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ABSTRACT
This paper presents a new language whose describing ability is
in a sense equal to monadic recursion schemes, and a formal axiom
system which derives strong equivalence among monadic recursion
schemes. The main feature of the K—schemes 1s that each scheme
has one entry and two exits. Baslc theorems and a few more complex

examples are presented.
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1. Introduction

Monadic recursion schemes have been extensively studied as
7modelsofbomputer pfbgrams [13C023C3]C41[51. 1In the class of Ianov
schemes,which.is a restricted class of monadic recursion schemes,
the eqﬁivalence problem is solvable [6]. Friedman and others have
demonstrated that the strong equivalence problem for monadic
recursion schemes 1is decidable if and only if the equivalence
problem for languages accepted by deterministic pushdown automata
is decidable [3][5].

The main purposes of this papers are to propose a new method
for describing monadic program schemes, and to propose a powerful
axiom system,theK;systanbjwhich the equivalence among schemes can
be deducedﬁ A similar system,h—calculus,has already béen presented by
deBakker [2]. Since almost all of its axioms are proven

from more elementary axioms, the K-systemmay be said tobea
refined variation of ﬁ—calculus.

The flavor of the K-system will be given through simple
examples. Consider the followlng programs:

A: t:=f(t); while p(t) do t:=f(t)
B: repeat t:=f(t) until 7 p(t)

Their equivalent flowcharts are shown in Figure 1 and 2
respectively. Here t is the only program variable. The equivalence
of the two algorithms could be shown by using a formal method
having the power of mathematical induction. In the K-system, these
algorithms are expressed as fux(pfx) and ux(fpx) respectively and

the equivalence is proven in Example 4.2.
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Let us define two monadic recursion schemes F and G as
follows:
F(t) « if p(t) then g(F(£(t))) else g(h(t))
G(t) « &(G (t)) '
{ Gl(t)+ ;ﬁ p(t) ﬁégﬁ,g(el(f(t))) g;gg h(t)
They are translated into K-langﬁage as ﬁk(pfxg+hg) and (ux(pfxg+h))g
respectively'and the equivalence is proved also in Example 4.2.
The principal features of K-language are as follows:
(1) Every scheme can have one entry and two exits. (Thus we can
say that one-exitness is not a necessary condition for structured
programming.)
(2) The dual operators (-:) and (+) are used instead of <;> and
(3) The negation operator (-) is introduced.
(4) The recursive or naming operator u is used [2].
(5) Each scheme 1s expressed by a single expression instead of a
system of simultanéous equations.
The axiom system to be presented is, in a sense, a mixture of
Boolean algebra and the system for regular expressions [7].
Although the completeness of the ‘system is still unknown, it seemsi
at least to be a powerfulvtool for the investigation of monadic
recursion schemes and control flow of computer programs,becausey%é have
been successful in proving many basic equalities and some

sophisticated examples.
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2. Syntax

We are interested in monadic recursion schemes in a special
form. That language 1s called K-language In this section the syntax
of K-language and some syntax-related properties are defined. The

property ©f a scheme having or not having two exits is an example of a

syntacticalpn%XﬂTy.Those properties about expressions are important

in the deductive procedure presented in Section 3.

2.1 K-schemes

In this system, we have

(1) The set of function symbols A= {1, O, £15 £, -1,

(2) The set of predicate symbols P={pys pPys -1}
(3) The set of variables V={x;, X5, *--}.

Sometimes f, g, p, @, X or y are used instead of fl’ f2, Pys> Pos Xy
or x, respectively. The set B=AUP is called the set of basic
symbols.

Each K-scheme,or simply scheme, is constructed by basic symbols,
variables,parentheses and operators -, +, - and u.

Definition 3.1

Schemes are defined as follows:

(1) If se BLJV, then s is a scheme. That is, every basic symbol
or variable itself is a scheme.
(2) If F and G are schemes and x is a variable, then (F:G), (F+G),

(-F) and (puxF) are schemes.

Example 2.1 The followings are schemes.

a, (p-q), (ux(((p-£)-x)+g)), (-((-p)+ (-a))).
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We write F=G if F and G are identical strings. If G is a
substring of a scheme F and F is a scheme, then we write G F
and G is called a subscheme of F. For any scheme F, F<F.

