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Graph- or matroid-theoretic approach has been successfully applied to
the design and analysis of large-scale systems, usually under certain
"generality" assumptions. 1In this paper, the structural solvability of a
system of equations is discussed under less restrictive and more realistic
assumptions on the "generality" of the quantities involved. A necesséry
and sufficient condition for the structural solvability is stated in terms
of the rank of a union matroid associated with the system of equations.
Also given is the detailed description of an efficient algorithm for

testing the structural solvability as well as for detecting the structural

inconsistencies.
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1. Introduction

Combinatorial approach hés proven to be useful in the design and
énalysis of large-scale Sysiems, eSpecially in deteéting structufal
inconsistencies and in decomposing the whole system into subsystems [10],
[11]. For example, the solvability of a linear electric network is
discussed in terms of combinaﬁo?ial concepts connected with graphs and
matroids, where a certain "generality”™ is usually imposed on the quantities
involved in the network {121, [21], [22].

A number of graph—theoretic techniques have been successfully
incorporated into chemical process simulators such as JUSE GIFS and DPS,
developed in Japan (8], (141, [24], (28], (311, [32]. The ideas of
applying graph-theoretic techniques to the solution of systems of equations
are found in [1], ({53, [6]1, [71, [15], [25], [26]. The mathematical basis
for the techniques employed in JUSE GIFS and DPS for testing the structural
solvability of a system of linear/nonlinear equations, as well as for
decomposing the whole system into hierarchical subsystems, is discussed in
[131, [14]1, [161, [17]1, [18] by means of graph theory under a certain
"generality assumption" on the functiocnal forms of the equations. However,
the "generality assumption" is tob stringent for some practical problems,
so that the graph-theoretic techniques developed under the assumption are
sometimes not justified in the strict sense of the word; in fact, a number
of real problems have been encountered for which the graph-theoretic
techniques fail to detect the structural inconsistencies.

In this paper, the structural solvability of a system of
1inear/nonlinear equations is formulated in a less restrictive and more

realistic setting, i.e., under a weaker "generality assumption" on the
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functions in the system and a necessary and sufficient condition for the
structural solvability is given in terms of the rank of the union of two
matroids associated with the system of equations. An efficient algorithm

for testing the structural solvability is presented together with examples.

2. Structural Solvability of a System of Equations

We consider a system of equations in the following form, with unknowns

xj (j=1,...,N) and u

fi(x, u) (i=1,...,M),

(k=1,...,K), and parameters ' (i=1,...,M):

(2.1

— i,
=4 <
x e
I 1]

= gk(x, u) (k=1,...,K),
where fi (i=1,...,M) and 8y (k=1,...,K)-are sufficiently smooth real-valued
functions. This form is most natural and convenient when we treat a
physicai/engineering system represented by a set of functional relations
among elemental state variables, where we want to adjust the values of x-
and u-variables so as to meet the arbitrarily given values of y-variables
{147,

We are concerned with whether the system (2.1) of equations has a

structure which admits a unique solution. In the following we assume that

M = N, since the number of equations must usually be equal to the number of
unknowns in order for (2.1) to have a unique solution. We denote Jacobian
matrix of (2.1) with respect to x and u by
J(£,x) J(f,u)
J(x,u) = . (2.2)
J(g,x) J(g,u)-IK

where
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1 1
J(f'x) = ’ J(f'u) = )
) 8xj Bul
o8 28
J(g,x) = 3% , Jd(g,u) = Buk .
J 1

~ ~

Suppose that (2.1) has a solution (x, u) = (x, u) for some y = ;. It

follows from the theorem on implicit function that, if

det J(x,0) £ 0, (2.3
(2.1) has a unique solution (x, u) around (;. ;) in accordance with an
arbitrary perturbation of y in a neighborhood of ;. It should be noted
also that, from a computational point of view, the condition (2.3)
guarantees the feasibility of a Newton-1like iterative method for the
“numerical solution of (2.1).

