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§ 1. Statement of results.

A famous theorem of Atiyah-Bott and Milnor asserts that if
a finite group G acts smoothly on a closed rational homotopy
sphere ) with ZG = p U d, then the representations of G
on TPE and TqE are equal provided the action is semi-free.

This is a report on joint work in progress with K.H. Dovermann

where we show that for many cyclic groups of odd order, the re-
sult is false if the semi-free assumption is deleted. This is.
a prelude to our study where rational homotopy sphere is re—i‘
placed by homotopy sphere. The author wishes to emphasize that
proofs of results stated here exist in outline form only; So
there may be some changes before the results obtain final form.
Let V be a representation of G and E an acyclic G
space on which G acts freely. A smooth G manifold W is
said to be V framed if there is a stable G vector bundle
isomorphism B : E x TW ~ E x W x V. These bundles are G
vector bundles over E x W. There is an obvious notion of
framed cobordism for V framed manifolds. Such a cobordism is
said to be rel{W'|Hc G H # 1} if it is a product on H
fixed sets for H # 1. By definition W is framed if it is

framed for some V.



Let U and V be representations of G. Write U~ V

Q
if there is a rational homotopy sphere Z with G action such
that J° = p U g TPE = U, qu = V. We define a set S, of
divisors of |G|, a subgroup R(G) of the complex representa-

tion ring of G and a homomorphism

A+ R(G) » 1 C€*/3. =T.

2
deS1
Here C€CX =C - 0 and 22 is the subgroup of nc® generated by
(-1, -1, +++-1) = -1. Note T 1is a multiplicative group.

Theorem A: If 2z € Ker()), then there are representations U

and V of G such that r(z) = U -V and U V. Here

[o}
r : R(G) » RO(G) denotes "realification".

For cyclic groups with at least four distinct primes divid-
ing ]G[, Ker )» 1is non zero. In fact it's usually large. The

main geometric ingredient in the proof of Theorem A is this

theorem:

Theorem B: Let G Dbe cyclic of odd order. Suppose W is a

closed 4k dimensional framed manifold with G action such
that

i) dim w° = 0

ii) For H c G, H # 1, the Euler characteristic of

H

wl y@w®) is 2 and dim W'

1 ..
<5 dim W
iii) Sign (G,W) =0
Then W 1is framed cobordant to W' rel{WHlH C G, H= 1} and

W' 1is a rational homotopy sphere.
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Corollary C: WG consists of 2 points p and g and

T .
)

§ 2. Outline of ideas used in theorems A and B.

We briefly indicate the ideas used in A) and B). This
requires additional notation. Let A be Z or @ and n be
an even integer. Let Wn(G, L) Dbe the equivariant Witt ring
denoted by Wn(A, G) in [ACH]. Briefly Wn(G, A) consists
of equivalence classes of pairs (M, ¢) where M is a A
torsion free A(G) module and ¢ is a non singular, G

invariant A wvalued bilinear form which satisfies

)n/2

d(x, y) = (-1 o(y, x) for x, y e M. If W is a closed

manifold of dimension n with G acting preserving orienta-

tion, then [W]A € Wn(G, A) 1is the class of

(Hn/2

(W, A)/Torsion, ) where is the cup product bilinear

Py O

form on W. We remark that [W]A depends only on the G
cobordism class of W. Note this key observation:

2.1 [W]Z =0 if W is a rational homology sphere. 1In

the case IG\ is odd [ACH] give necessary and sufficient

conditions that [W]Z = 0 which we exploit. To do this we

henceforth suppose G is an odd order cyclic group and W is

a closed oriented smooth G manifold of dimension 4k and in

addition we assume dim WG = 0. 1In this case there is a simple

formula for the torsion signatures {wp(G, W) | p is a prime
which divides |G|}. Note that in the notation of [ACH]
wp(G, W) = £(T, p) where T generates G. See [ACH] pages

149-151. Let p be a prime which divides |G| and let P be



the p Sylow subgroup of G. Call p good if there is no

integer x such that -1 = p*mod|G/H|; otherwise p is bad.
Lemma 2.3. Under the above assumptions on W, wp(G, W) =0

. . _ 1. o p

if p is good and wP(G, W) = szG 5(dim T W - dim T W) mod 2

if p is bad. (See 2.20)

Proof: This is immediate from [ACH, 1.8 p.141 and 3.5 p.149].
We emphasize that wp(G, W) € Z2 for each prime p which

divides ]G]. These invariants are all functions of [W]z.