The number of occurrences of operators +

+y +, - and ¢ in a scheme

F is called the height of F and denoted by ht(F).
In a scheme (pxF), F is called a scope of px. An occurrence of
a variable x 1s said to be bound if it occufs immediately after u or in
a scope of ux. If an occurrence of a variable is not bound, then it
is said to be free. A program without free occurrences of variables
is said to be closed. A scheme G is said to be free for x in F, if
no free occurrences of x in F lie within the scope of any uy, where

a free y occurs in G.

Example 2.2

We may omit parentheses and operators by using the following

rules:
(1) The operators are put in order of strength as follows: +,
‘s s U

(2) The dots may be omitted.
(3) The outermost parentheses may be omitted.
(4) (-F) may be written as F.

Hereafter, % stands for the operator - or +.

Example 2.3 Schemes shown in Example 2.1 are represented in an

abbreviated form as follows:

a, pg, ux((pflx+g), p+q.

F{H/G] denotes a scheme obtained from F by replacing an occurrence
of G by H.
F[G/x]f denotes a scheme obtained from F by replacing all free

occurrences of x by G.
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Eiample 2.4

If F=G=pfx+g, then F[G/x], =pf(pfx+g)+g. If Hzpfx
+ ux(ghx), then H[G/x].=pf(pfx+g) +ux(qghx).

2.2 Syntactical Properties

Several syntactical properties of schemes, such as the concept of

entry, exlt, boolean-ness and regularity, will be defined in this

section.

Let G be a subscheme of F. If the relation Gsen

using the following rules, G is said to be an entry of FT:

F is derived by

(1) FgenF'for every F.

(2) 1f G <op F» then Ggen(F*E) and GsenF for every F, G and H

Example 2.5

Sen ~e
See Propositions 4.1 and 4.2.

F Sop F(GH), F g (FG)H, F g G and F g FG + H.

A skeleton of a scheme Fis . an approximation of F that
does not contain U operators. This concept is used in testing
whether a .scheme has a dot-exit or a plus-exit. A skeleton
sk(F) of a scheme F is recursively defined as follows:

(1) sk(a)=a, if ae BuUV.
(2) sk(F#G) =sk(F) # sk(G),
(3) sk(F) = sk(F).

(4) sk(pxF) = sk(F)[sk(F)[@/x]f/x]f.

Example 2.6

sk(pf + g) = pf + g

sk(px) = pX
sk(ux(px)) = p(p0)
sk(ux(px)) E‘pgg

+ In the flowchart representation of schemes shown in Figure 3,

an entry of F is a boX or a set of boxes in F which is located at
theupper left corner of F.
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The concept of the dot exit and the plus exit of a scheme is
clear if we express it in flowchart representation (See
Figure 3). Strictly speaking, however, the property about
the exits of schemes can be defined syntactically. If ef’(F) or
ef+(F) is derived by using the followlng rules, the scheme F is

said to be dot-exit free or plus-exit free respectively:

(1) eft(£), if feA.

ef (0).

(2) ef*(FxG) ef*(Gg).

(3) ef*(FxG) ef*¥(F)A ef*¥(G). (7=+ and F=.)

(4) ef*(F) = ef¥(F).

(5) ef*(uxF) = ef*(sk(pxF)).

Every scheme is considered to have at most two exits, the doﬁ
exit and the plus exit (see Figure 3). For example,the scheme’pf
has both T‘exits. Some schemes have, however, only one exit of |

no exits at all. For example, pf+g does not have the plus exit.

Example 2.7

ef+(pf+g) = ef+(g) = true.
ef*(p0) = ef"(0) = true.
ef (px) = ef"(x) = false.

ef " (ux(px)) = ef”(sk(ux(px))) = ef (px)[(px)[0/x]-/x]s)

= ef*(p(p0)) = ef (p0d) = ef (0) = true.

ef" (ux(px)) = ef” (sk(ux(px))) = ef  ((px)[(px)[0/x]p/x]s)

= ef"(ppd) = ef (pd) = ef (pl)= ert(p)ref™(T) = falsen ef’(0)=false.
We will define the "boolean" property of a scheme. If bl¥(F)

is derived by using the following rules, F is said to be *—boolean*:

t If b1*(F), then there exist no function symbols on any path
from entry of F to the %-exit.
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(1) bl*(s), if se Pu {0, L}.
p1t(s), if seB (= Au P).

(2) bl*(FxG)

b1*(F)A bl¥*(G).

1]

(3) b1*(F*G) = bl*(F) Abl¥(F)A bl*(G).
(4) b1*(F) = b1¥(F).
(5) If ef*(F), then bl*(F).