The above condition (2.3), howe;er, depends not only on the functional
forms of fi and 8y but also on particular values of (;, ;), which are
usually not known in advance. Hence we will consider a condition for the
solvability of (2.1), i.e., the condition that the Jacobian, as a function
in xj (j=1,...,N) and u (k=1,...,K), does not vanish identically:

det J(x,u) # 0. (2.4)
More precisely, we shall assume that the partial derivatives of functions
fi and gk can be regarded as elements of some extension field F of the
rational number field Q. This assumption is fulfilled, for example, if fi
and g, are functions rational in x‘j (j=1,...,N) and uy (1=1,...,K), in
which case the field of rational functions in xj (j=1,...,N) and u1

(1=1,...,K) may be taken as the field F. We shall séy that the system

(2.1) of equations is structurally solvable if the Jacobian matrix J(x,u)

of (2.1), as a matrix over F, is nonsingular, i.e., if (2.4) holds in F.
In the following, we denote by D the set of partial derivatives of fi and

-3-



288

8°

D={3fi/axj, afi/aul, agk/axj. agk/aul},
where i=1,...,M, j=1,...,N, and k,1=1,...,K. The set D is, by assumption,
a subset of F.

In [13], the structural solvability of (2;f) is discussed qnder the
following assumption'on the "generality" of the functional forms of fi and
8,:

7 GA1: The nonvénishing elements of D are algebraically independent

[29] over the rational number field Q.

Under this assumption, the structﬁral solvability (2.4) of (2.1) is reduced
to a condition on the “representation" graph of (2.1), which is a directed
graph, or a kind of signal-flow graph, with ;ertices corresponding to
variables xj (j=1,....,N), uy (k=1,...,K) and vi (i=1,...,M) and arcs
representing the functional dependences among the variables eXplicitly seen

in fi and gk. That is, we have the following theorem [13].

Theorem 2.1. The system (2.1) of equations is structurally solvable
iff there exists on the representation graph a Menger-type vertex-disjoint

complete linking from X={lej=1.....N} to Y={yili=1,....M}.

This result provides a mathematical basis for the graphical techniques
incorporated in chemical process simulators JUSE GIFS and DPS, which have
proven their effectiveness in industrial applications [2y41, (283, [31],
[32]. The "generality" assumption GA1‘is. however, sometimes too stringent
in actual situations;

To meet realistic situations, we have to mitigate the generality

assumption. Specifically, we shall consider the rank of the Jacobian

Y .
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matrix, when the elements of D are classified into two subsets, } and D\;,
in such a way that E is algebraically independent over the field Q(D\%).
the adjunction of D\% to Q [29]. By so doing, we can treat more realistic
situations than we could under the assumption GA1l, since GA1 obtains as a
particular case where ; = D. In the next section, we establish

Theorem 3.1, which is a basic lemma concerning the rank of a matrix

consisting of ‘two kinds of entries as above.

3. Rank of a Matrix

3.1. Additive partition of a matrix

Let K be a field and F an extension field of K. Consider anm by n

matrix A (aij) over F . We shall denote by A also the set of entries

{aijli=1,...,m;j:T,....n}‘of the matrix A. Suppose the matrix A is
expressed as the sum of two matrices T = (tij) dver Fand Q = (qij) over K:
A=T4+qQ, ‘ (3.1)
where the nonvanishing entries of T are algebraically independent over K.
As is readily seen, if we define
}0 = {aijlaij is a transcendental over K(A\{aij})}.
then tijéo implies aij eTO. Conversely, when given a matrix A over F, we

~

can get an additive partition (3.1) of A by setting

t. . a, .
13 1]

t.. 2. s s
13 13 1)
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VExample 3.1. Let K=Qand F = g(x,u,ex). For
21/2 x3+1 u+x
A = x2 1 e
o & 2

we have partition (3.1) with

0 0 u+x 2 0
2
T=10 0 e and Q =| x 1 o].
0 o : o o0 2

Let R = {1,...,m} and C = {1,...,n} be the column set and the row set,
respectively. For I<R and J cC, we denote by A(I,J) the submatrix of A
with rows I and columns J. The rank and the term-rank of A are denoted by
r(A) and t(A), respectively. Tﬁe following identity plays an important

role in the subsequent érguments.

~ Theorem 3.1 (Rank Identity). For a matrix A of the form (3.1), we

have

r(A) = max {t(T(I,d))+r(Q(R\I,C\J))}. , (3.2)
IcR,J<C

Proof: First we show the more obvious inequality:
r(A) < max {t(T(I,d))+r(Q(R\I,C\J))}.

‘ IcR,J<C
Take a nonsingular submatrix A(R',C') = T(R',C') + Q(R',C') of A with
IR"I=IC'l=r(A). Since det A(R',C'), viewed as a polynomial in nonvanishing
ti.'s over K, does not vanish, there exists a nonvanishing term, say
1 . . font .

iEIti.j(i) with I<cR', whose coefficient is equal, up to a sign, to
det Q(R'\I,C'\J) with J = j(I). Hence, we have t(T(I,J)) = |I| and
r(Q(R\I,C\J)) > r(Q(R'\I,C'\J)) = IR'|-II| = r(A)-1I|. Thus we obtain r(A)
< t(T(I,Jd))+r(Q(R\I,C\J)). Note that the algebraic independence of tij's

-6~



291

is not used in this part.

