A contains no completely
qq—invariant closed subsets. We call the least positive integer in the
set of such q > 1 the period of ) , and we denote it by per() ).
Obviously, ¢4 n A =# for i with 1< i <per(f) -1 . Let

) be a smallest set. Then }=uU ?::(A)-]'@J'A is a minimal sets

under ¢ 3 i.e. /| contains no completely ¢ -invariant closed proper

___.3_._
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subsets. Since. 4 is compact and 94 = 1 , as before we can consider
the space M (¥ ) of ¢ -invariant Borel probability measures of 1 .

Then every M ¢ Ms(4 ) defines a measure Je Me(X) vy 4i(B) =

/u(B n 4) for Borel sets B of ’X . It is clear that if M€ M (D)

is ergodic, then u ¢ € (X) . We remark that /,L(o‘jA ) = 1/per(4 )

(0< j<per(s) ) forall i« 777,,‘(,1) . Define /[Lj e M(x) (0s3)
by /Ij(B) = per( L\)/I(B N f:rj/J) for Borel sets B of X .

Then we have i = We say that x € X is

a generic point for a ¢ M (X) if V (x) = {x} . Bvery we € (X)
has generic points and M —invariant measure of the set of such pointe is

one ( c.f. see tSJ y P25 ) .

PROPOSITION 1, If (X,0) satisfies weak specification, fhen

E(X) 1is dense in MH(X) .

PROOF. It is clear that €(X) + @ . First we prove that for
every Mgy o € E(X) , every t ¢ [0,1) and every £> O , there
exists v ¢ E(X) with d( y , tpg o+ (1-t)p 2) <€ .

' Take an integer m > 4/ € 4y then there exists an integer m, with

1
m ,
l<m, < m -1 such that ‘E:} - t‘ < % + It follows from the definition

1S
of d that

m-ml

d( by + (l-ﬂt)/u.2 ,;!'/u.l = Mo ) < Ef2 .

Let xl and 12

and choose M = M(£/4) as in the definition of weak specification. Since

be generic points for and s Tespectively
g} 2 ’

x; 1is a generic point for L, (1i=1,2) we can find an N, > 4M/€e
. 1l n-1 -
such that for a1l n> Ny, Iy » 537 506 09x,) )<E/4 (1=1,2).

Put Nl =mN,~-M and ¥, = (m - ml)No - M . Then we can calculate
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easily that

N M-1 .
a(——/ul R,y 8, D T s (o) )
m xﬁ-m | N, +M-1
<5, g iy 1,,,2310 §(cdx) )

- memy - 3
R (§+M_.sj° 78(6”12)))<€/4f

To use the weak specification property we put a; = 0, bl = Nl‘ ’

=32
32‘-b1+M, b2=a2+N2, q=b2+M, ¥y =% and yp, = 0 212.

Since % 1is compagt, it follows that there is a smallest set / sucp
9 PSSR
that 04 = 4 ¢ nisl mjaa ¢ “B(ag v ,E/4 ) . Since every ergodic
. i :
measure V ¢ Mg(A ) satisfies 7 j( B( djyi sE/4) ) =1 ( a; € J< by
9
i=1,2), we have card 10 € j <q =13 [}j(B(Uin, £/4) < 1¥aq

q-1 —

since is devided b
j=o0 V j q y

< 2M/q <€/4 , We remark that ) = qZ\
per(A ) . Then

A7, 3 D45, S0
-2 IRy, AT scmin <e/4 .