Example 2.8

b1*(p), b1*(p), b1T(pf), b1 (F), bl'(pq) ana b1t (pq).
Suppose G is a subscheme of a scheme F. If GS%IIF is derived
by using the following rules, G is said to be boolean in F:
(1) FsblF'.
(2) 1If bl*(Fl) and G § 1 F,, then G (F #F,).
(3) If G<yq Fy, then Gsbl(Fl*E2) and(}éblﬁi.

Example 2.9

p <y (PA), pgyp (ap) and F g ¢ (pq+F) and H g, (pF + qG + H)

if et (?) and ef?(0a).
F[H/G]bl denotes a scheme which is obtained from F by replacing'

(possibly null) occurrences of G by H such that(}gblF.

Example 2.10

Take F = pq, G = pp and H = qp + fp. Then F[l/p]b1 = lqg,

F[1/ql,, = pl, G[1l/p]; = 11, G[L/ql_, = pp and H[1/pl
= gl + fp.

Consider schemes p-q and pf+ g and their flow chart equivalents.
In the first, the value of the program variable t does not change
during execution. On the other hand, assignment operations to t,

t:=f(t) or t:=g(t),occur during the execution of the second, We
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will syntactically define the property of an exit of a scheme as
follows:

If rg’ (F) (rg+(F)) is derived by using the following rules,

F is said to be dot-regular (plus-regular):

(1) rg"(f), if feA-{L}.
ret(£), if fen.
* * *
(2) rg (FsG)=rg (F)vrg (G).
(3) rg (FEG) =rg (F) A (rg (F)vrg (G)).
(4) rg’ (F) =rg (F)

* *
(5) rg (F) if ef (F)

Example 2.11

rg’ (pf), rg" (fp), rg+(f). rg (pf+g) and’ rg" ((p+q)(pf+g)).

See Proposition 4.3.

Assume that G is a subscheme of a scheme F. If G Srg F is

derived by using the following rules, then G is said to be
regular in F+::

*
(1) If rg (Fl) and(}sFé, then Gsrg(Fl*F2).

(2) If G srgF then G Sr'g (Fl*F2)’ G %"g (F2*Fl) and G < Fl'

1 g

Example 2.12

F Spg (fpF), H $rg (fpHF + G) and F N (pfFg + HG).

See Example 4.2.

t If G grng then there exists at least one function symbol
on any path from the entry of F to the entry of G, or there

exist no paths from the entry of F to the entry of G.
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3. The Axiom System

The purpose of this section is to present the axiom system K

for deducing equivalence among K-schemes. This system resembles the

systenxpf regularexpressions by Salomaa [7] and the one of Boolean

Algebra.

Relations between program schemes and regular expressions

have been discussed in many papers [8][9].

We are interestested inznzéguation F=G between'two schemes‘F

and G.

The meahing of the equation is described in Section 5.

The purpose of K is to derive "valid equalities" among schemes.

The next section demonstrates several equations whose two sides

i

~are quite different in form. | The K system consists

of eight axioms Al~A8 and four inference'rulés R1~R4. If F, G,

H and J are any schemes,x is any variable, and p is any predicate

symbol, then the following (A1)~ (A8) are axioms and (R1)~ (R4)

are rules of inference of K. Here H[G/F] denotes a scheme which

is obtained frqm H by replacing an occurrence of F by G.

Al
Aé
A3
Ak
A5
A6
a7

A8

F=0, if ef (F) and ef (F).
uxF=iF[uxF/x]f, if F is free for x in F.

uxF==ux(F[®/X]b1)

R1(Substitution) H[G/F]=J and H[G/F]=H are direct consequences

of F=G and H=J.

R2(Entry) Assume that Hsenﬁ‘and Hsg, G. Then F=G is a Qirect

n
consequence of F[L1/H]=G[Ll/H] and F[I/H]=G[1/H].

+
R2+(Entry) Assume that Hg_ F, }{senG-and ef (H). Then F=G

is a direct consequence of F[L/H]=G[1/H].



R2" (Entry) Assume that Hg  F, H

< G and ef" (H).
en

i1

Then F=G

is a direct consequence of F[L/H]=G[1/H].

R3(Boolean) F =

G is a direct consequence

of F[1/p] ;= G[l/p]bl and F[I/p]bl=G[T/prl.

