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3-dimensional singularities with resolutions whose

exceptional sets are toric divisors

Hiroyasu TSUCHIHASHI

+ M BR

Introduction. It is known by Mumford et al [1] that cusp
singularities which appear in compactifications of quotient spaces
of tube domains have resolutions whosé exceptional sets are toric
divisors ( see Definition 1.1 ). In this paper, we consider whether

~ the converse is true in the 3-dimensional case. Namely, if an
isolated singularity (V,p) has a resolution whose exceptional

set is a toric divisor, then is (V,p) a cusp singularity in the
sense of [4]? If va‘ 2-dimensional singularity has a resolution whose
exceptional set is a cycle of rational curves, then it is
well-known to be a cusp singularity. Hence the answer to the above
problem is affirmative in the 2-dimensional case. Moreover,
2-dimensional cusp singularities are taut, i.e., a 2-dimensional
isolated singularity is uniquely determined from its weighted dual
graph, if the exceptional set is a cycle of rational curves. We
also consider whether 3-dimensional cusp singularities have the
same property. We only give a partial answer to these problems.

In Section 1, we introduce the weighting of the dual graph of
a toric divisor. We show next that it must satisfy some condition
( Lema 1.4 ). From this fact, we see that the weighted dual graph

of a toric divisor which is the exceptional set of a 3-dimensional



isolated singularity agrees with that of a cusp singularity.

In Section 2, we show that the isomorphism classes I(p)
of 2-dimensional toric divisors which are exceptional sets and which
have a fixed weighted dual graph A are parametrized by a subset
of the cohomology group ol (r,T) of a group action. ( Proposition
2.4. ) In Particular, if the fundamental group of A is abelian,
then there is a one to one correspondence between I(pA) and a finite
group Hl(r ,T) and each element of I(p) has a representative
isomorphic to the exceptional set of a resolution of a Hilbert modular
cuép singularity.

In Section 3, we show that under some assumptions, some
neighborhoods U and U' of two iSomorphic toric divisors X
and X' are formally equivalent ( Theorem 3.1 ). Then by the
theorem of Hironaka and Rossi [2], U and U' are actually
equivalent. Hencer any isolated singularity with a resolution
whose exceptional set is isomorphic to a toric divisor X is
isomorphic to the isolated singularity (V,p) we obtain by
contracting X in U, if (U,X) satisfies the condition of Theorem

3.1.

1. The weighted dual graph of a toric divisor. We first
recall that a torus embedding Z is an algebraic variety containing
x\r e el
an algebraic torus T = (C')” as a Zariski open set such that
T acts on Z extending the natural action on itself defined by
multiplications. We call a 2-dimensional torus embedding, a toric
surface. The union of the 1-dimensional orbits of a compact tofic

surface by the action of the algebraic torus is a cycle of rational



curves.

Definition 1.1. A reduced effective divisor X =
X1+X2+ +XS of a 3-dimensional complex manifold is Sai& to be
toric if X has only normal croosings as singularities,. each
irreducible component Xj of X 1is isomorphic to a compact toric
surface Z and the union Uk#j Xjn Xk of the doqble curves

Xj n¥, on Xj coincides with the union of the 1-dimensional orbits.

Let ‘X be a 2-dimensional toric divisor and let A be its
dual graph; Namely, to each irreducible cbmponent VXj of X
corresponds to a vertex vJ of A so that XJ and Xk
( resp. XJ Xy and X ) intersect along a curve ( resp. at a
point ) if and only 1f v,

J
A ( resp. Vi Vi and v form a triangle in 5, ). Then

and v, are joined by an edge of
A 1is a triangulation of a compact topological surface.

Definition 1.2. A weighting of the dual graph of a toric
divisor is a pair of integers on both sides of each edge of ,

attached in the following way: Let Xj and X, be irreducible

components of X intersecting along a double curve E. Let
Vj, Vi and e be the vertices and the edge of ) corresponding

to Xj’ Xk and E, respectiy'ely. Then we attach the
self-intersection numbers (E )2 = (X.»Xz) and (E )2 =
IXj ik | Xy

(X?-Xk) of E on Xj and X, to the.sides of the vertices

vj and Vi of the edges e, respectlvely

~ We call , with weighting as above a welghted dual graph.
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Clearly we have

Lemma 1.3. Let X be a toric divisor of a 3-dimensional
complex manifold M and let X, and Xy be two irreducible

components of X intérsecting albng a double curve E. Then
2 _ 2
(E'Xj) —deg(o[xk]|E) and (Elxk) —deg(O[Xj]lE).