Henee

_ | o= lvv 2 Ni*”‘l
E(V’ t/«tl‘*(l—t)}uz)ﬁ d(})’ azi 1—330 (U-x) )

, N, +M-1 . m m—ml

i 2 (7 1 I's J 1 . - .
L gm12s gm0 O (TTxg) G FT Ay 4 M) (eince q =N, + 1N,

I

\/

‘ 1
+a(a-

+ 2M ) — 5 =
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m--m

e byt (W) < €

m, A
+a([—n-/,(1+

We use induction to get the conclusion. Take s Ms(X) , then
for every & > O there exist a k> 1, iy «oo yphe € (X) and
tl, cce o tk >0 with tl + t2
<e/2 ( (5] s P.25 ) . By the first part of the proof, there is a

k
=
+ .o+t =1 such that E(/A, Y 521 ti“i)

Ve -E(X) such that d( tl/(t1+t2)/i,1 + t2/(t1+t2)/{2 ’Vl) < €/4 .
Also there is a y, ¢ E(X) such that a( (t1+t2)/(tl+t2+t3)v 1t
tyf(tetri) iy ) <€/8 . pue t) o m e for 1cuck,

then by the definition of d that

t
5 7 3 -
4( Lj.l‘j?)/&j ’ V2)
(2) t

(S YR CY AR Dy

(2) t
f 43)
(2) ty
+ & :(35/’1 VR
< £g/4+ £/8.

When » , € E(X) (2<i<k=-2) is already defined, by the mbove

way we can find .., €& (X) such that

(i+1) t142 141
S st () Frn o Van) < B2

k k-1 1
Since v, , € £(x) and d( Zi=lti/‘ti Ve 1 YA islﬁ E/2 ’

the proof is completed.

Let us put Z(A,8) =10 <€ j< per(4) 3 diam(sj/j ) <&} for a

smallest set A and & > O . Denote by A(& ) the collection of smallest
—_— 6 —
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sets A  with prime period satisfying the conditions 3
per(A ) > 1 and card(Z(4,8) )/per (4)> 1 -5 .

It is easy to checked that A( 51) < A( 52) when $., < b, ,

PROPOSITION 2. If (X,0) ( card(X) > 1 ) satisfies weak specificatio

for every § > 0 with § < diam(X)/4 and for every /uevm,(x) there
exists a 4 ¢ A(§) such that every measure V in 7N () holds E(/u., V)
<& .

PROOF . Since & (X) is demse in "M (X) by Proposition 1, there
isan u, ¢ £(X) such that E(/A,/.Li) < &/3. Choose M = M(&8/3) as
in the définition of weak specification. Let xl be a generic point for

J4y+ Then there is an N, > 6M/5 such that d( = 2__ i L s(odx Papy) < s/3

0
(n> N) Take & prime p with p > N, + 2§ and put N = p - 2M .
K+M . k
For x,e¢ X with a( o 2,xl)>223, putting a, =0, b =X
and 3.2 = b2 =N+ M, As before we have that there is a smallest set

A such that ¢P4 =4 <. jB(‘Y x »8/3) .

lul nj =a,

N+M

Since an UN+MA < B( 3y §/3)NB( & X9 &/3) = ¢ , we get

per(4 ) +1 and per(4 ) devides p. But p is prime so that per(4)

=p > & o Since {0, 1, ese s N§C2(4,5) and card(2(4,&) )/p

g

>1- 7 l—g-, wo get 4 ¢ A(S) .ysincg 'ﬁj(B(Gj!l, 5/3)) =1

(0O 5<N) forall Ve MH(F), it follows that

card {0 € j < p 3 (B(ux 5/3))<1}<EM<2M/1,<5/3

1 p-l -

5 ngo yy » We get easily that a( :

L1

ngo §(5x ) 7))

- 1 —D-— s
=d( 5 llglﬁ(TJxl) ,%L-\jﬂo )<5/3. He nowhave
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T pys IS A pys R0 8(03x) ) + A T2 6( ) ,5) < 28/3

(v emtd))

and the proof is completed.

3 PROOF OF THEOREMS.

In this section we prove Theorems 1, 2. and 3 that are mentioned in § 1 .