RU(Solution of equations) Assume that F is free for x in G[x/Flrg
and x is not a free variable in G. Then F = pr[x/F]rg is

a direct consequence of F =G,

An equation E is said to be a consequence of a set of equations .

E iff there is a sequence El’ ey, En

of equations such that E=En

and, for each i,either Ei is an axiom, Eie E, or Ei is a direct

consequence by some rule of inference
in the sequence. We write EFE as an
consequence of E"., If E is the empty

called a theorem.

Example 3.1 F, = F2|- F,=TF,, because
of F1=F2 if we tgke F=Fl, G=F2 and

of some of the preceding schemes
abbreviation for "E is a

set, we wri‘ce1 FE, and E is

¢

F2=F is a direct consequence

1

H=F, in RI1.

1
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L4, Basic theorems and examples

Some important results and interesting examples derived from
the K-system are presented in this section.

‘ The;substitution rulele and the results in
the following lemma are used below%ithout being explicitly referred
to.

Lemma 4.1 If FF=G, then FG=F. If FF=G and }G=H, then
+F=H. FF=F. If FF=G and FH=J, then FFH=GJ, FF+H=G+J,
FF=G and FuxF = uxG.

The proof of Lemma 1 is straightforward, by Rl and A2. The next
Lemma permits renaming of bound variables as in predicate calculus.
Lemma 4.2 If F is free for x in F, F is free for y in F, all free
ccurrences of x are regular in F and there exists no free occurrences

of y in F, then thF==uyF[y/x]rg.

In the following, the dual results are shown in pairs.

Proposition 4.1

(1) F(FG)E=F(GH), H(F+G)+H=F+(G+H)

(2) PG =F+G, FFFG=FG (See Figure 1)

(3) FF1=F, }tF+1=F

(4) FF+L=F+L, FFL=FIL

The proof of Proposition 4.1 is by R2 and Al ~A5. Part
(2) is similar to De Morgan's theorem in Boolean algebra.

Proposition 4.2

(1) FF+G=F, if ef'(F). FFG=F if ef’(F).
(2) F(F+G)H = FH+GH if ef (H). KIFG+H = (F+H)(G+H) if ef' (H).
(3) FFG+H = F(G+H)+H if ef'(H). F(F+G)H = (F+GH)H if ef* (H).

(See Figure 5)
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(4) h(FG+H) = FH+G 1if ef'(G) and ef’ (H).
F(F+G)H= (F+H)G if ef (G) and ef’ (H).
(5) FF+G=FG ir eft(F).
(6) FFG+H = F(G+H) if ef'(F).
F(F+G)H = F+GH if ef " (F).
The proof of Proposition 4.2 is by R2+, R1® and R2.

Proposition 4.3

(1) bpp=p, jfp+tp=D.

(2) bpp=1, |[ptp=1.

(3) bp+tl =1, }Fpl=T.

(4) Fpa=ap, }Fp*+q=g+p.

(5) hpF+F=F, if ef (F). F(p+F)F=F if ef (F).

(6) Fp(F+G) = p(pF+G), Fp+FG = p+(p+F)G. (See Figure 6)

(7) FpF+pG = pF if ef'(F), k(p+F)(p+G) = p+F if ef' (F).

(8) hpqF+pG+qH = pqF+qH+pG,if ef (F), ef (G) and ef' (H).
F(p+q+F) (p+G) (q+H) = (p+q+F) (q+H) (p+G), if ef " (F), ef'(G)
and ef" (H).

(9) |p(qF +F,)+qF 3+F) = q(pF +F ) +pF,+F, 1f ef’(F)), ef*(F,),
ef+(F3) and ef (F,).
F(p+(a+F)F,) (q+F3)F) = (a+ (p+F)F3) (p+F,)F, if ef " (F,),
ef'(F2), ef'(F3) and ef'(Fu).

Proof. (1) The proof of the first equation is:

(a) 11=1  A2.

(b) IL=1  AS5.

(¢) pp=p (a), (b) and R3.

" The remaining proofs are omitted.
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Proposition 4.4  Assume that efT(F) and ef+(G). Then pq=1

- pF+qG = qG+pF.
Proof. Assume that H is an arbitrary scheme such that ef+(H).

(1) pqH+pF+qG = pqH+qG+pF  Proposition 4.3(8).