Theorem 2.4. [ACH, 3.6 p.151] [W]Z =0 iff Sign(G, W) =0

and wp(G, W) = 0 for all p which divide |G].

Corollary 2.5. If W is a rational homology sphere with

W = xuy (2 points), then 3(dim TW - dim TyWP)E 0(2) for

each p Sylow subgroup for which p is bad.

Proof: This is immediate from 2.3 using the fact that dim'TXW
and dim TXWP are even.

Corollary 2.5 gives an especially simple necessary condi-
tion that the representations U and V of G occur as
(TXW, TyW) for some smooth action of G on a rational homology
sphere W with WG = xUy. Actually much more stringent
necessary conditions come from the condition Sign (G, W) = 0.
In fact if we add the condition that W be framed, all

wp(G, W) vanish. Here is the argument:

Theorem 2.6. Suppose W 1is framed and WG = x v vy, then

w (G, W) =0 for all p which divide |G| .
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Proof: The results of Atiyah in [A] assert:

+) Ker(R(G) » K (E) = K(E/G) = R(G))
= Ker (R(G) =55 1 R(P))
P Sylow

(The P component of res is (res)P = resg where

res; : R(G) - R(P) is restriction to P ¢ G.) Clearly

TXW - TyW € Ker(R(G) - KG(E)) if W 1is framed; so

TXW - TWeEe Ker(R(G)—£9§+ 11 R(P)). Now the assertion
y P Sylow

wp(G, W) = 0 follows from 2.3. (See 2.19)

Corollary 2.8. Let W be a framed G manifold with

wé = pu g. Then W], = 0 iff sign(G, W) = 0.

Now we discuss framed manifolds and equivariant surgery.
The process of equivariant framed surgery is well understood
when G acts freely on W. (See e.g. [W]). We treat this
case first. Suppose G acts freely on W and
B: TWE  (Wx V) 1is a stable G vector bundle isomorphism
for some representation V of G. Call B a strong framing
of W. Then for any x € ﬂj(W) j £ n/2 (n = dim W), there
is a G immersion (imbedding if 3j < n/2)
n-j

1 : G xS? xD +~ W such that 1]8:J represents x. If 1

is a G imbedding, there is a strong framing g' of

N=J=1  which

W' = W-interior (G x 87 x D"y U 6 x b3t s
agrees with B over W-interior (G x s x Dn—J). This con-
struction (W, B) —» (W', B') 1is called equivariant surgery

and may be used to kill Wj(W) for j < n/2. In fact W is
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strongly framed cobordant to a manifold W" with ﬂj(W“) =0
for j < n/2. For elaboration of these ideas, see [PR].

This discussion generalizes as follows:

Lemma 2.9. Suppose W 1is framed and dim WH < % dim W
whenever H # 1. Then W is framed cobordant rel{WH]H = 1}
to a manifold W" with ﬂj(W") =0 for j < n/2. (n = dim W).

Proof: Here is an outline: Let W* = W - UWH ; sO G acts
H=z1

freely on W*, This means the projection of E x W¥ on W¥

is a G homotopy equivalence and this means that framing

and strong framing of W* is the same notion. Next

note that the inclusion W* - W induces an isomorphism in
homotopy in dimensions not exceeding n/2; so any class

X € ﬂj(W) j < n/2 comes from a class x'e¢ Wj(W*). Now note that
the framing of W gives a framing of W*; so W* - is strongly

framed. Thus we may apply the above discussion to W* and x'.

