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Manifolds Modeled on the Direct Limits of Euclidian

Spaces and Hilbert cubes : A Survey
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Let TR denote the real line and Q the Hilbert cube which
we regard as the countable infinite product of the unit closed
interval I = [0,1] . By R" and Qn , we denote the products
of n copies of R and Q respectively and we identify Rr"
and Q" wiﬁh RrR" x {0} c ®*1  ana Q™ x {0} < Qr1+l respective-

o]

ly. Then let R

dir 1imR™ and Q” = dir 1lim Q" , that is,

© n

oo n
R =u R and Q = u

ne]NQ with the weak topologies deter-

mined by the families {R" | ne N} and {Q" | n ¢ N} re-

'spectively. These spaces are regular, separablye, and hereditari-

ly Lindelof, so hereditarily paracompact [1], [4]. The space

0" is homeomorphic to ( = ) B*(b*) , the conjugate (or dual)

B* of a separable infinite-dimensional Banach space B with

its bounded weak-* topology [2, Theorem II-6]. Paracompact,

topological manifolds modeled on R” and 0" are called R -

manifolds and Q -manifolds respectively. These manifolds are

separable and Lindeldf if thy are connected [3, Proposition III.

4]1. Any separable Qm—mar{ifold ( R -manifold) M is a countable
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direct limit of (finite dimensional) compact metric spaces, that

is, M = dir 1lim Xn where each Xn is a (finite dimensional)

compact metric subspace of X [4,Proposition III-2]. 1In this

n+1

note, we assume separability of all these manifolds.

Aspects of these manifolds have been studied by R.E.Heisey
and V.T.Liem after the pattern of Hilbert (space) or Eilbert
cube manifold theory®®lone of central importance was the problem
of whether or not manifolds are stable with respect to multipli-
cation by the model space (see the results of [4]). This was

proved by Heisey.

STABILITY THEOREM [8],[12] : For any R -manifold (resp. Qw-

manifold) M , the projection p : M x R. + M - (resp. p : M x o”

+ M ) is a near homeomorphism, that is, arbitrarily closely ap-

proximated by homeomorphisms.

Many of the arguments used in Hilbert or Hilbert cube mani-
fold theory could not apply to the above because R~ and Qoo
are not countable products. Non-existence of normal covers was
also one of troubles [9]. Combining the results of [4] with the
Stability Theorem, one can obtain the followings. The approach

in [4] is similar to Henderson's one in Hilbert manifold theor&?]

OPEN EMBEDDING THEOREM [6],[12] : Any R -manifold (resp. Qm—

manifold) can be embedded in R~ (resp. QO ) as an open' set.

CLASSIFICATION THEOREM [6],[12] : Two IR -manifolds (9£>Qw—

manifolds) are homeomorphic if and only if they have the same

homotopy type.
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D.W.Henderson [14] proved that for any neighborhood retract

X gf_me the product space X X R is homeomorphic to an open

subset of R , in particular, for any countable simplicial com-
plex -K the product space |K]| x R is an R -manifold. This
was generalized by Heisey and Torunczyk [13]. The similar re-
sult for Qoo is also follows from [5]. By the Open Embedding
Theorem, R -manifolds and'Qm4manifolds are direct limits of com-
pact ANR's. Then they have-the homotopy type of ANR's by [l,/Co—
rollary 6.4] (cf. [4, Theorem II.10]) and hence, of countable
locally finite simplicial complex by the Milnor's theorem. Thus

the following follows from the Classification Theorem.

TRIANGULATION THEOREM [8],[12] : Each R -manifold (resp. Q -

manifold) is homeomorphic to |K| x R (resp. |K| x Q" ) where

K 1is a countable locally finite simplicial complex.

A closed subset A of a space X is said to be R -defi-

cient (resp. 0”-deficient) in X if there is a homeomorphism

h:X>X xR  (resp. h:X>XxQ ) such that h(A) c X x
{0} . The following Unknotting Theorem was establised by Liem.
 UNKNOTTING THEOREM [16],[18] : Let A be an R -deficient

(resp. Qw—deficient) set in an R -manifold (resp. a Qm—manifold)

M and let o and B8 .be open covers of M . If an R -defi-

cient (resp. Q -deficient) embedding £ : A > M is o-homotopic

to the inclusion A cM, then f extends to a homeomorphism

f : M>M which is ambiently invertibly st (a,B)-isotopic to the

identity.
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A closed set A of a space X is said to be a Z-set in X
provided there is a map f : X » X \ A arbitrarily close to the

identity. Liem [16] showed that the Unknotting Theorem for Z-

sets in QOo gg'imm is false.
The Liem's proof of the Unknotting Theorem is based on the

fact the union of two IR -deficient (resp. Qm—deficient) sets in

ggvimm—manifold (resp. a Qm-manifold) is also IR -deficient

(resp. Qm—deficient)[l6],[18] and the following. These heavily

depend on theory of PL-manifolds or Q-manifolds.