(2) pa=1 Hypothesis.
(3) LH+pF+qG = LH+qG+pF (1), (2), Lemma 4.1.
(4) pF+qG = qG+pF (3), A5, AL,
_ Q.E.D.
Hereafter, the set of theoréms bFl = f2, F, = F3, SN th—l =F,
are denoted by Fl =F, = -+ = Fn' ‘

Example 4.1

(1) If F=ux(pfx+g), then
FF = pfF+g
= pf(pfF+g)+g

= pf(pf(pfF+g)+g)+g

(2) If G=ux(pfxgt+h), then

G =pfGf+h

= pf(pfGg+h)g+h

il

pf(pf(pfGg+h)g+h)gt+h

(3) b H=ux(pfxx+g)

]

= pfHH+g

pf(pfHH+g) (pfHH+g)+g

(4) FJ=ux(pfx+g)

il

u

pfi+g
= pf(pfi+g)+g

pf(p+f+J)E+g
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W Several pairs of equivalent schemes whose recursive
strﬁctures are not the same are shown here. They are derived by
using R4.
(1) Ffux(pfx) = ux(fpx) This is becausefF = fux(pfx) = £ (pfux(pfx))
= fp(fux(pfx)) = fpF; Therefore FF = ux(fpx) by R4.
(2) }fux(pfo+G) = ux(fpxF+G), where F, G are arbitrary schemes.
This is because, k H= fux(pfxF+G) = f(pfnx(pf‘xF+G)F+G)
= fpfux(pFxF+G)F+G = fpHF+G; therefore FH = ux(fpxF+G).
(3) bux(pfx)gth= px(pf(pfx+g)+h). ‘
Take F= ux(pfX)g+h. Then hF=pfux(pfx)g+h=pfpfux(pfx)gth
= pf(p+T+ux(pfx))g+h = pf (p+fux(pfx))g+h = pf (pg+fux(pfx)g)+h
= pf(pg+fux(pfx)g+h)+h = pf(p(fux(pfx)g+h)+g)+h
= pf(pf(ux(pfx)g+h)+g)+h = pf(pfF+g)+h.
Therefore, by R4, FF =ux(pf(pfx+g)+h).
(4) bux(pfxg+hg) = (ux(pfxg+h))g. The idea of this equivalence
is based onl the example by Korenjack and Hopcroft [ 10 J. (See
Figure 7) Take F= (ux('pfxgm))g. Then }F = (pfux(pfxg+h)gthle
= pfux(pfxg+h)gg+hg = pfFg+hg. Hence FF = ux(pfxgthg) by RA4.

We will show a final example taken from Dijkstra [11].

Example 4.3

Consider the following two programs P. and P both of which

1 2°
evaluate the greatest common divisor of two natural numbers.

P,: while a#b do if a>Db then a:=a-b else b :=b-a

P,: while a#b do begin while a>b do a:

1

a-b

while b>a do b :=Db-a end
They are rewritten as

P' : while pvq do if p then f else g

P'B: while pV g do begin while p do f; while q do g end,

where pA q= false.
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These programs are translated into K-schemes as follows:
F=ux((p+q)(pf+g)x+L)
G=ux((p+tq)ux(pfx+L)ux(ggx+1)x+L)

- We want to show that pgq=1bhF=G. Let H=px(pfx+qgx+Ll).(See Figure 8)
First we demonstrate that pq=L FF=H, and later that pq=1F G =H.
(a) Proof that pq=1FF=H.

FF=ux((p+q) (pf+g)x+l) = (p+q) (pf+g)F+ L= (p(pf+g)+q(pf+g) )F+l

= (p(f+g)+q(qpf+g))F+l = (pf+q(If+g))F+L = (pf+qg)F+l
= pfF+qgF+1.

Therefore, FF = ux(pfx+qgx+l) FH.

(b) Proof that pq=1FG=H.

Fo = ux((p+q)ux(pfx+l)ux(qgx+l)x+l) = (p+q)ux(pfx+1)ux(qgx+1)G+1

n

]