Next we show

r(A) > ma x {£(T(I,d))+r(Q(R\I,C\J))}.
IcR,J<C

Take (I,J) which attains the maximum on the right-hand side. Then there
exists a square nonsingular submatrix.T(I',J') of T(I,J) such that

t(T(I',d")) = 1I'] = 13" = &(T(I,d)).
Similarly there exists a square nonsingular submatrix Q(I",J") of
Q(R\I,C\J) such that

r(Q(I",d") = 11"l = 1" = r(Q(R\I,C\J)).
The submatrix A(I'+I",J'+J") is nonsingular, since the generalized Laplace
expansion of det A(I'+I",J'+J") with respect to rows I' contains a term

det Q(I",J") det T(I',d"),
which cannot be cancelled out by virtue of the algebraic independence of

the nonvanishing entries of T over K. Therefore we obtain

r(A) > r(A(I'+I",3'+J"))

1II') + (1"

t(T(I,J)) + r(Q(R\I,C\J)). Q.E.D.

3.2. Matroids associated with the additive partition (3.1

Theorem 3.1 may be rephrased in terms of linking systems [23] that the
linking system defined by matrix A is the union of the two linking systéms
defined by matrices T and Q. It may also be remarked that (3.2) can be
regarded as an extension of the 2-block rank introduced in [9].

With matrix A of the form (3.1), we will associate two matroids on S =
R+C, which are nothing but the matroids corresponding to the linking
systems defined by T and Q, respectively [23]. To be specific, we define

two functions T and p :ZS———>_Z_+ by



T(I+J)

(T(R\I,J)) + 111, | (3.3)

p(I+d) r(Q(R\I,d)) + |1}, (3.4

where I <R and J<C. Since T and 0 enjoy the properties of rank
functions of matroids [30], we denote the corresponding matroids by M(T')
and M(CJ), respectively. Then it follows from (3.2), (3.3) and (3.4) that

r(A) = max { T(3') + pP(S\3")} - IR{,

S'cS

and by the definition of a union matroid, we obtain

r(ad) = (TVP)(S) = m,
where M(T VD) is the union matroid of M(T ) and M(p ), and m = |R!. On
recalling the well-known relation between the rénk of the union matroid and

the maximum size of a common independent set, we obtain the following

theorem, where M(p*)is the dual of matroid M( p).

Theorem 3.2. For a matrix A of the form (3.1), we have

r(A) rank of M(TVP) - m

maximum size of a common independent set of M( T) and M(p¥*).

Remark 3.1. The dual matroid M(p¥*) of M( p) corresponds to the
transpose of the matrix Q. That is,

P¥(I+J) = r(Q(I,C\J)) + {JI.

.Since, as described later, M( T) can be represented by a bipartite
graph, and M( 0) as well as M(p*) by a matrix overig; we can compute the
rank of a matrix of the form (3.1), on the basis of Theérem 3.2, by
utilizing any established efficient algorithm for finding the-unionnof
M(T) and M(p), or fof finding a maximum common independent set of M( P)

and M(p¥*). The significance of Theorem 3.2 lies in the fact that it
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enables us to determine the rank of a matrix A over F with graph
manipulations as well as arithmetic operations in the subfield K, not in
the extension field F.

In connection with the Rank Identity (3.2), the following holds.

Theorem 3;3. For a maximizer (I,J) of (3.2) which is maximal with =

respect to set inclusion, we have |R\I|=|C\J] and |
" det A(R\I,C\J) €K¥ (K*=K-{0}) .

Proof:b‘Put T=R\I and J=C\J. Suppose |II>r(Q(I,J)). Then there
exists i in T such that (I+{i},J) is also a maximizer of (3.2), which
contradicts the asSuMption‘thét'(I.J) i; maximal. Similarly for |J}.

Hence |T1=171=r(Q(T,T)), that is, Q(I,J) is nonsingular, and a fortiori °
A(T,J) is nonsingular, i.e., det A(T,J)#0.

