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THE 9 -SEMI-COMPLETE MAXIMUM PRINCIPLE

FOR_REAL CONVOLUTION KERNELS

- Masayuki 170
R EIEZ

1 - Let G Dbe a loecally compact, non-compact and o-compact abelian
group (1) and €& a fixed Haar measure on G. The potential~theoritic principles
for positive convolution kernels play grand roles to the study of transient
convolution semi-groups (see, for example, (3] and (8]). We know that
the semi-transient convolution semi-groups are resonable (see (6]) and that
the semi-complete maximum prineiple for real convolution kernels have a very
closed connection with them (see [4], [5] and [6]).

Let 9% be a given non-negative continuous function on G. Simiiarly as in
the semi-transient convolution semi-groups, we can define the ' 9-semi-transient
convolution‘semiwgroups, and similarly as in‘the semi-complete maximum principle,
we can define the ®%-semi-complete maximum principle.

Let (« be a convolution semi-group‘on 6. If P#0 and (¥

t)t 2 0 t)t 2

O
is ¢-semi-transient and recurrent, then we shall obtain that ¢ is exponential (2)

and that is a semi-transient and recurrent convolution semi-group.

il
Gt 2 o
Let N be a real convolution kernel on G (i.e., N is a real Radon measure

on G). If N satisfies the 9P-semi-complete maximum principle (denoted by

N € $-SCM), then, for any open set ® # @#, the reduced measure 7égi of N sur
b

W with respect to (N, ¢) is defined in the natural manner. In the connection
with the recurrence of convolution semi-groups, it is imporfant to examine
the case of 7§?g': -w, i.e., for any non-negative continuous function f £ 0

b4

on G with compact support,

(1) We consider that G. is an additive group.

(2) A continuous function '@ on G is said to be exponential if for any
X, ye G, (x+y) = 9x)(y).
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'
AS:

lim fdvzlg‘?év = -0 (3,
v t G ’

vel

where U denotes the totality of compact neighborhoods of the origin O.
THEOREM. Let N € $-SCM, and assume $(0) = 1 and that N is not
pseudo-périodic (4). If Qé?g = -, then we have (1) or (2):
(1) N is a Hunt convolution kernel and ® belongs to the closure of
N-potentials N ¥ f of non-negatives continuous functions f with cémpact
support in the topology of compact convergence.

(2) 9 is > O and exponential,and %FN' is of form

where NO is a convolution kernel of logarithmic type and ¥ is an additive

continuous function on G.

In theorem, (2) implies qéqg = -, but we do not know if (1) implies
’

Yé?) = ~®m. Since (1) is not essential in the case of N € $-SCM and 7&?2 = -,
the relation between @~gemi-~transient convolution semi-groups and the 9P-semi-
complete maximum principle for real convolution kernels is essentially reduced

to that between semi-transient convolution semi-groups and the semi-complete
maximum principle for real convolution kernels. This result will be suggestive
when we discugs the "semi-transient diffusion semi-groups”.

This note is a summary of our paper [7], and we shall omit all proofs

in detail.

2 - We denote by
C = C(G) the usual Fréchet space of finite continuous functions on G,

Oy = CK(G) the usual topological vector space of finite continuous functions

3 . oa . o
(°) This means that for any sequence (vn)n:1(:'u with v ,.> v = and

@
Lfvn =G, lim jfd{é@g = -® (Remark that G 1is o-compact).
n=1 n - MtV

(A) This means that, for any 0 # x € G, N k € is not proportional to N.

2
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on G with compact support,

M = M(G) the usual topological vector space of real Radon measures on G
with the weak" topology,

Mg = MK(G) the usual topological vector space of real Radon meaéuresrgn G
with compact support,

+ +

+ +
C’CKyM9MK

. . +
Let (dt)t > o be a family in M . We say that («

their subsets of non-negative elements.

t)t o 152 convolution

gsemi-group on G if ab =g, oy K ug = o for any t 2 0, s 2 0 and if

tt+s

t >d, 1is continuous in M. Here € denotes the unit measure at the origin O.

t
+ oo
It is said to be transient (resp. recurrent) if for any f € CK’ jidtdedt < o
’ ® o/
(resp. if there exists f & C; such that 5 dtjfd&t = w). It is said to be

(o]
markovien (resp. submarkovian) if [dd =1 (resp. fdat <1). Let $ec.

A convolution semi-group (o is said to be 9-semi-transient if for any

)
t’t 2 0
t - B
wel vith §*R(0) = O, (§ o % pds), , . is bounded in M. In particulier,
X 2

if =1, ( is said to be semi-transient.

% s o
PROPOSITION 1. Let $e ¢ with @ # 0 and (), 5 , bea 9-semi-

transient convolution semi-group on G. If (olt)t 5 o is recurrent, then ¢ is

1

exponential, ¢ >0 on G, 9t:Lt)t s o is a markovian convolution semi-group

on G and it is semi-transient.