(pux(pfx+l)+qux(pfx+D)ux(qgx+l)G+1

= (p(pfux(pfx+L)+1)+q(pfux(pfx+L)+1))ux(qgx+L)G+L

(p(fux(pfx+1)+1)+q(gpfux(pfx+1)+1)ux(qgx+1)G+1l

(pfux(pfx+ﬂ)+q(Ifux(pfx+l)+l)ux(qu+n)G+1

(Rfux(pfx+1)+q)ux(qgx+L)G+L

pfux(pfx+1)ux(qgx+1)G+qux(qgx+Ll)G+l = pfG, +q(qgux(qgx+1)+1)G+1

= prl+q(gux(qu+1)+l)G+1 = pfG,+qgux(qgx+L)G+1

1
= pr1+ng2+1’
= f
where G, = ux (pfx+1)ux(qgx+l)G and G, = ux(ggx+l)G. Therefore,
HG, = ux (pfx+1)ux(qgx+l)G = (pfux(pfx+l)+L)ux(qgx+1)G
= pfux(prx+l)ux(qex+1)G+ux(qgx+1)G = pfa, +(qagux(qgx+1)+1)G

= pfG,+qgux(qgx+1)G+G = pfG,+agG,+pfG,+qgl,+1

1
= prl+prl+ng2+ng2+l = prl+ng2+]L =G
I—G2 = ux(qgx+1l)G = (qgux(qgx+1)+1)G = qgux(qgx+1)G+G
= qgG,+pfG,+qgG,+L = pfG,+qgG,+qgl,*1 = pfG,+qgl+1 = G
Hence +G,=G,=G, and G = pfG+qgG+l. Therefore

bG = ux(pfx+qgx+l) = H.
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The meaning of a scheme in the K—language is defined in such
a way that the class of all interpreted funcitons from the K-schemes

includes the class of all interpreted functions from monadic -

pecursion schemes [4][5].

5.1. Definitions

Let D be any non-empty set. We add a special element L. to D
to obtain the set Dp = Du {L}. A partial order & is defined on
Dy such that sgt:iff?s =1 or s =t. If ¢ is a total function:
D+D, then it is extended to the function: DiL» Disuch that ¢ (L) =L
[12]013].

The least upper bound operation U i1s defined as follows:

tul=1Ut =tUt =t for all teDy. sut is undefined. if s # 4, .

Cs

t #4L and s # t. =t iffitn = t or tn =1 for all n»0, and

n=0tn
there exists n such that t = t. The least upper’bound¢14w of
functions ¢ and y: Dy» Dyis defined by (¢uy)(t) = ¢(t)u p(t) for
any t€ Dj. This operation can be. extended%for the class of
enumerable . functions ¢O’ ¢l’ . e

D 2nd 2P denote the set of all total functions: D - D

Let D
and the set of all total predicates: D + {true, false} respectively.
An interpretation I is a quadruple (D, A, P, V) = (D, A, P,~(V', V+)).
where A is a mapping: A - DD, P a mapping: P +_2D, and V a . mapping:
V+ DL x Di with a condition that ¥ (x) =J_’or V+(x) = | for any X.

Assume I = (X, A, P, V). Let us define that I[(t", t+)/x]

stands for an interpretation I' = (D', A', P', V') such that D' = D,

A' = A, P' = P and

V'(y) = +

4: v(y), if y # x
(¢, £ ), if y = x
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V defines the meaning of free variables. In general, howewver,
the role of V is less important than-that of A and P.

The meaning FI of a scheme F under a‘n interpretation I is
a function: Dy » Dy x Dy. That is, for any t e Dy, FI(‘G) is a
pair (F (t), FI+(t)). The function F' stands for the dot

I
effects of the all paths of the scheme F between the entry and the

3 . : + . . .
exitjithe function FI is defined in the same way with respect the plus exit.
We stipulate that E and L denote the identity functions and
the bottom function on D; i.e., E(t) = t and d(t) =L for all

t ¢ DL. The composition ¢oy of functions ¢ and ¢: D1 + Du is

given by a definition; (¢=9)(t) = v(¢(t)). |

Each scheme is recursively interpreted as follows:

(5.1) 0p(t) = (L, 1) = (h, &) (t)
(5.2) 1(t) = (t, ) = (B, &)(t)
(5.3) £,(t) = (A(£)(£), L) = (A(£), &) (t)
(5.4) | (t, L), if P(p)(t)
py(t) =
L@, ©), if 7P() (%)
(5.5) x(£) = (V' (x), V' (x)) = V(x)

. . o+ + .
. . + . +
(FI ° G, Fyp LI(FI °GI.))(t)
. . + +,. +
(Fr(B)u Gy (Fp (8)). Gy (Fp (8)))

. + +
), Fy oGy ) (£)

(5.6) (FG)1(t)

(5.7) (F+a)(t)

— . +
= (Fr7 e (Fp G

- + ) _ + .