Suppose det A(I,J) £ K. Then there exist I'<I and J'cJ (I'#6, J'#0)

such that both T(I',Jd') and Q(I\I',J\J') are nonsingular, which implies

that (I+I';J+J‘) is also a maximizer of (3.2), a contradiction. Q.E.D.

it is known [19] that if det A<€K* for a square matrix A over F of
the form (3.1), the matrix A, with suitable permutations of its rows and
columns, can be deéomposed into LU-factors with a unit lower triahgular
matrix over F and a nonsingular upper triangular matrix over K. This
means, in practical situations, that the submatrix A(R\I,C\J) in

Theorem 3.3 has one and the same U-factor whatever values tij's may take.
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4. Condition for the Structural Solvability

4.1, Structural solvability under generality assumptions

Suppose. the partial derivatives D of fi and 8y in ﬁ2.1) are classified
into two subsets, } and D\;, in such a way that ; is algebraical;y
independent over Q(D\;).(see section 2). Accordingly, we express the
Jacobian matrix (2.2) as M

J=T+4Q, _ _ _— ‘ (4.1)

where the partial derivatives belonging to } are taken fqr theinqnvanishing
entries: of .T. - This expression is of the form (3.1) with K;Q(D\;)‘in éhe
‘previous section. Let us denote by M(T) and M(p ),»respectively, the
matroids defined by (3.3) and (3.4). From Theorem 3.2 with A = J, we
immediately obtain a necessary and sufficient conditiqn,fof thevstructural

solvability (2.4) of the system (2.1) of equations, as stated below.

Theorem 4.1. Suppose that M = N in (2.1). The following three
conditions are equivalent.

(i) The system (2.1) of equations is structurally solvable.

(ii) The union matroid M(T VP) has the rank 2(N+K).

(iii) The maximum size of a common independent set of M(T ) and M(p*)

is equal to N+K.

In case we can assume
GA2: Those elements of D which do not belong to the rétional number
fieid Q are algebraically independent over Q,
on the generality of the partial derivatives D, we may take ; to be the set

of all the partial derivatives which are not rational constants. Then we

-10-
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have K;Q(D\;)zg. which implies that the structural solvability can be
determined by arithmetic operations on rational numbers-as well as by graph
manipulations. |

Another useful assumption is that:
GA3: Those elements of D which do not belong ‘to ‘the-real number
field R are algebraically independent over R.
In this case, we can take for ;vthe set of non-constant derivatives and put
K=R, and consequently, the structural solvability is determined by
arithmetic operations ‘on real numbers as well as graph manipulations. The
geneFality’assumptfon GA3 ‘reflects the situation where we regard the
‘nonlinear part of ‘the fuhétionsifi and gk»as independent.
Some comments would be in order here on the mutual relations among the
generality assumptions GA1, GA2 and GA3. First of all, GA2 is weaker than

GA1; that is, if GA1 holds, GA2 holds, too. No other implications exist,

as illustrated below, where E;E(x,ex) andvT0 is determined with K=Q.

D GA1 GA2 GA3 | T,
{e¥,x,e 2.e¢§} 0.K. 0.K. O0.K. {ex.k;e/s,e/g}
{ex,x.evs;,evg} 0.K. O.K. X {ex,x.evﬁ;,e/g}
{e*,x, m,1} X 0.K. O0.K. | {e*,x,T} |
xom,n2,272 | x X 0. | {x}
{ex.x, mx,1} X Q.K. X {ex,x, Tx}
{ex,x. X, T} X .’ X X {ex}

When given a system of equations, we can test the structural
solvability by applying Theorem 4.1, once we classify the elements of D
into two subsets T and D\T. In actual applications to real problems, the

-11=-
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classification is in some sense at our disposal, or in other words, it

depends on how we model the system, as will be seen in the example below.

4.2. Example —- Ethy}ene dichloride:production. system

Consider--a hypothetical system (Fig. 1) for the production of ethylene
dichloride (C2HuC12), which is slightly modified from the one given in
"Users Manual of Generalized Interrelated Flow Simulation" of "The Service

Bureau Co."

Feeds to the system-are 100 mol/h of pure chlorine (C12) (stream 1),
and 100 mol/h'of pure ethylene (C2Hu),(stream 2).. In the reactor, 90% of
the ethylene is converted into ethylene dichloride according to the
reaction formula 7

CZHM + Clé -—> C2H4C12.
In the purification stage, the product ethylene dichloride is recovered and
the unreactgd chlorine and ethylene are separated for recycle. The
purification is described in terms of component recovery ratios a1, a2 and
a3 of chlorine, ethylene and ethylene dichloride, respectively. These are
the fractions of components in the unit feed (stream 5) that are recovered

in stream 6.