This provides a G imbedding of G x s? x p"J in W*C W,
so we can form W' = W-interior (G‘ijx Dn-J)LIG)<Dj+1x Sn—j_1
as before. (Observe that W‘H = WH for all H =2 1. This is

the reason that the cobordism asserted is rel{WH]H =z 1}.

2 for all H = 1 and

H
:
v
N
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o
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o
)
u
(0]
>
=
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ﬁj(w, Q) =0 for j <n/2 n =dim W. Then H /,(W, ©) and

Hn/z(w, Q) are free @Q(G) modules.

Proof: By hypothesis dim WG = 0; so WG is non empty. Let

X € WG and let V be the representation TXW. Set n=2k and

S =S(VOA®R) where R is the trivial one dimensional real
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representation and S(V®R) is the unit sphere of V ® R.

The Thom map f : W+ S obtained by collapsing the exterior of
an invariant disk centered at x has degree 1. Let Mf be
the mapping cone of £f. Then X(MfH) =1 for H =2 1 (because
degree £ =1 and X(WH) = X(SH) =2 for H =2 1). In addition
ﬁi(Mf’ Q) =0 for i # k + 1. These two properties imply

that H = Hk(W, Q) is a free OQ(G) module. (See

k+1 Mer Q)
[0

The obstruction to converting a framed manifold W satis-

fying:

2.11  dim W' < 2 dim W and y(wW') =2 for H = L.

into a rational homology sphere 2 using equivariant surgery
is an element O(W) € L(Q(G)). Here L(Q(G)) is an abbrevia-
tion for the Wall group Lg(Q(G), 1). Briefly this is an
abelian group consisting of equivalence classes of triples

(M, A, u) where M is a free D(G) module, A 1is a non
singular, G invariant, @ valued bilinear form which satis-

n/2

fies A(x, y) = (-1) My, x) for x, y eM and u 1is an

associated quadratic form. (See [W, §5] for notation). If
W satisfies 2.11, it is framed cobordant to a manifold W"

which also satisfies 2.11 and in addition, TB(W") = 0 for

Hn/2

j < n/2 (2.9). By 2.10 M = (W', 0) 1is a free OQ(G)

/

module. Then O(W) 1is the class of (Hn 2(W", Q) , ¢w"’ uw")
where Hogn is the self intersection form of W" (See [W, §5]).
There is an obvious homomorphism p : L(Q(G)) - Wn(G, Q)

which sends O(W) to [W]Q. Because n is 0 mod 4, p 1is
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injective. We can now give a proof of Theorem B.

Proof of Theorem B: By i) and ii), WG consists of two points
x and y. By 2.8 [W]Z = 0 and this implies that [W]Q = 0.
But [W]Q = po(W). Since p 1is injective, (W) = 0. Since

0(W) is the obstruction to converting W to a rational homo;
logy sphere 7§ and since O(W) =0, J exists. |

Now we turn to the discussion of Theorem A. We view the
cyclic group G as the subgroup of c=c-0 consisting of
the |G|th roots of unity. Let t*  genote the'complex one
dimensional representation of G on which g € G acts on
vV o€ t:L by g(v) = gi-v i.e. complex multiplication by gi.

A complex representation V of G may be uniquely written as

IGl-1
v= ) aitl for some integers a; > 0. For g e G,
i=0
v9 = {v € V|gv = v}. When v9 = 0, we can define this complex
number:
lc]-1 1+gty 34 x
2.12 viV)(g) = I (—9—1) e C”.
i=0 ‘l1-g

The éssumption v9 = 0 means the denominator does not vanish.
These complex numbers appear in the Atiyah Singer index formula
for Sign(g, W) when dim wd = 0. Here is a discussion of
this point. Suppose wd = WG. (By hypothesis dim WG = 0.)
Let x € WG. Since G preserves orientation, there is complex
representation of G whose realification is -TXW. Choose one

E;W for which the orientation given by the complex structure

agrees with the given orientation on TxW' Then



2.13 Sign(g, W) = ] (T, W (9).

erG

We remark that if V and V' are two complex representations
whose realifications are both TxW’ then v(V') (g) = v (V) (g);
so there is a sign ambiguity for the right hand side of 2.13 as‘
a function of the real representation wa' This is ambiguity
disappears when orientation is accounted for in the way men-

tioned. Another relevant elementary point is that if

r(v) = wa’ there is a complex representation V' such that
r(v') = r(v) and v(V')(g) = -v(V) (9g) for all g for which
dim v9 = 0.