(5.9) GuxF)p(t) = éﬁOFI,x,n(t),
F () = (L, L) = 0.(¢)
where{ I,x,0 I
FI,x,n+1(t) = FI[FI . n(t)/x],x,n(t)5 n=0,1,2,.

We may interpret each K—scheme as a flowchart which has at

most two exits. That is shown in Figure 3.
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'29222_2;1 If G is free for x in F, then FI[GI(t)/X](t)
(F[G/X]f)l(t) for all F, G, t, x and I.

We write P ¥ G if FI = GI for all interpretation I.+ We want
to demonstrate that the axiom'system K is consistent. It is

nelpful if we can ~ fix on one special domain in proving validity

of the system. A special class of interpretation, Herbrand

interpretations) is introduced here.

The domain D is called the Herbrand universe HK of X if D

consists;of the strings,

S S O T S %

and &, where X denotes the empty string. Assume that Lt = tdi =1

for all te€ HK' An interpretation I is called Herbrand if D = H

K

and fI(t) = tf for any te€ H, and ren. Tt Hereafter we will treat

K
only Herbrand Interpretations, because

Proposition 5.2[14] F ¥ G iff Fr = GI for all Herbrand interpre-

tations I.
Example 5.1 Let us show how pf+g, q(pf+g) and ux(pfx) are
interpreted under an Herbrand interpretation I.
(¢ef,1), if P(p)(t)
(pf+g) () =
(tg, L), if 7P (p)(t)

n-1
(&, e, 1f AP(p) (££7)A(7B(p) (££7))

(ux(pfx)) ;1 (¢) -
(L, L), if AP(D)(te™)

(¢f, L), if P(q)(t)AP(p)(t)
(tg, L), if P(q)(t)A 7P(p)(t)

(L, t), if 7P(q)(t)

(q(pf+g))1(t)

+ FI=GI means that FI(t)=FI(t) for all t & Dy.

t+ P and V are, however, not fixed.
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5.2 Validity of Axioms

First, we show the validity . of the elementary axioms.

Proposition 5.3 For any scheme F,

(LI
(2) WIF=F (3) L+F =1
(HI+F="F (5) IF = 1

Second, we show the validity of the axiom about exits.
Lemma 5.4 sk(F[G/x]f) = sk(F)[sk(G)/x]f for any F, G and x, if
G is free for x in F.

Let us define F<x,n> for n=0, 1, 2, ... as follows:

(5.10) F<x, 0> =0 |
(5.11) Fcx, n+l> é»F[F<x,-n>/x]f, for n=0, 1, 2, ...

Lemma 5.5 If F is free for x in F, then F<x, n>; = F for

all F, x, nAand I.

Lemma 5.6 If F is free for x in F; then sk(F)<x, n> = sk(F<x, n>)
fof all‘F; x:and n. |

Lemma 5.7 If F has no p-operators and ef¥(G) » ef*(H), then
ef*(F[G/x]});ef*(F[H/fo) .~ for allF, G, H, x and *.

Hence, if F has no u-operators and ef¥*(G) «ef¥*(H), theﬁ
ef*(Fle/xl e * (FIH/x1 ).

Lemma‘5.8 If F has no p—operatofs, then ef*(F<x, n+l>) » ef*¥(F<x, n>)
for all F, x and n. o

Lemma 5.9 If F has no u—dperators, then ef*(F<x, n>) « ef*(F<x, 2>)
for all n> 3. “

Lemma 5.10 If F is free for any free x in F and ef*(F), then

FI*(t) =1 for all F, t, ¥ and I.

Proposition 5.11 If ef’(F) and ef (F), then F ¥ 0.

Thus, the axioms Al to A6.are valid.



81

In order to demonstrate the validity of A7, we need to define
¢he monotonic and continuous properties of schemes [12][13].

A function ¢: DL~ DrLis said to be monotonic) when, 1if
sct, then ¢(s) €¢(t) for all s and t. F; is also said to be |

. +
monotonic if FI and FI are monotonic,

Lemma 5.12 For any F and I, FI is monotonic,
Lemma D.-<
LEEEE_Q;li FI,x,nE;FI,x, a+l for all I, x, F and n.

A function ¢: D;+ Dy is said to be continuous if s, c s,C

0F 1 - .-

Cs ... , then Ll ¢(sm) = »¢(\ﬁ s

sm) for all s
m m=0 m=0 :

0> ®1°

Proposition 5.14 If F is free for x in F, then uxF’? F[uXF/X]f
for any F and x. ‘ |

Lemma 5.15 If bl*(G), then G#F[H/x] , ¥ GsF[(G*H)/x] for any
F, G, H, * and x. : -

Lemma 5.16 F[F[m’/x]bl[e/x]f/ijl ¥ Flo/x],, for any F, G, * and x.