The problem éonsidered here is as follows.

1
of ethylene dichloride with which a

Problem: Given the component recoveries a, and a, of chlorine and

ethylene, determine the recovery x=a3

specified value y mol/h of ethylene dichloride is produced.

Let us e ui2 and ui3 mol/h be the component flow rates of chlorine,

ethylene and ethylene dichloride in stream i, respectively. The system of

-12-
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@ recycle

@ chlorine feed

100 mol C1,/h @ BRI @
> ..reactor ————— purification

@ ethylene feed s .
907 conv. ?
100 mol C,H, /b Czﬂﬂqzwpzﬂa(?_Q

@ product

Fig. 1. Hypothetical ethylene:dichloride production:system. .

Fig. 2. Representation graph of .the example problem .
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equations to be solved may be put in the following standard form [8], where
u is an auxiliary unknown variable in the reactor and r (=0.90) is the

conversion ratio of ethylene.

str3=stri+str6: u,, = Ugy * 100

31

| Ugj = Ugy (3=2,3)
strizstr2+str3: Uyp = Ugp + 100

n“J =vu3j (3=1,3)
reactor: u=zr uué

ugy = u;j -u (j=1,2)

u53 = uu3+u
purification: u6j = aJ USJ (j=1,2)

Y63 = ¥ Us3

u7j = uSj - u6j (j=1,2)

¥ = Y53 ~ Yg3

In this case we have M=N=1 and K=15 in the notation of (2.1). We regard aj
(j=1,2) and r (=0.90) as constants which assume "general", i.e.,
algebraically independent, values.

The representation graph of this system of eduations is gi?en in
Fig. 2, on which a Menger-type complete linking (e.gl. X —> u63 —>y)
exists from the set X={x} to the set Y={y}. Therefore, the existing method
(81, [13],‘[131. which assumes GA1 and applies Theorem 2.1, would conclude
that this system were structurally solvable, contradicting the fact that it
is not structurally solvable, i;e.. that the Jacobian of this system
(Fig. 3) identically vanishes. This contradiction stems from the

assumption GA1, which, in this case, fails to hold. 1In fact a large part

~14-
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of the equations are made up of simple additions and. subtractions so that
most of ﬁhe partiél derivatives are constaht of values such as 1 and -1,
which are too special to be considered "general”; consequently, the
Jacobian matrix is singular in spite of the fact that it has term-rank of
N+K=16, or equivalently [13], that tﬁe representation graph has a
Menger-type complete linking. |

| On the other hand, thé-new method based on Theorem 4.1 can détect the
structural inconsistency of this system of équations. We consider 31; 32'

to be algebraically independent over Q and, putting T = {a .

r, x and u 1

53
as. . X, u53}, express the Jacobian matrix in the form of (3.1). The
maximum size of a common independent set of M( T) and M(p*), which can be
found by the algorithm given in the next section, turns out to be equal to

15. It follows from Theorem 4.1 that the system of equations is not

structurally solvable.i

-15-
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U371 U2 Y33 Yyr Va2 Va3 Vst Ys2 Ys3Uer Y62 Y63 Y71 Y72, U

X

.

-1

-1

-1

-1

=1

— - - - - — - - ——— -

— e - - e - —— o - " — =]

e e e e e e e e e wm ae - e

Y53

l.l31

1132

Y33

Yy

Yy

Uu3

s

Uso

Us3

Ye2

U63

U71

Jacobian matrix of the example problem

Fig. 3.
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5. Algorithm for Testing the Structqral Solvability

5.1. Representation of éﬁe mairoids M('f) and M(p*)

In this sectipn, we will describg an algorithm for determininé the
rank of an m by n matrix A = T + Q of the férm (3.1) on the 53515 of-
Theorem 3.2. For convenience, Qe put the column set C:{1,...,n}‘andmthe
row set R={n+1,...,n+m} apdrs =VC+R = (1..,.,n+m}, and ungerstand
throughout that i and J deqote a subset of R anq C, féspécgively. 4qu
functions, i.e., the clqsure élé and thg fundaméntal ciréuit CQ are defined
in M(p¥*): | . o o

le(X) = {vio*(X+{v})=p*(X)} for X<?S?i
and for v Ele(X)\X with X independent ; |
Q1) = {ul (X+{v})\{u} is independent]}.
The closure clT and the fundamental ciréuit CT in M(T) are defined

similarly.

