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Abelian coverings of links

By Makoto Sakuma

Recently, the Smith Conjecture was proved by W.P. Thurston,
H.H. Bass, P. Shalen, W. Meeks - S.T. Yau, and C.McA. Gordon -

R.A, Litherland. In fact, they proved the following:

Branched Covering Theorem. Let 2 be a homotopy 3-sphere and

let K be a knot .in .. Then, if the n-fold branched cyclic cov-
ering space of 2, branched élong K is a homotopy 3-sphere for

some 1122, K is a trivial knot.

In the Topology Symposium in BSapporo 1979, Professor K. Murasugi

showed that Branched Covering Theorem implies the following:

" Theorem M. Tet 83 be the 3-sphere, Then 1f an abelian cov-

ering M of a link in S3 is simply connected, M 1is SB.

Furthermore he conjectured the following:

Conjecture M. The only link in SS, other than the trivial knot,

which has a homotopy sphere as an abelian covering is <:é§§;> .

In this paper, we will prove this conjecture.

‘I would like to express my sincere gratitude to the members of
Kobe Topolbgy Seminar for their helpful suggestions and conver-

sations.
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§ 1. Reducing the conjecture to another conjecture.

In this section we review Murasugi’s proof of Theorem M and
reduce Conjecture M to another conjecture.

first, we give & simple proof to a theorem of Murasugi and
Mayberry [5] which gives a necessary condition for an abelian cov-
ering of a link to be a homology sphere and which is a key lemma
to prove Theorem M. To do this, we use a method of [6].
Let L = Kl‘J..."Kf. be an oriented link of p-components in an
oriented homology 3-sphere S,‘and let X = 8-15L. By Alexander
duality the first integral homology group Hl(X) is the free
abelian group on r-generators tl""’tV’ where ti is the meridian
of Ki‘ Let %% be the universal abelian covering space of X;
that is, the covering space of X corresponding to the kernel of
the Hurewicz homomorphism Y’:Ttl(X)—aHl(X). Let A be a finite
abelian group and ‘Y:Hl(Xj~9A. be an epimorphism. Let %g, be the
covering space of X corresponding to Ker(4°Y), and My be the
branched covering space of S obtained by the completion of -fy.
We use the symbol q (resp. j) to denote the natural projection
%g-*iy,(resb. the inclusion ‘gkalﬂw). Let R(Y) be the factor

module Hl(Xw)/(qu;Hl(Xa). Then we have:

Proposition 1. [R(M)| = (TT;il ni)/lA],

where | | denotes the order of a group and n. is the order of

the element Lk(ti) of A.
Proof. Prom the definition of Xq, the following sequence is
~ __ Yo
exact: 1-—a‘ﬂi(XqQ —> ml(X) — A —1.

lad -
Factoring this sequence by q;El(Xa), we obtain the following exact
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sequence: 1-— ’TEl('XLr)/q*TL_L(Xa) *—>H1(X) —V:#A — 1.

N 4 . . g . ™oL~ ,
Since ILL(Xtr)/q*TLl(Xa) is abelian, IIl(X‘*’)/q*Hl(Xa) Z KerVY.

Consider the following diagram of exact sequences:

~s "~ 7
0 — quH (X)) — H{(Xy) > Ker -0

J \l jx \L [j’s]

0— (JealH, (X)) —H, (My) = R(Y)— 0,
where % is a natural map and [3*] is the homomorphism induced
by j*. Since M‘f’ is the completion of Xy, j.¥ is onto and
Ker jyx 1s equal to the branch relation BCHl(}Zq,). Hence, from
the kermel and cokernel exact sequence (see [3]), Ker[jx] = 1(B).

From the definition of the branch relation B, we can see
n;
T(B) =< t,7 (1¢15p) >cKert <H (X),

where <.,..> denotes the subgroup generated by the elements in

n.
< >. Hence R(Y}) T KerY /< til (L<i<p)> . Factoring the exact

n. .
sequence O -— Ker Yt ~—>H1(X)LA —0 by < til (lﬁiS)A) >, we

obtain the following exact sequence:
H— @, e
0= R(N) =M, <t | t,7 =1>—>4-0.

Hence |R(4)]- lAl = 'ﬂiil n,. This completes the proof.