APPROXIMATION THEOREM [15]1,[17] : Let M be an R -manifold

(resp. a Qw?manifold) and f : X > M a map of a closed set in

R~ (resp. QO ) that restricts to an R -deficient (resp. Qw—
deficient) embedding on a closed subset A of X . Then for

each open cover o of M , £ is a-homotopic to an R ~-deficient

(resp. Qmjdeficient) embedding g : X - M stationarily on A

The below is also due to Liem.

COLLARING THEOREM [18] : Let N be a closed submanifold of

gg_ﬁmw-manifold (resp. a Q -manifold) M . Then N ig_ZRw-defi—

cient (resp. Qm—deficient) in M if and only if N is collared

in M

The o-Approximation Theorem for R -manifolds or Qw—mani—
folds can be proved similarly as the theorem for Qz—manifols due
to Ferrgfl Let o be an open cover of a space Y . A map f :

X - Y said to be an oa-equivalence if there is amap g : ¥ » X

such that fg is o-homotopic the identity of Y and gf is
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f_l(u)—homotopic to the identity of X .

o-APPROXIMATION THEOREM [15],[17] : For any open cover a

of an TR -manifold (or a Qm—manifold) N , there exists an open

cover B of N such that every B-equivalence f : M > N from

gg_imm—manifold (or a Q" -manifold) M to N is a-homotopic to

a homeomorphism.

Recently, the author established the following characteri-

zation of these manifolds.

CHARACTERIZATION THEOREM [19] : A space X is an IR -mani-

fold if and only if it satisfies the following conditions:

(a) X 1is a direct limit of finite dimensional compact

metric spaces, and

(b) each embedding from a closed subset A of any finite

dimensional compact metric space B into X <can be

extended to an embedding from some neighborhood of

A in B into X

A space X 1is a Qm—manifold if and only if it satisfies the con-

ditions (a) and (b) with the phrase "finite dimensional" deleted

from each.

The proof.Of this theorém is elementary and containes the
proof of the Open Embedding Theorem which is elementary and easy.
Using this characterization, we have an alternative proof of the
resdlt of Heisey and Torunczyk [13]. As a corollary, we can

prove the next Sum Theorem:

SUM THEOREM [20] : Let X and X be closed subsets of

1 2
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a space X with X = X U X, and Xg = X3 0 X, . If Xy Xy

and X2 are TR -manifolds (or Qw—manifolds) then so is X

Amap f : X > Y is a fine homotopy equivalence provided

for each open cover o of Y , £ is an o-equivalence. Al-
though the following is a corollary of the a-Approximation Theo-

rem, this has an elementary and short proof which is appeared in

[19].

THEOREM [15],[17] : Each fine homotopy equivalence between

R -manifolds (or Qw—manifolds) is a near homeomorphism.

The Stability Theorem can be obtained as a corollary of this
theorem. The Classification Theorem can be also proved elementa-
rily and easily as this theorem.

In [20], the author also gave an elementary and short proofs
of the Unknotting Theorem, the Approximation Theorem and the Col-
laring Theorem, where R -manifolds and Qw—manifolds are under
the same treatments. The author introduced in [20] the notions
of D-sets and D*-sets. A closed ssubset A of a space X is
called a D-set in X if it satisfies the following condition:

(*) For each compact sets C < C0 in X and each open

cover o of X , there exists an embedding h : C + X

a-near to id with h|CO = id and h(C \ Cy) € X\ A
We call A a D*-set in X if it satisfies the condition (%)
with compact sets C and CO replaced by the whole spgce X

and any closed set X0 respectively. A closed set contained in

a collared set is a D*-set and a D*-set is a D-set. First the




Unknotting Theorem for D-sets is proved and then it is proved

that R -deficient (or Q”-deficient) sets, closed sets contained

in collared sets, D*-sets and D-set in an R”-manifold (or Qw-

manifold) are equivalent to each other. This characterization

of deficiency is very convenient to see some fundamental proper-
"ties of deficient sets.

M.Brown and B.Cassle%d%roved that each compact connected n-

manifold M can be obtained from the n-cube I" by making iden=-

tifications on the boundary a1 , that is, there is a map ¢ :

o
1" » M such that (D]In is an open embedding and @ (3I7) = M \

o
@(In) is nowhere dense in M . V.S.Prasadeﬁstablished the Q-

manifold version, that is, for any compact connected Q-manifold

M , there is amap & : Q x [0,1] » M such that &|Q x [O,lf

is an open embedding and ®(Q x {1}) = M \ ®(Q x [0,1)) 4is no-

where dense in M . The author obtained the similar result for

o]

connected manifolds modeled on me , Q , o, X or 22 . (Here

0 1s the linear span of the usual orthonormal basis for 22

and I is the linear span of the Hilbert cube nnelq[—z'n,z'n]

in 22 .

[eo]

MAPPING THEOREM [21] : Let E be one of R , Q. , o0 , I

and 22 . For any connected E-manifold M , there exists a per-

fect map ¢ : E x [0,1] » M such that ¢|E x [0,1) is an open

embedding and ©®(E x {1}) = M \ &(E x [0,1)) is nowhere dense

in M .

As seen in [19], [20] and [21], we feel that R”-manifolds

and Qm—ménifolds are handy in contrast to %2,-manifolds or Q-mani-

2
folds.
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