The matroid M(T ) can be represented by a bipartite graph GT
associated with matrix T; the vertex sets are R and C, and there is an edge

(i,3) iff ti #0. The subset I+J is independent in M(T ) iff, for some

J

subset J, of R\I, there exists a complete matching between J, and J on GT.
With a fixed complete matching between J, and J for an independent set I+J,

is associated the auxiliary directed graph G., with vertices R+C, which has

T

an arc (i,j) if the edge (i,j) in G, is out of the matching and an arc

T
(j,i) if the edge (i,j) is in the matching, where i €R and j eC.

The basic functions, clT and CT. of M( T) may be characterized in terms
of the reachability on GT’ as is stated in the following propositions,

where K = R\(I+J,) and u-%->v means that v is reachable from u.

-17-
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Proposition 5.1. For v ¢ I+J with I+J independent in M(T),
v £ clT(I+J) iff u-%->v on ET for some ue K. 1
Proposition 5.2. For ue I+J, ve clT(I+J)\(I+J) with I+J independent
in M(T), ueCl(viI+d) 4iff u-2->v on ET. 0

Proposition 5.3. For ue I+J, v ¢ I+J with I+J independent in M(T ),

u-£->v on GT implies that I+J+{v}\{u} is independent. [

On the other hand, the matroid M(p*) can be represented by
n-dimensional row vectors over K. Let qi be the i~-th row vector of Q
(izn+1,...,n+m) and ej be the j-th row vector of the unit matrix I_

(j=1,...,n). For convenience, we write

1
r -

e, (i=1,...,n),
i- {

9 (i=n+1,...,n+m).
Then I+J is independent in M(p*) iff the row vectors {rjlje I+J} are
linearly independent over K.

Let s be a permutation of S={1,...,n+m} such that {rs(j)lj=1,....n} is
a base of the n-dimensional vector space, that is, B={s(j)|j=1,...,n} is a
base of M(P*). Then rs(i)‘s'(i=n+1....,n+m) can be represented as a linear

combination of rs(j)'s (j=1,...,n), and we shall write the coefficient

matrix of the combination by m by n matrix P:(pij) over K such that

(iz=n+1,...,n+m).

Mo

Pij Ts(i

r ,.\ =
s(1) =1

Q Q

In terms of the mairix P, ¢1” and C" can be characterized as follows.

For s(i) £ I4dJ,
s(i)e le(I+J) iff n<i and pij=0 for any j with s(j)e B\(I+J).

For s(i)€ clq(T+dI\(T+d),

Q

s(jdecC

(s(i)}1I+J) iff j<n and P; ; £ 0.

-18-
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5.2. Description of the algorithm

By specializing the algorithm described in [11], [27], we will find a
maximum cbmmon independent set of M( T) and M(p*) instead of determining
the rank of the union matroid pf M(T) and M(p) [4]. To be specific, we
consider a maximum independent matching problem on a bipartite graph with

the vertex set V_+V_, each of V., and V_ being a copy of S, and the edges

T Q T Q
connecting the vertices of VT and VQ corresponding to the same element of
S. To VT is attached the matroid M( T) and to VQ the matroid M(p¥*). Let

I+J be a common independent set of M( 1) and M(p*). The algorithm workS
with the auxiliary graph E. on which augmenting paths are to be found, and
an m by n matrix P=(pij) (i=n+1,...,n+m; j=1,...,n) along with a
permutation s of {1,...,n+m} such that I+J cB={s(j)1j=1,...,n}.

The auxiliary graph E‘is determined as follows. The vertex set of 5
is the union of VT=RT+CT and VQ=RQ+CQ, ;here RT
are copies of R (C, resp.). The copies of y € R+C are denoted by vTe VT and

and RQ (CT and Cq, resp.)

vQ €Vq.

above, with respect to a matching on GT' The subgraph of G on VQ expresses

The subgraph of G on VT is the auxiliary graph G.., mentioned
M(p*) with the help of the matrix P and the permutation s in the following
manner: An arc (uq,vQ) (UQ,VQE'VQ) exists iff Pik = 0 for all k such that
s(k) ¢ I+J and pij # 0, where u=s(i) and v=s(j).

The algorithm starts with a maximum matching on GT' the bipartite
graph associated with the matrix T. This means that it starts with a
- common independent set J, the subset of C which is covered by that
matching. With the aid of the auxiliary graph G, the algorithm increases
the size of the common independent set I+J one by one. Associated with the

-~

auxiliary graph G is a common independent set I+J:

-19-
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I

{ie Rl(iq,lT) exists on G},

J {je Cl(jQ,jT) exists on G}.