Example. Let Mn(L) be the n-folc branched cyclic covering
cf ©L; that is, the branched covering space corresponding to
Ker(pnab’), where p_ 1is the homomoi'phism Hl(X)—)< T "tn =1 >
defined by the equality pn(ti‘) =t (L=1i<W). Taen }R(pn)\ =
Pt

ny/n = (compare [2] or [6]). Ia particular, Mn(L) can not

be a homology sphere unless p= 1.

W
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Corollary. (Theorem 11.1 of [5])

If My is o homology sphere, taen 4 = @/ <4(t;) >. That is,

Y is of the following form:

M s ,
@ . h . i - . ; [ & 2 &
¥ Hl(X)ﬁ@i:Jf 5yl 6T =1 > W) =8y (1=iem).

Now, let us review Murasugi’s argument.

Theorem M. Let My be an abelian covering of a link L in

N

the 3-spnere 8°. Then, if My is simply connected, Mq, is 837,

Proof by Murasugi. From the corollary of Propositicen 1, ¥ ois
of the following form:

i

fot

. U n
YiE (N> B <t ],

i=1

— . L4 L

=1 >, Mui, = %y (151-}\).

Let ¥, (0£kx <M be the nomomorphism H. (X)~> @k_ <4 |t =1
k 1 i S

defined by the equality q’k(ti) = 1 t,
1

Then we obtain the following sequence of braanched coverings:

T — I M e 00 1y - = ‘Dﬁ
Iv\f ‘V[q,))\ - hﬁ,})_l—a - N\K - M“’O S

Mote that M‘f’ is the ni~fold branched cyclic covering space of

i
- ' o o s , . i ;
M branched along K., the 1ift of K, in M, . Since ¥
q’j_.‘.'} .d , i Y. 4 ; ¥

e
[/}

simply connected, Mq,

4
-

(0<1 i)/\) ig simply connected. From

~ .
the example of Proposition 1, KiC Mt‘, is comnected. Hence, by
i-1 ; L

~ :

Branched Covering Theorem, Ki C Mtf, is a trivial knot. Since
: i_l . : e

the bottom of the sequence is 87, every M‘Lr (1ei é}\) is 8”7

i
From the above argument, Conjecture M is eguivalent to the

following:
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N~

Conjecture M. If a link L = K, Yo, U‘K),\ (pz2) in S0  has

the following property ), then Lcs’ is

(*;Y) There exist integers By oo "nP such that

(1) nyz2 (Teish),

(2) 'ﬁic My

(1€i<¢p) is a trivial knot, where ¥,
i-1

is the homomorphism defined in the proof of Theorem M.

§ 2. Proof of the conjecture.

1 ' = v
Lemma 1.. Let L Kl K2

[asd
Kl a trivial knot. Let K2 be the 1ift of K.

n-fold branched cyclic covering of K;C S7. TLet

be a 2-components link in 8 with

~
A{t) be the
reduced Alexander polynomial of K,. Then, if A= ]lk(Kl,Kz)l E

and nz2, A{t) § 1.

Nad r J = e B ~ .
Proof. Let n =pm, g.c.d.{p,m) =1, p a prime, r >0, and A%0.
Ther, by Theorem 1 of Murasugi [4],

H

~ L, __,' s P .
(?;\('6) Alt) = [H?ZSA\QJ,t)} mod p,

where A(tl,tg) is the Alexander polynomial of L, P.(%t) =1+t +

Al
vt ML and N is a primitive m-th root of 1. In particular,
A(1,t) divides €,(t) A(t) mod p. Since POa(t) divides A(1,%)

I

P - ~ .
by the Torres’s condition [10], €, (%) divides A(%t) mod p.
Hence, if A >1, A{%) £1. If A =0, ’fg is a n-components link;
n-1 ~ ~
so, (+-1) divides A(t) and A(t) % 1.

f

Proposition 2. I

r.
L-d
il
N
C
C
N
-
[
2
N

has Property (#), then

= an . iR i —
M=2 ard |1k{K,K)| = 1.
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. ~
Procf. Suppose that Mz 3. Let Ki (i = 2,3) bve the lift

of K, in M? , the n.-fold branched cyclic covering of K,C SB.
A l o

1
K

moen  |1k(K,,%;)] = n1|lk(K2,K3), % 1. Hence the 1ift K; of K;

in MW , the nz—fold branched cyclic covering of K2C M? s can not
2 1

be a trivial knot from Lemma 1; this is a contradiction. Hence

p=2 and ilk(Kl,KZ)) =1 by Lemma 1.