PROOF OF THEOREM 1, Since E(X) 1is demse in TN{X) by Proposition

1, &(X) is a dense Gg-subset of W(X). Let U ={U,f .= vea
countable open base of X . Since (X, T) satisfies weak specification ,
we can find a smallest set Ai with A 3 ¢ Ui for Ui € 2 . For every

i>1, take My € Mo Ai) s then /’Zi(Ui)z per( Ai)'-1 > 0 . Hence

o 1
M= X i=1 E’i'/"l is a measure positive on all nonempty open sets ; i.e.
M €L (X) . It follows from Proposition 21.11 of (5] that & (X) is
a dense Gy-subset of 7Mg(X) unless & (X) is an empty set. For
. . . 1
every integer r>0, N ={x e MX) s m(x)< 3 forall xeX } open
in M(X) . Using Proposition 2 , 'we have that N, is dense in NM,(X) for

all r>1 . Since N(X) =N sy NM(X) 4is a dense G -subset of

MmLx) .

Since & (X) 1is a dence G;-subset of J.(X) , 4t is enough to

r-lNr

show that .§ (X)N & (X) is a set of first category in M.(X) .

Since ocard(X)> 1, there is two nonempty disjoint closed neighborhood
F) and Foin X. Por n>2, put S(n) ~{ued ;/U.(Fi)l;%

1

and /,( (F2)> E} s then 3(X)N H(X) = Uncjg S(n) . Let V_ be the
. .
= —open neighborhood of F £ ; '
= , for every m>1, %hen S(n)C Un=1U g1 E [m,x]

where E [m,r] = ﬂ j:ar{/ue My (X) 3 M (Vm N Q’ij) -%(F1)2<1/2n2’
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? /"L(Fz)éxll}'

Bl

/LL(FI);

Since Vm (n>1) 4s open and F ba.nd F2 are closed, it is easy to

1

check that each E Lm,r] are closed
We show that for every m>2 1 and r>1 y B [myr] is a nowhere

dense subset of MLX) « For fixed m , take n> 2 such that m < 2n2,

'~ For every A GA(I/ZnZ) , define a set 2 { O j<per(A) 3 o'jAﬂ Fy 495

and G'jA¢ Vm} o Then, by the definition of A(l/2n2) s We have

°ard(z)/P91‘(A )< 1/2112 For every V C—_’)’]ZO(ZS) , )";(v N _ojpe?(l-\)vm)

ST (R - j (321), anaso P(v,NTIPTBly ) _ 5(p )2

SP(F )1 - p(R,) ) - o This shows that ¥ € E[m,r] . By Proposition
) ) -

2y UA c A(1/2n2) {";7 @ WO(X) 3 Ve M A) is dense in MMy (X)}.
Hence 3 (X)) (X) is contained in a countable union of nowhere dense

closed sets, and so _§(X) ﬂ L(X) 1is a set of first category in Ms(X) .

PROOF OF THEOREM 2 Let £ > 0 be given and M(S/2) be as in

the definition of weak specifioation. Let /"Ll’ cee g /LL?EWZ(X) be
given, as well as integers a < b1< a, b2 < eee <3 ‘Sbk and q

with a; - b, . >M(E/2) and q> M(E/2) + 1 Since o 3 M(X)

k~ % e
— T(X) is uniformly continuous, there exists an /. > 0 such that
Aty ) < 7 implies E(G/,c 73p)y>e/2 for sdgh . Por
some integer n > o and xie X (lsr<n, 1<i<k) such that

. , l¢vn
putting L = n,_Jr_lf(x ) (1gigk), a(/ui, Y )< N for 1<i <k
(cefe [51, p.11 ) . Since ¥ : X-— X satisfies weak specificatlon.

there exist a smallest set A with o%A = A and A C ﬂi—l nd -,

T JB(()’:’xi,Q/Z) for 1 gcrg<n. Take p C?T(A), and put
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= ,1";}:_;1.,1}) ° where P_ro(B) = per(A )P{B N A ) for Borel set B .

Obviously TP = P . Also E(ajp,cjui)

-AEN R T, R R 8(0%))) <€/2 and nence 3(GYP, oIu )
SE for a,<Jigb; s 1=1, «.., k. Hence 177’(X)——>73(X)

satisfies specification.