A vertex in RT is called an entrance vertex if it has no incoming edge

on G. A vertex uQ in RQ+CQ is called an exit vertex if it is not in the
closure of the independent set I+J in M(p¥*), i.e., if
either ue{s(j)lj=1,...,nI\(I+J) or pijio for some j with s(j) £ I+J,

where u=s(i).

Algorithm
1) s(k):=k for k=1,...,n+m.

P:=Q.

Find a maximum matching on GT; set J equal to the subset of C such
that the corresponding verticeé in CT are covered by it. Let the
arc set of E consist of the following:

)i€R,jeC;(d

{(i ) is out of the matching on GT}

T!JT T'JT
+{(JT.1T)115 R,je C;(lT.jT) is in the matching op GT},

{(iT.iQ)}iE R} + {(jT.jQ)Ije C\J} + {(jQ,jT)ij J1,

{(i YlieR,je C;pik=0 for any ke C\J and pij£O}.

Q'q
2) Look for a shortest path P (i.e., with minimum number of arcs)

on 5 from an entrance vertex to an exit vertex.

i) If such a path ; does not exist (including the case where there is
no entrance or no exit vertex), stop with I+J being a maximum
independent set.

ii) If such a path ; exists, do the following.

For all pairs u,v such that the arc (uQ,vQ) exists on P,

perform the pivoting operation on P with the pivot (k,1),

where u=s(k) and v=s(1):
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T p.. = pij—pilpkj/pkl (ifk, j#41),

pkj o= -pkj/pkl (j£1),

Py := pil/pkl (i#Zk),

Pep 2= 1/Pyp»

L s(k):=v; s(1):=u.

Let vQ‘be the exit verfex on P and v=s(k). If k>n, then do

pivoting above with pivot Py # 0 such that uss(1) £ I+J.

Reverse the orientations of all the arcs on P.

(Update I+J accordingly.)

Referring to the new matrix P, update the ares of G connecting two

vertices within VQ, i.e., make an arc (uq,vQ) iff

Piy = 0 for all k with s(k) £ I+J and pij £ 0,

where u=s{i), v=s(j).

Go to 2).
The following example illustrates how the algorithm works.

Example 5.1. Consider a square matrix

Y\

((t,1 t,1-1 0 2

0 t2 T1 1 2 0
o]
0 t3 ts 6 0 O
A = o1 1 1 0 11 ’

L0 0 0 1 0 1 1}

where {tili=1,....5} are algebraically independent over the rational number

field Q. The partition (3.1) yields A = T + Q with
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(t,0 t, 0 0 0 0) (001 0 1-1 0 2)
0 t,0 0 0 0 0 00111 20
0 0 tyt,0 0 0 0 00000 O
T=]0000000], Q=01 1-101 1].
000 0O0GO0O 1-1 0 0 1 11
000000 0] 001 1120
L 0 00000 o0 ) (0600 1 0 11

It is easy to see that r(A) = 6, r(T) = t(T) = 3 and -r(Q) = 4,
The algorithm starts with a maximum matching on GT‘ e.g., {(8,1),

(9,2), (10,3)}, or {t,, to to}. This means I+J = {1, 2, 3}. The initial

3
state of the auxiliary graph G(O)lis given in Fig. 4 (i) together with that
of the matrix P:P(O)=Q. The entrance is {11T. 12T, 13T.‘1uT} and the exit
i 1’ ? ’ ] * , ’ ’ u ’ .
is {uq, 5Q 6Q 7Q BQ QQ 11Q 1ZQ 13Q 1 Q}
Then an augmenting path P(O)=11 —>11. is found on G(O) and the

T Q
pivoting of P with pivot (k,1)=(11,4) is done. (We may choose (11,6) or

(11,7) instead of (11,4) as the pivot.) According to the updated matrix

P:P(1), we change the arcs connecting two vertices in V., to obtain the
~(1) .

auxiliary graph G' '’ in Fig. 4 (ii). Now I+J = {1, 2, 3, 11}.
On G(1). an augmenting path P(1)=12T-->1ZQ is found, yielding G(2) in

Fig. 4 (iii) with I+J = {1, 2, 3, 11, 12}. The entrance of G(2) is {13T.