Hence we may congider only 2-components links. Using Branched

Covering Theorem, we obtain the following:

Progposition 3. Let L = ﬁlv K2 be a 2-components link in 83

with Kl a trivial knot. Suppose L has Property (%); that is,
n z2 such that the lift K, of K, in

~fold branched cyelic covering of X, C§°, is a

there 1s an integer

Mnl(Kl), the n,

<

trivial krnot. Then, for any integer n=21, the 1lift K2 of X.
in M (K;) is & trivial krot. ‘

Proof. Let n,z1 be an integer and let % be the homémorphism
i

'Z .' 2 ‘ ni J . L] il ‘
Hl(s“-L)-aGBi:l <:ti1 t;7=1 > defined by the equality <+(ti) = t,

(i =1,2). Then M, is the n

2—fold branched cyclic covering space

of M_ (K,) branched along K., the lift of K.. Since K.CM (K,)
nl 1 z v o2 T z nl 1
is & trivial knot in §°, My is §7. Iet K, be the 1ift of K

in M_(K,). Then M, is the nj-fold branched cyclic covering
2 '

space of M_ (K

) branched along K, . Herce, by the proof of
2 . : «

Theorem M, M <K2) is ‘87 and K is a trivial knot. Repeat
5 :

the above argument by exchanging the roles of K, and Kz, and

we obtain the desired result.



68

~

Now, the proof of Conjecture M is completed by the following

proposition:

Proposition 4. Let L =K VK, be a link in §° with K, a

2
trivial ‘knot. Tet %2 ~be the 1lift of K, in MZ(Kl)’ the 2-fold

~

branched cyclic covering of KlC-Sﬁ. Then, if K2 is a trivial

knot, LCS3 is C:4§§E> .

Proof. Let T be the involution of MZ(Kl) generating the

covéring transformation group. -Then the fixed-point set of T is
r~o ~ r~
Kl’ tpe llft of Kl’ and‘ T(Kz) = Kz.
bounding Kz' Using this disk, we will comstruct a disk D in

Let D be a disk in M2(Kl)
57 such that 0D = K2 and D intérsects Kl transversaly in a

’ ’ : a o
single point. Let S(D) be the closure of DnT(D) in M2(Kl),

where D denotes the interior bf D. Then we have

Lemma. 2. We can deform D, without moving oD, so that ﬁ is
transverse to both T(%) and %ﬁ, and S(D) is a proper 1-dim.

submanifold of D,

Proof. See Lemma 1 of [1]. (Lemma 1 of [1] does not require
that the deformation fixes JdD. But it is not so hard to accom-

plish the deformation without moving ?¥D.)

Hence we may assume that S(D) consists of simple closed curves
and arcs with end points on 3D. If S(D) contains simple closed
curves, we can eliminate them by the cut and paste method (see [1],
[8]). So we may assume that S(D) consists only of proper arcs.
Since [1k(K,K,)| = |1k(k,,K,)| =1 by Proposition 2, DnK; %¢.

Hence there is a connected component C of S(I) such that C:\Ki
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and E
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Then D dis a union of two disks E1

with ElruEg = C. LeteiiraEi—C 1

N

2

for each i=1,2. Suppose there is a compo-

nent
x 9.
that
gince
Hence
s(D).
where

above

~S
C' other than C such that C'n Kl

Without loss of generality we may assume

C'c El' Then T(QC') < T(Jl)

c'n ¥, xP, TOC') =3C'c g

= J2. Or. the other hard,
1 This is a contradiction.
any component of S(D), other than C, does not intersect
From this, we can see that T(By)n B =C. Tet D = p(E),
p is the covering projection Mg(Kl)-783. Then, from the

argument, D is a disk with b;}::Ki and Br\Kl = one point.

This completes the proof of Proposition 4.

Thus we have proved Conjecture M.
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