Theorem B 1is used in the proof of Theorem A. To use
Theorem B for this purpose we need to produce a framed manifold
W with WG = x Uy (two points) and Sign(G, W) = 0. Let

. -
vV = wa and U = TyW and let g Dbe an element of G for

which Wg = 0. Then Vg = (0 = Vg and

Sign(g, W) = v(V) (g) + v(U) (9).
SO

2.14 0 = Sign(g, W) 1iff Vv(V)(g)/v(U) (g) = -1.

In summary we have obtained these conditions on two represen-

tations U and V of G:

Lemma 2.15. Let W be a framed G manifold with WG =X VY,

TW=V, f;w = U and Sign(G, W) = 0. Then

(i) V - U € Rer(R(G) X85, 1 R(P)) and
P Sylow

(ii) v(V) (g9)/v(U) (g) = -1 whenever wI = WG.
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(Note this implies g = v9 = 0.)

Lemma 2.15 and the discussion preceeding it lead to sufficient
conditions that two representations U and V occur (stably)
as sz and TyE for some rational homology sphere J with
ZG = x U y. We discuss this point.

Let S; be the set of divisors d of |G| such that
|G|/d is a prime power and let S, be the set of divisors d

of |G| such that |[G|/d is divisible by at most three

distinct primes. Let

2.16 R(G) = {U - V € R(G) such that i-iii hold}.
i) v =9 =0 whenever g e G and |g] e S,
ii) dim V9 = dim u9  whenever |g]| e s,
L res
iii) V - U € Ker(R(G) ——> I R(P))
P Sylow

We define the homomorphism A in Theorem A.

At R(G) —> T cX/zz.
S1

If 4 € s the d th coordinate of A 1is

ll
Xd(V - U) = v(V)(9)/v(V) (9) g = exp(2Ii/d) € G.

We can only very briefly discuss the points of the proof
of Theorem A. If =z ¢ Ker )\, there is a manifold W satisfy-
ing the assumptions of Theorem B and in addition WG =x Uy
and TXW - TyW = r(z). Theorem A follows from this and

Corollary C. Here are the essential points: There are complex

representations U and V of G satisfying 2.16 i-iii and in
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addition
2.17 i) r(v - U) = r(z)

ii) A(V - U) = -1.
(Zf X(z) =-1, V-U=2z. If x(z) =1, then V - U is not
zZ, but r(Vv - U) = r(z). This is related to the discussion
after 2.13.) Use 2.16 i) and the methods of [P] to produce

manifolds X (V) and X(U) with these properties:

2.18 i) X(V)G = x(one point), X(U) =y (one point)
ii) x(V)9 =xv)® anda x)9 = x()®  whenever
lg| € Sq-
iii) TX(V) and TX(U) are stably G isomorphic to

X(V) x V. and X(U) x U respectively.
By 2.16 iii) and 2.6 +), W = X(V) 1 X(U) is framed; moreover,

x9 = x Uy whenever lg| e s, and f;ﬁ =V, f;ﬁ = U by

construction. (Note 2.18 iii) which implies wa = r(V) and
TyW = r(U).) Whenever |g| e Sy Sign(g, W) = 0 because

Xlg|(v - U) = v(V)(g)/v(U)(g) = -1. See 2.14. Of course the
condition Sign(G, W) = 0 requires Sign(g, W) = 0 for all

g ¢ G not just g € G with |g| ¢ S, The fact that
Sign(g, W) = 0 for |g| & S, and the other properties of W
required for Theorem B are consequences of other properties of

the construction of W which we omit.

2.19 At some points in text we do not distinguish between
real and complex representations. Since G is cyclic this

should cause no problem.

2.20 The assumption dim W = 4k may be dropped.
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