14T} and the exit is {UQ. 5 6., 7Q}. An augmenting path

Q' Q
=(2) .
P _1HT-->1uQ——>3Q—->3T-->1OT--->lIT——>1$Q is found. For the arc (14Q,3Q)
and the exit vertex MQ, we perform the pivoting, once with (k,1)=(14,3) and

2)

once with (k,1)=(11,6) (or (11,7)). The auxiliary graph G( is updated to

G(s) in Fig. 4 (iv) with I+J = {1, 2, 4, 11, 12, 14}. It turns out that no

~(3)

path exists on G from the entrance {13T} to the exit {SQ’ 6Q, TQ}.

Therefore the I+J is a maximum common indepéndent set. It follows from
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Theorem 3.2 that r(A) = |I+J| = 6. From the maximum independent set I+J,
we also know that T(R\I,J) and Q(I,C\J) gives a partition of matrix A that

attains the maximum in the right-hand side of (3.2).
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1 2 3 4 5 6 7
01 0 1-10 2
0 0111 20
10 |0 0 0 0 0 0 O
PO 1100 11 Do 1 1], =1, 2, 3
12 |1-1 0 0 1 1-1
1300111 20
14 /0 0 0 1 0 1 1
— @
—ll 6
— S 4‘9
- ©
— ©
— ©®
i @

8y © 8

o1 © %Q
10, © 10,
11, @ 11,
12, O 12,
13, © 13,
14, O] 14, |

Fig.4 (i). Auxiliary graph G' /.
Y QO:entrance ; (@:exit
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0 0-1 1-1-1 1

0-1 0 1 1 1-1

000 0O0TO OO

0-1-11 0-1-1{, I+= {1, 2, 3, 11}
1-1 0 0()1-1

0-1 0 1 1 1-1]

0-1-1 1 0 0 0

lla -
T lond
5(1)
12T()r i
13T(>~ : .
laTC>' —
Fig.4 (ii). Auxiliary graph’E(]).

O :entrance :exit
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1 2 31112 6 7
8/1-1-1 1-1 0 0
9/-1 0011 0 0
10/0 00 0 0 0 O
p(2) 410-1-1 1 0@-1 , I+J= {1, 2, 3, 11, 12}
1 0 1-11
0 1100
1 1 000
10.. —
1. & —~
12, @- S
13TG T ~2)
P
14.Cr T

Fig.4 (iii). Auxiliary araph ]
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1 2 1411 12 4 7

1 01 0-120 0
-1 001100
100 000 00O
p(3). 6 01 0 0-1-1] , I+J= (1, 2, 4, 11, 12, 14}
51-1 1-1 0 1 1 2
13|-1 00 1100
3lo-1-11 0 0 o0
1
T
. 1
) Q
T
— 2
/%
3. N ;
Q
4T
oL
o
O
ST /%7 Foo—
@/ _
10T =
1. @ B
12, @ —
13TO Io—
14 @ -

. . 3 ~(3)
Fig.4 (iv). Auxiliary graph 6 7. O :entrance ; @:exit
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6. Concluding Remarks

Graph-theoretic techniques for testingvthe:structural solvability
naturally lead to the‘decompositions of the whole system into hierarchical
subsystems [13], [16], [17].:[18], [25]. For éxamble, the decomposition of
a bipartite graph [2], [3] due to A. L. Dulmage and N. S. Mendelsohn
applied to thé Jacobian matrix (Fig. 3)bof the ethylene dichloride
prodqption system yields Fhe block-triangular form shown in Fig. 5.
Obviously, the term-rank of this matrix is equai’to 16. Once the matrix is
put ;; ihe bloék-triangular form, it will not be difficult, in this case,
to detect the singularity of the matrix by inépection; in fact, the
diagcnal_block of size 4 in the middle, i.e., the one corresponding to {y,

u33, F“B' u53}x{u53. u63. u33. uu3}, is easily seen to have rank equal to

3.
On the other hand, the matrix A of Example 5.1 is irreducible by the

Dulmage-Mendelsohn decomposition, And it would be essential to resort to
the proposed method to determine the rank of this matrix efficiently.

Thevalgorithm. described in section 5, for finding a maximum common
independent set of M( T) and M(p¥*) also gives a partition of R+C with the
partial order structufe, which is called the principal partition [10],
[11j, [20] with respect to the pair of matroids (M( T ), M(P*)),

We conclude with the following theorem.

Theorem g.l. Suppose that the matrix A of the form (3.1) is
nonsingular. The partition of R+C induced by the principal partition with

respect to (M( T), M(p*)) is a refinement, inclusive of the partial order,

of that induced by the Dulmage-Mendelsohn decomposition of the matrix A.
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Fig. 5.

Block-~triangular form of the Jacobian matrix in Fig. 3
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