PROOF OF THROREM 3, Since V is compact and connected, by

Proposition 2 there exist a sequence {g n} n=l of positive number with

€, 0 and a sequence {An} a0 A 8;n) such that for some U

Mgl En) the followings holds
(a) Bnﬂ n+1(\IV*® "

o [e o]
(v) nmalU nen Bp =V s

where B (n>1) is the En-closed neighborhood of }In in M(X) .
' We have to show that for every 'x e X and 5 > 0O there exists

an x& B(xo, 8‘) such that V r(x) =V for all r> 1. For every

n>1l, take an x, & A, - Since (X,0) satisfies weak specification,

there exist positive integers M ( n> 0 ) such that for every set of

3 - ~
integers a, < bo < 2 < bl < 8, < b2 ‘< cos with a, bn—l > Mn—-l

(n>1) . We know that there exist an x& X such that 4 ij, O’jxn)

)

: J J
<En (angjgbn, n>0) and da( gvx, G xo)sg (aosjgbo
( c.f. see Orbit specification lemma in [8] ) . With the above notationms,

take a and b (n=0) as follows;

(1) a =b =0,



(i1) an' is devided by n! and

1
b, *+M <a <b . +H . +nl (n>=1) and

(i11) b o=a + (n+1)! (an‘+ ln) per(An) per(An_l) (n21) .

Then, We have an x & B(xo, §) with d( Q“jx, G‘jzn) <&, (ans i<y, ,
>1).
We have to show that Vcr (x)=V for all r> 1 . Though the proof
is similar to that in [8] , we sketch it for completeness.
It is clear that for r 2> 1 there is N,> r© such that per(An)
>r for all n> No . Now we fix the integer ry, n with n> NO and

k with "b . /r<k b . /r, and write

n+l
A, =aN[2, f

where A={0<j$k; J is an'integer}.
a

Take k' with k - per(A ,.) < k' <k such that k' - Dt

by per( A

is devided

-

n+1

Then it is easy to see that A2 = A ﬂ [ n+1’ k') is nonempty when

a
k> —= 4 per(Am.1 and A, is empty when k< :’ + per(An+1

Obviously per(An+1) devides card(Az) . By (iii) , per(An) devides
card(Al) . Remark that per(An) and per( An+1) are prime numbers.
Since n> Ny per(An) and per(And) are both prime to the integer
Tr , 80 that

?

. ce_'rd(“l)-IZje a8 Tx) o i) < €

n

125
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and
a °aﬁ(A2)-lz\je 1,8 092,01) 5 Mne1) <€ e -
By the definition of metric d , we get that
g Lye 4 8CT7) 5 carala U a)™ S a,U 1,6 ¢ 0 %5) )
<2 c_ard(Al)“l {k - cara(a, U FIIES (m—‘ll—)-, +2€_ .

Jr Jr jr jr
Since d(0%°x, O x) <€, (jeAl) and d4( G¥'x, O xn) <€ n

(j=4,) , it is easy to check that
éz = S(Ujrx) , card(a, Ua )"17"jC;A § (g Ty )
*)je A15(Gjr'xn+1) ) )< (F%)" + 2€
+ A saralay U ) Kyg y ya, 80070, caraly uay)™

(L 5o a, 86o% ) + 1 yoy 8007500 ))

Thus we can compute that

L

Ty o 2 600 %0), cara(ay U 0,)"M( cant(a) F, + csralhy) 1) )
S @yt 3En Y Epnt d( cara(a; U A2)"1(2*73":—: A 5(;'~’Tjrxn)

n+l



127
e N § (0972 _,1) ), oard(a) U A) " ( card(a)) i, + card(a) L ,1)
< (n;l Pr4Ea v 28,
Since a'(/z‘xn,/';ml) <€, gml | by (a) , we have that

1 e -
T gy s8R, Bo) < Giyr * 56, * 384, -

Since n> Ny and b /r<kg /T is arbitrary, Vsr(x) coincides

0 P+l
the w-limit set of the sequence {)In} nep 2and so coinsides Vo (b).

The proof is completed.

=13 —
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