Definition 1.4. We say a weighted dual graph , satisfies
the monodromy condition at a vertex v of Ay if the following
conditions are satisfied: Let Vi Voy e ; Vg be the vertices
of the link of v going around v in this order. We first attach
three elements n, ny and n2ﬁ of a basis of Z3 tq the vertices
Ve vy and Vos respectively. Then we can attach the elements

3

N3y ety n,, n to the vertices V3 e

s+l
Vgr V7 and V) respeétively, by the equélities

and LI of Z

(%) n;_; +amn +n, +bn=0 i=3, .., s,

where a; ( resp. b, ) 1is the weight on the side of v, ( resp.

vV ) of the edge joipning v gnd vy and a_, = 31 ( resp. b,y



= b ). Then we require that N4 =Ny, Do =N, and p(nl),
p(nz), cee p(ns) go around p(n) once in this order, where

p: R3\{0} - S2 ~is the natural projection onto sphere S2 =

R\{0D)/Ry
Lemma 1.5. Let X be a toric divisor of a 3-dimensional
complex manifold. Then the weighting of the dual graph of X

satisfies the monodromy condition at all the vertices of .

Proof. Let V be an irreducible component of X and let
D=D1+Dz+ +DS be the double curves on V. Here, we may assume
that D; and D, intersect at a point for each i in Z/sZ.
Since V 1is a toric surface and D 1is the union of the
1-dimensional orbits of V, we have O[V]lV =d;Dy +dD, + ...+
dD_, for some integers d;, dy, ... , dg [3, Proposition 6.1].
Then we have b, = deg(O[V]|Di) = O[V]W'Di =dja, +d; 4 +d;

| - 2 2
by Lemma 1.3, vhere b, = (Di|xi) and a; = (DilV-) . Here X,

is the irreducible component of X intersecting V along ‘D]._.-
On the other hand, associated to a toric surface V, we have
s elements Ny, Ngy oo and ng of ZZ, goihg around the origin

exactly once in this order, each adjacent pair {n;o0541 of

. . 2 . .
which form a basis of Z" with the relations n, ; +a;n; +n, +

= 0. Let ﬁi = (ni’di) and n = (0,0,-1) be the elements of

3 + n.

Z i+l

-722®7. Then n. +a.n +ba=0 and
. 1 1 1 '

1
{By,fi,,f) form a basis of Z> for each i in Z/sZ. This

is nothing but a monodromy condition at the vertex corresponding
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to V. - q.e.d.

Let X=X1+X2+ ce +XS be a toric divisor of a 3-dimensional
complex manifold U with its dual graph A. Let S be the compact
topological surface of which A 1is a triangulation. Let 3 be

the triangulation of the universal covering space ¥ of S induced

3 and a triangle of

from A. Choose a basis {nl,hz,n3} of 2
2. Let c(vi) =, o(vz) =n, and a(v3)‘= ny, vhere vy, v,

and vy are the vertices of the triangle. Then by the above lemma,
we obtain a map ¢ : { all vertices of N } + Z3 by the equality
(*). Moreover, we have a homomorphism p : nl(S) + GL(3,Z)

by p(y)o(v) = g(y.v) for each element vy of "1(8) and for the
vertices of 7. Now assume that X in U is contractible to a
point and let ¢ : (U,X) + (V,p) be the contraction. Let [n*f]
be the zero divisor of the pull-back holomorphic function T f

on U for a holomorphic function f on V vanishing at p. Then
we can write [n*f] =3 mi(f)Xi +Y so that the support of each
irreducible component of Y is not contained in X. Let m, be
the smallest number among m,(f)'s with £ running through all

elements of the maximal ideal M of OV at p, and let Xt =

) miXi. Then we have a canonical linear map
heos/m? — 10,0,

sending f + mz to (n*f/g)lwnx, if g is a défining equation

for X on an open set W.



Lemma 1.6. After blowing up U along double curves and
triple points on X and then replacing X by its total transform,
we may assume that each double curve of X is not contained in

the fixed locus of the image of h.

Proof. Let I : (V,p) +» (B,0) be an embedding of (V,p)
into an open set B of CN with I(p) =0 and let F =
Hom(CN ,C) be the vectof space consisting of the linear functiops
of CN We show that thére exist a composition 1 : W+ U of
blowing ups along double curves and triple points of the total

transforms of X and an open set C of F satisfying the following

property:
* 8 % 23 .

ajy @y, ag € Z>0’ fqr any functipn f in C on some neighborhood
W(p) of each triple point p of X' = H-l(X) with a local coordinate
(yl,yz,y3) such that W(p)n X' is defined by y1°¥p'y3 = 0.
Then we have an effective divisor X' of W supported by X' and
a homomorphism h : 1/ )1\'_2 - HO(X',OX.(-X!)) such that the zero
divisors of h(f+)?(2) contain no double curve of X' for all £
in C and thus we have the assertion of the theorem.

