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On the Uniformization of Analytic Sets with the Countable Sections

and Related Results

By Yutaka YASUDA*

Institute of Educational Technology, Tokai University, Hiratuka

iIntroduction.l In a letter of Hadamard to Borel [1], Hadamard

discussed an effective choice of an element from a given Borel set.
Then Luzin [8] introduced thé general problem of uniformizétion,

and announced several results, dne of these is that every analytic
set is uniformized by the defference of two analytic sets. In 1978,
Steel and Martin gave an example of an analytic set ﬁhich can not

be uniformized by the defference of two analytic sets(Cf. Mochovakis
[107).

In this paper, we will state some results concerning uniformization
of analytic and Borel sets with special propeities and enumerability
of Borel, analytic and co-analytic sets. Our main aim is to give
thé positions in the g-algebra generated by the analytic sets. We
use the recursion théoretic methods; or Effective Descriptive Set
Theory. We assume familiarity with [12,14]', and use the notations

of them. In our proofs we shall often use the following uniformization

theorem which was first proved by Kondd in the classical case:

| Number Uniformization Theorem{Kondd[3], Kreisél[?]). Every

TT; set igciuxﬁpan be made uniform by a set of the same class.

*¥The author is partly supported by Grant-in-Aid for Scientific

Research, Proj, No.434007.



205

On the Uniformization of Analytic Sets

We would express our thanks to Professor Hisao Tanaka for his

valuable aid in the preparation of the paper.

e

§l. Our main tools in this paper are Harrison's Effective

Perfect Set Theorem[2] and

'{‘heorem l._‘ There is an Hi relation C(o(,n) and a mapping

. U3
(o, 1) > &(&®,n)ew defined on the set C such that

1. - .
pe Aile) & InlCltn)éa b= S, n)]
and the relation "Bzg(o(,n)"‘ @ﬁi uniformly on (&yn)€C. Conversly
there is a mapping (&,3) Hg"l(o(,(})@w defined on the set

{("(‘9@3) \ﬂedi("()} 'm that —_— —— —

Be sy = &, 874, 1Y) = 3

and the relation "n =§_1(0( ,B3)" is Z}% uniformly c:g{%éﬂi‘(d).

The first part of Theorem 1 is due to Kechris [3].

§2. We can extend Steel-Martin result(Cf.Introduction) as follows

lTheorem 2e l There Eﬁg E‘;‘ set in Ww ‘ﬂwm which can not uniform

by an (-z:{)fc‘ set.
This shows that Watanabe's result [17], which is an improvement
of Luzin [10] ,(Cf+Tanaka [15]) is the best possible.
For the analytic sets with the countable sections, we have

‘Theorem 3e | Every zi set in‘ﬁ’uxufr: with the countable sections

can be uniform by an (Zi) sete.

lD

For the negative side as Theorem 1 we have

lTheorem 4e There is an 2% get incﬁj\cﬁu with the countable

sections which can not be uniform by an analytic set.

lCorollary 5.] There is an Z:ll set in% 1%, with the countable

sections which can not be uniform by a co—analytic set.
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1’ § 3. Luzin[lO] showed that every Borel(analytic) set with
the countable sections is the union of countably many Borel(analytic)

curves(Cf.Kondd [7] and Tanaka [16] )e We can prove

e 1 o W X2
1Theorem 6.J Let B be aiin set in‘l 4 ;such that if B is

o>
non-empiy then B" is denummerable. Then there is an [J% set B*
_:L_r_lwy.“i.,x‘is such that

. < X X
(i) B*n>§ are ﬁ% pairewise disjoint uniformizators of B,

(i1) B(d,0) <> InB*(n,X,B).

; <A >
Let A be an 2% set inu;'fibz.:such that if A is

‘ Corollary 7.

<X i .
non-enpty then A ‘ is denummerable. Then there is an Z% set A¥ in

WX X & such that

(1) A*<n>i are 2% pairewise disjoint curves,
(11) A(C(,Q;)@ gnA*(n,O(yB)-

! §4. Sierpiriski {lz{l showed that every denummerable,Gdn set is

effectively denummerable. We have

'Theorem 8 Let E be a denummerableﬁi set of reals. Then

the members of E can be enumerated by an ﬂ% mapping.

Kondd [5] showed that every denummerable analytic set is effectively
denummerable. Sampei [12] and Tanaka [15] showed that every denummerable

2% set of reals can be enumerated by an Aé mapping. We can prove

ITheorem 9.1 Let E be a denummerable Zi set of reals. Then the

members of E can be enumerated by an (Z%)Pfﬁ (Z’i)f’a'c mapping.

ITheorem 10, There is a denummrable 2% set of reals whose

melMbers can not be enumerated by an Z’% mapping.

|,Corollary 11. There is a denummerable Z’% set of reals whose

members can not be enumerated by @Wi‘_ mappinge

-3-
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For the denummerable.TT% set of reals we have

Theorem 12. Let E be §_denummerable‘Tyi set of reals. Then

the members of E can be enumerated by qg:(éj;)fgamapgigg,
This is an answer of a problem of Kondd [6].
In the neare future, we will publish the detaild proofs of

the above theorems elsewhere.
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