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Topics on Kac-Moody Lie algebras

Yohei Tanaka ( Nagoya Univ.)

In this note we introduce Kac-Moody Lie algebras;tﬁeir fepresentation
theory,and relation with theory éf differential equations.
I.Kac-Moody Lie algebras ([6],[14]?[15])' |
Let C=(cij) be a nxn-matix satisfying foliowing conditions;

1]
and define . Lie algebra l(C) over § with generators{hi,ei,fi i=I,—-*,ni and

ciJEZZ » €472, c..£0 (i#j) , cij=0 @cjfo s

relations;

5 R R St R & iji,

. -c..+I. . -c,.+1. _
(ad ei)~ ij ej—O ,- {ad fi)‘ ij afj—O .

= = = 5

i[hi,hj] 0, [hi’ej] ci.e. , [h,,f.]=~c..f. , [e ,f 1=0. .h.
§L=11(C) is called Kac-Moody Lie algebra.
S has [V =z"grading with deg hy=(0,,0) , deg e,=(0,-,1,~,0)=a, ,and
deg fi=-ai. ; : :
Put éﬁ = n{x éi,,deg x=a, (a€f )}, m =dimaf, ,A=%aér‘\{o’(i'm #0 ‘{
From defining relations Jt has vector space decomposition.

v f@I_@f where i Zch > L. _=<eI;-- e >, f (fI,m f >
So /\ is disjoint union of A ="+ nA andA= (- 1) a A
(¢=Z,ap ++Z 3, )
For each i ,define s; GLQW) by

S5 (a .) =aj —cijai

and W—<s , =1,
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If C is decomposable,i.e. has a permutation matrix P such that

1 (%0 ~Po . ,
PCP I=Qfétj—é—2—-),then1 ©@=dLcp+Lic,) , WEE) x W(Cy).

So we assume C is indecomposable.

A finite-dimensional complex simple Lie algebra is isomorphic to aaC(C)
whose W(C) is finite group.Equivalent condition on C to finiteness of W(C)
is that there exist positive number; dI,“‘ ,dn such’ that(dl.\ d‘)‘c is a
positive definite symmetric matrix.

If we replace "positive definite'" by "positive semi-definite" in this
condition, we get a new class of infinite-dimensional Lie algebras. They

are called Euclidean (or affine) Lie algebras.We deal with Euclidean case

hereafter.
2.Character formula and denominator formula
Put V=€ ® [7 ,and for Kéf* let c,:W—>V be the I-cocycle,i.e.satisfies
Z

c)\(wIwz)= WICK('WZ) + CR(WI) ,such that c)\(si)=]\(hi)ai (i=I,--" ,n).
if )\(hi)é Z for all i, A\_is said integral,and moreover if A (hi)Z 0, Ais
said dominant integral. It is easy to see
- )\ :integral o (W) C F
% A :dominat integral cx(W) C /:'
To each dominant integral,there exists £ -module V)‘,unique up to isomorphism

,2with the following pi'operty;

)&(h )

3 .
0 veV s.t. {eiv=0 ohgv=X (hyv, £ v=0 (21,07 ,n)

v=)¢Cf. f.... f. v
L 1 12 X

Nis called standard module with highest weight A.

For a&'f‘ let V}‘ Z ¢f, - f, v , and put

Qi+ a;
ch V= Zdlmv e(-a) a(chV" is in Z [[e(-ap), =" ,e(-a D11
(A&ﬁ.‘.

\'
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Let p&f be defined by P (h,)=I for all i.We have
charécter formﬁla ([5],[8],[10]) |

2 det(w)e(~cy;p (W)

A MEW

. det(wiel-c p ()

W

ch'V

and
cienominatof foyrrﬁula
) dete(-c (W) =] (I-e(-a))"a

wew AEA

If we make specialization e(v-ai)k.)qmi (mI,—-*,mn;O) to both sides of

denominator (or character ) formula,we have various combinatorial identities.

([73,[8],[12],[16])
3.K-dV equation and construction of representation

Let u(X),an(,x) (n=1;2,3,--~ ,I1€12n-2) be functionsin infinite man'y

variables x=(,xI,x ~--~ ).From the compatibility conditions of linear

3:x59

partial differential equations

{(ﬂ%)" +u[x)\W—(X) =7\¥(X)
R 204 -3 _ .
2 G B ke

we obtain non-linear differential equations on u,and Vn!. are expressed by
differential polynomials of u.These differential equations are called

K-dV equations. A function 7()() is called 7 -function,if u'=(a%ﬁog‘2 is a
solution of K-dV equations.The space of infinitesimal traéfor’mations of fZ—
functios forms a Lie algebra L of linear trané-formations on C[xI,xS,w- 1.
Date,Jimbo,Kashiwara and Miwa find ([’I]‘) tﬁat LxL (_22 ;7) aﬂd I—module
C[XI’XS”"] coincides with the standard module constructed by Lepowsky and
Wilson. ([II]). Kac,Kazhdan,Lepows‘ky and kWilsonb cons_fruct standard'modules

for other Euclidean Lie algebras in analogous Way toL-W,and D-J-K-M show
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they correspond to some non-linear eQuatioﬁs like K-dV.([2],[3] ,[ﬁ] )

4. Remarks
(I). About classification and realizations of Euclidean>Lie.algebras,c.f.
[6],[1I5]. ‘

(2) Let 5{cjk9be the maximam homogenious ideal with E{/\j’ 4] Strlctly
speaking, ek(C)— éf(C)/${ is Kac-Moody Lie algebra But finite or Euclldean
caseﬁ{ =0,and we conjecture that &{ =0 for any case.

(S)ACharacter formula and denominator formula are analogy of finite case,

and proved for q; (C) -with symmetrizable C,i.e. there exist positive numbers

d
dgs ---,d such that( I“\d )C is symmetric matrix.
n E 1

4) Or1g1na1 K-av equatlon is obtalned by to put Xg s Xy = oo constant.
(5) Frenkel and Kac ([4]) construct standard modules in different way from
.K-K-L-W.It will be interesting to describe isomorphism explicitly between

K-K-L-W's module and F-K's
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