Hence, a convolution semi-group is markovian if

CH I

it is semi-transient and recurrent.

A real convolution kernel N on G 1is, by definition, of logarithmic type

(resp. a Hunt convolution kernel) if for any pe M with Sdp = 0 (resp. for

K
any p e Mg), N*p is of form

oo
N’H'l = j dt &t*tldt
o

(i.e., for any finite continuous function f with compact support, [de*}*

a
= lim S dtffdxt* P»), where (o is a semi-transient and recurrent
asw’o

convolution semi-group (resp. a transient convolution semi—group),

t)t 20
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1 N2 two real convolution kernels on G. We denote
+

Nz)a? ®-SCM  if, for any f, g € Cp with ¢xf(0) = 9xg(0) and any

+
3 -Let e C - and N

by (NT’

N, x ££N

’ ’ x g +a9 on G,

* g +a$ on supp(f) > N, % f <N,
where R denotes the set of real numbers and supp(f) denotes the support of £,
If N=0N, = N, and (N, N) € $-5CM, then ve write simly N € $-SCM and wve say
that N satisfies the $%-semi-complete maximum principle. In particular, if

¢ =1, we write N € SCM and we say that N satisfies the semi-complete maximum
principle.

We denote by (N,‘, N,) € $-SB (resp. € ?—SBg) if for any P € Mg and any

5)
relatively compact open set w # g (resp. any open set w # @), there exist

e eM and a € R such that SUPP(H:,)CJ’ y*fﬂ)(o) = @*V\(O),

M w0
N‘l. * H"} - ap’w@gg NZ*}L and I\I1 ¥ }L‘L— aﬁ’wﬁ?iz N2>,k fi in w. If N = N1 = N2
and (N, N) € §-SB (resp. E?—SBg), then we write simply N € $-SB (resp.é‘?-—SBg)
and we say that N satisfies the Y-semi-balayage principle (resp. N is
®-semi-balayable). In particular, if ¢ = 1, we write N € SB (resp. € SBg)

and we say that N satisfies the semi-balayage principle (resp. N is semi-
balayable).

By using the usual dual methode (see, for example, [1]), we have the following

PROPOSITION 2. Let N be a real convolution kernel on G and ¢ € G .

'Then the following five statements are equivalent:

(1) N € 9-SCM.

(2) TFor any positive number c, (N + c& N) € §-SCM.

(3) 1 € $-sou.

(4) N € §-8B.

(5) For any positive number c, (N + c&, N) € §-SB.

For any function g on G, we put g(x) = g(-x) and denote by N the real

convolution kernel defined by deﬁ = J'isz for all f € CK'



From Proposition 2 follows the following

PROPOSITION 3. Let N & 9-SCM. For a relatively compact open set w # §

in G, there exist a family (W» p)p 5 o of universally measurable non-negative
H

linear operators from M, to Mb(w) = ﬂ REM(G); p(cw) = O} and a family

(gw,p)P >0
such that:

of universally measurable non-negative linear functionals on MK

(a) For any p> O and any [ € My, (me,pP.) *2(0) = £ *$(0) and

(pN + &) x Vb’pp - gm,p(t‘)9E =N% W in w.

(b) For any p> 0, g > O and any K€ My

Vot ™ Vio,qht = (@ =PI, (Vo)

and

gm,p(p) - gw,q(pt) = (q - p)gm,p(vw,qp) = (q - p)gw,q(vw,pp).

In this case, (V. , g _) is uniquely determined for all p > O,

W, P° “Wyp

Here Vw p (resp. =N p) is said to be universally measurable if for any
’ b

fe CK’ the function jfde pEx of x is universally measurable (resp. the
, -

function g, p(EX) of x is universally measurable), where €  denotes the unit
b

measure at X.

+
For an open set W #£ ¢§ and P € My, we put

- .
P(N*P‘-, U))=<N*U; DGMK’ supp (V) Cw, % *xv(0) = 9*#(0)%,
‘where the closure is in the sense of the weak® topology, and

RON ko, ) = {1 - a%E; ac Ry n-aQELH x pf.



PROPOSITION 4. Let N € ®-3SCM. Then there exists the maximum element

ljy: Wyw YE(({S bon 2y, 0?7 1n R(N * P’ w), where 'ZNISI?%Z P,we PV * p, w) and
ay,m v R, and 'irsiyi P, and ){Ié?i}l . 8re uniquely determined.

We say that 'l ip,w is the reduced measure of N x j}» on w with respect
to (N, ) and that 'ilgglz b, o is the pseudo-reduced measure of N *H on W

with respect to (N, 9).