We denote by r+(f), the Newton's polyhedra r+(K) of K=

3 . 3

{ne Z20 | a # 0}, i.e., the convex hull of U .y (n-i-RZO)
for a germ f = En c Zzg anxn of a holomorphic function of
3 at 0. We use the following lemma of Varchenko [5, Lemma 2.13]

by replacing Rk by C3.

C



Lemma. There exists a finite nonsingular r.p.p. decomposition

3

(Z3,Z) of Z° with |[g] = U such that we can

oexr ‘ B Rzg
write To*f = ylal.yzaz.y3a3.f(J with fO (0) # 0, for any
3-dimensional cone 4 = RZO ng + RZO n, + RZO ng of ¢

and for any holomorphic function f with r+(f) = r+(K). Here
T +(K) is a Newton's i)olyhedra and 1, is the restriction of
¢ ¢ Temb(s) » Temb({ faces of Rzg }) = ¢3 toan open

neighborhood U‘J of orb(;) and (yl,yz,y3) is a coordinate of

u0 such that Uon (Temb(z NT) is defined by vy, y2.y3 = 0.

Here we note that this lemma also hold‘é, although we replace

y by any nonsingular subdivision of y. Let Ly tyy een ’tll, be
the triple points of X and let Ui be an open neighborhood of

t; with a local coordinate (z]{,zg,z‘;’) such that XNU; is defined
by z%- zz-_zg = 0. We choose an open set C of F so that the
Newton's polyhedra p +(1T*f) associated with the coordinate

z!l,zz,zg) coincide for all f iﬁ C, on each open set Ui'
Assume that we have a composition mj-1 : Wj—l . U of blowing ups
along double curves and triple points of the total transforms

of X satisfying the property (P) at each triple point of
X<j_1) = Hj_l-l(X) contained in Hj-l—l(Uk)\ with k. j-1. Then
we have an r.p.p. decomposition (Z3,A) with |[p] =RZ(3) |

satisfying the following commutative diagram:



.. (U, -~ U,
My (Uy) ;

[

Temb(p ) —— Temb({ faces of Rzg }) = C3.

Let I, be an r.p.p. decomposition of R3 as in the‘abéve lemma
for F+(“|U.*f) with f in C. We have a subdivision g} ’of

Lo obtained by a succession of divisions of A corresponding to
blowing ups along doublebcurves and triple points of the tétal
transform of the union of the 2-dimensional orbits‘of Temb(p)

( see [3, Corollarly 7.6 and $8] ). Then as associated to the
above subdivision r of A, we have a composition 7! : Wj +
Wj-l of blowing ups of Wj_l satisfying the following commutative

diagram:

' -1 | '
o] U.) ——— 1. U.
(HJ HJ-l) ( J) HJ‘]-( J)

/ !

‘Temb(;) - Temb(A).

Then the composition Hj = Hj°nj-1 of n5 and Hj-l satisfies

79

(P) at each triple points of X(j) =‘nj-1(X) contained in nj-l(Uk) ,

with  k g j. Thus we have a desirablemap = : W= Wi + U,

2
since each triple point of X' = n—l(X) is contained in one of

n'l(Uj)'s q.e.d.

Remark. Let U' 4 U be a blowing up along a double curve

or at a triple point of X and let X' be the total transform

of X. Then X' is also a toric divisor and the dual graph A'
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of X' is a subdivision of the dual graph A of X. Moreover,

the weighting of /A' induces a Z3-weighting o' | all vertices
Cof X' } o+ 73 such that the restriction of o' to the vertices
of } agrees with g, where }3' is the triangulation of 3

induced from ,'.

Lemma 1.7. Under the above notations and the assumption

of Lemma 1.6, we have
mia+mjb+mk+m2 <0

for each double curve D = Xi' Xj’ where D intersects irreducible
components X, and Xl of X, a= (D|x )2 and b= (D|X )2.

i i
The equality holds if and only if deg ODz-X+) = 0.

Proof. Under the assumption of Lemma 1.6 we see that
X"D = deg OD(-X+) > 0. On the other hand, we have
XD = -(m.X; + n.X; +mX +m X )D
= -(mia + mjb +m + ml),
by Lemma 1.3. q.e.d.

-1

Let g(v) = m,, eg(v) for each vertex v of A, vhere

m, = m if the irreducible component Xi of X corresponds to
the vertex [v] of , which is the image of v by the projection
X — A Let u, v, w and x Dbe the vertices of 'Z such that

two triples (u,v,w) and (u,v,x) form two adjacent triamgles.