Proposition 5.17 uxF g'ux(F[m/x]bl) for any F and x.

5.3 Validity of Rules

We will show that the rules of inference in K—system preéérve
validity of equations.

Proposition 5.18 If F ¥ G, then H[G/F] £ H for any F, G and H.

+
* = . # %
Lemma 5.19 If G Sen F, then FI GI OF[l/G]I lJGI OF[E/G]I

for any F, G, * and I, where o means the concatenation operation

of strings.

~

Proposition 5.20 If H Sen F, H fen G, F[L/H] = G[L/H], and

F[1/H] = G[I/H], then F ¥ G.

Proposition 5.207 IfH ¢ F, H < G, ef (H) and F[L/H] ¥ G[L/H],
Nen ~en

then F ¥ G.
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Proposition 5.20° If Hg_ F, H Sop G» ef"(H) and F[L/H] & ¢[1/H],

then F ¥ G.
Lemma 5.21
F[l/p]bl*(t), if P(p)(t)
FI*(t) = _
F{1/pl ,*(t), if~P(p)(t)

for any F, I, #, t and pe P.

Proposition 5.22 If F[1l/pl; = ¢[Ll/pl ; and F[I/pl_; ¥ G[L/ply;,
then F ¥ G.

We have a one-side result for R4 as follows:
Lemma 5.23 If F is free for x in G[x/F]}, x is not a free variable
of G and F ¥ G, then ﬁxG[x/F]IE;FI‘for any F, G, x and I.

We have to prove the converse.using the notion of length.

The generalized Herbrand universe of K is the set of all

strings GH, generated by AU{P", P+|peP} and 1. ! Suppose we are

k
given a generalized Herbrand interpretation I =_(GHK, A, P, V).
In case' t é.L,let 1g(t) denote the number of occurrenceéwéf |
function symbols in t.

In a generalized Herbrand interpretation, we redefine the

semantics (5.3) and (5.4) as follows:

(5.3)" £1(¢)

(5.4)" pr(t) = (tp", tp")

(¢f, L)

We assume that GH, is closed under the 1,u,b, operation U

K

among strinés.

Example 5.2 Schemes pf+g, q(pf+g) and ux(pfx) in Example 5.1 are

interpreted under a generalized Herbrand interpretation as follows:
(fp+g);(t) = (tp'futp+tg, L)

. . .+ +

(tg"p'futa’p g, tg )

, Ot )
n=0

(a(pf+g)) (t)

(ux(pfx))I(t) (+
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In a generalized Herbrand interpretation I, if we define

{jt, if P(p)(t)

(5.10) tp’ =
1, if 7P(p)(t)
) + {:t, if 7P(p)(t)

.11) tp =
G i, if P(p)(t),

then the semantics of the K—schemeszue;the same as those defined in
Section 5.1.

If ¢t is a string in GHK’ let 1lg(t) denote the number of
occurrences of function symbols in €. Suppose ueGHK is the 1l,u,b,

of a set Su of strings in GH,. Then u

K (k)denotesjj{tE-Sullg(t)=k},

Clearly u = |j u
oo (k).

Lemma 5.24 ] (st)(n” c U S Lj t

m<k m<k {m) for any s, t, and k.

Lemma 5.25 Ll F (t)( )_ Fy (d t( )) forrany F, t, k and I.
m<k m_<_k

Lemma 5.26 1If rg*(F), then
Fr*(t) 0y

U F*(e) (yEF AU £ y) k=0, 1, 2,
mik+l (m)= m<k (m)
for any F, t, % and I.

Lemma 5.27 If F is free for x in G[x/F], then || G (t)(m)
m<k

(G[x/FJrg I[ﬁ?k-lFI(t)(m)/XJ(t)’ k=1, 2,»... for any F, G, x, I
and t. -

Proposition 5.28 If F 1s free for x in G[x/F], x is not a free

variable in F and F ¥ G, then F ¥ uxG[x/F]rg for any F, G, X.
This concludes the proof that all rules on inferences R1~RY4

Preserves the validity of equations.
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Figure 3 (a) An Instinctive Interpretation of Schemes
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