Let N e ®-ScM and (v ) 1 C U 1is an exhaustion of G, i.e., v +1) v

n’n= n n
a 6 v, = G, where v denotes the interior of v Then ("1((?) )&
an I T n+1 n+1* N p,Cv, ‘n=1
is decreasing for all e M; and lim ISI(S;)( b,Cv is a real Radon measure or
- ® **'n
. (9 "7 _
for any O ;é f € CK’ lim Sfd"ZN X pyov ®. Put
n-m n
. n(9) . + . (@)
lim 7 if for f C C,, 1lim \fdf > -®
n—aooN*F’CVn K namg N*P,Cvn
qN X Pt : . (%) ;
~® if for O# £ € Cp, 1lim [fdvgN*H’Cv - -
n- n
(3) R . ®
then N is independent from the choice of (vn)n= e

Nk iy §
Let BK(E) be the space of bounded E-measurable functions on G with.

compact support and BJI;(E) its subset of non-negative functions.

PROPOSITION 5. Let 9 € C+ with ¢(0) » 0. Then 7< 9) - ~-® if and only

N, s
(%) _
N x (gE),$

PROPOSITION 6. Let P € ¢ and N € $-SCM. If for any f € B;;(g),

. -+
if, for any g € BK(E), N -,

(9) (9)
]“T x (£8), 7£ - ®, then "lN % (£8),5 is absolutely continuous with respect to E.

Denote by Réf its density. Then

IR > -
pi B(8) 3£ WKL - Rl + Ryf
. . . +
satisfies the domination principle, i.e., for any f, g € BK(&), VNf < V]qg E-a.e.
> I

on supp(ff) - Vyf £ Vg f-a.e. on G. Here N Xk f denotes the density of

y (9) * ;
In the case of 1.7, (£8), 5 £-® forall f € B (8), the P-semi-complete

maximum principle for N results principally from the domination principle for
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V.. But we omit the precise discussion of this case. 7
N ’ ,
(9) _
PROPOSITION 7. Let Nee ¢-SCM and assume that QN ¥ (£5),5= ~® for all
0f L€ B;;(E,). Then for an open exhaustion (LL)n)nG[__)1 of G (5) and any

lim V £E) and 1lim £E) exist for all p» O. Put
re B (), n_:)LH;D ‘”n’p( ) a n%mg n,p( £) P ‘

= lim V £ d fE) = 1i £E);
Vp(fE) njma) “n’P( E) an gp( ) njmmg n’P( £);

then, for any p > 0, g > O and any f¢ BK(E),
(pN + €) % vp<fa) - gp(fa)% = N X (fE), vp(f&) - vq(fa> = (q - p>vp(vq(fé)>
and
,(8) = 8 (18) = (2 = Py (U (F8)) = (a - pley (¥, (£5)).

PROPOSITION 8., Let %€ C+ with @(0) =1 and N g $-SCM. If there exist

g€ B;(E) and an exhaustion (Vn)n021 of G contained in Y such that

lim %(r‘fl (g9),ov = @ (i.e., for any O # £ € ¢\, lim [fdi(q’) = —o),

n-> ® n- N’Cvn
then @ 1s exponential and for any p > O, Vp is a convolution kernel on G,
i.e., there exists a positive Radon measure Np on G such that for any
+
€ M=
3 MK’ Vpp Np* .
For the proof of this proposition, we use the' well-known Choquet-Deny theorem
(see [2]) and the following lemma.

LEMMA 9. Under the same conditions in Proposition 8, we have, for any

P >0 and E-almost all x € G with %(x) > O,

$(x) = p Pxi g, (0).

® (5 ) This means that wn is a relatively compact open set, E;l C u)n and

+1
Uw = aG.
n:']%



PROPCSITION 10. Let 9 & o' with %(0)> O and N €9-SCM. Assume that

n(9) _ ~o and that (i(q’) ) - is bounded in M. Then, for any f € +(5)
Gi,% ~ N,Cv’v e g ’ J Byl&l,

Vp(f’i) T N X (f&) as p ! O.

4 - Our main theorem is followed from Proposition 8 and Proposition 10.
Assume that (ié?gv) is unbounded. Then N € 9-SCM shows that the
,C
1

hypothese in Proposition 9 is verified. Applying théoréme 2 in [5] to §;N,

vey

; ; (9) _ c(9)
we h?ve (2) in Theorem. In this case, qN,CV = qN,Cv (see [4] or [5]). 1If
~(P . e . .
(qN,Cv)v eV is bounded, Proposition 10 gives (1) in Theorem. Our Theorem,
Proposition 8 and Proposition 9 give the following

+
COROLLARY 11. Let ¢ ¢ with 9(0) =1 and N be a real convolution

kernel on G. Then, N is of form in Theorem, (2), if and only if N € $-SCM,

N 1is not pseudo-periodic and lim %N
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