Then we have

10



(o <]
NN

am g (u) + bm g (v) +m g(w) +m-g(x) =0,

since ag(u) + bg(v) + g(w) + g(x) = 0. Hence the point
g (x) 1is on or above the plane of 3 containing the points

g (u), g(v) and g-(w) according as am, + b'm + m, + o is
zero or negative. We call the edge joining u and v, a proper
edge, if the inequality a-m + b-mV tm, +m < 0 holds. Let
£:5, S2 be an extension of peg such that the image of
each triangle of % 1is a spherical triangle, where

p: R3\{0} . §%= (R3\{O} )/R>0 is the natural projection.

Proposition 1.8. Under the above notations and the
assumption of Lemma 1.6, f 1is injective and the closure of the

image £(S) of § is contained in an open hemisphere of s2.

Proof. Noting the above facts and that the image of ;

is contained in m -Z> with m= mm, ... m,, we have the first‘ |
assertion and the fact that f(g) is contained in a hemisphere

of Sz, in the same manner as in the proof of Theorem 4.5 in [4].
Hence we only show that the closure of f(g) is strictly contained
in an open hemisphere of 82. We can classify the vertices of "Al
into three types i); ii) and 1iii), according as there is no,
exactly two and more than two proper edges meeting at a vertex.

If there exists at least one vertex of type iii) among the vertices
of %X, then the closure of f(§) is contained in an open |

hemisphere. If all vertices of 2 are of type i), then by

Lemma 1.7, OD(-X+) is trivial for each double curve D of X

11



and hence OX.('X+) is trivial for each irreducible component

Xj' This con%radicts the assumption that X is contractible.

Hence we may only consider the case where there are no vertex

of type iii) and at least one vertex of type ii). In this case,
all proper edges of 'Z form a disjoint union U Lj of lines which
are mapped to great semicircles of Sz. These great semicircles |
have common boundrary points s and n, since f(g) must be
contained in a hemisphere. The image of p : “1(8) + GL(3,2)

must act on £(3) properly discontinuously and without fixed points
and must fix s and n. Moreover, the quotient f(g)/b(nl(S))

is compact. But by an easy calculation, we see that such a subgroup

of GL(3,Z) cannot exist. q.e.d.

Theorem 1.9. Assume that (U,X) » (V,p) is a resolution
of a 3-dimensional isolated singularity (V,p) whose exceptional
set X 1is a toric divisor. Then there exist a cusp singularity
(Vo,po) = Cusp(C,r) belonging to %7 [A]Vand a resolution g :
(UO,XO) - (Vo,po) of (Vo,po) such that the weighted dual graph
of the exceptional set X0 coincides with that of X.

Proof. We have a map f : S, 82

and a homomorphism , :
1T1(S) » GL(3,Z) in the above way from the weighted dual graph
of X.let C=p (£B5)) =Ry £(5) and let p = o (ny(S)).
Then by the above proposition and [4, Proposition 4.3], we have
a cusp singularity (Vo,po) = Cusp(C,7) and a resolution T

(UO,XO) - (Vo,po) of (Vo,po) such that the weighted dual graph

of the exceptional set Xo coincides with that of X. Here U,

12
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~S

and XO are the quotient spaces by I' of an open set UO =
ord_l(C)\J%o and the union of the 2-dimensional orbits §; of the
torus embedding Temb(z) - TV %o’ respectively, where L =

{ Rzoff(x) | A are triangles, edges and vertices of % }U {{0}}
and ord = -log| | : (C*)3 + R3. q.e.d.

2. A classification of the toric divisors with the same
weighted dual graph. We write U, X,V and p for U, X, V_
and P, in Theorem 1.9, dropping the subscript o. Let A be the
weighted dual graph of X and let X be the triangulation induced
from A of the universal covering space of the compact topological
surface of which A 1is a triangulatibn. Then 3 is the dual graph
of | ’)\(I Let Hl(r,T) be the first cohomology group for the group
[ with coefficients in the r-module T = (C*)B. Take a l-cocycle
g representing an element [g] of Hl(r,T). Namely, g : T » T
is amap from I to T satisfying the 1-cocycle condition o(y8)
= o(y)o(s)Y. Since both T and T act on Temb(z) and ¥, the
set r = {o(y)ey | yer} isa subgroup’of Aut(Temb(r)) isomorphic
to r by the cocycle condition. The quotient X0 =’)\(‘/[‘O of X
by 1‘0 is a compact analytic space with the weighted dual graph
which coincideé with A, since each element o of T maps each
irreducible component of X onto itself. Let T be anothéi‘
representative of [g]. Then ‘there exists an element o of T
with <(y) = o'(-Y)aY-l for each element y of r. Then we Have
the equality ao(y)cy = T(y)°‘Y°a for any element y of T. Hence
a induces an isomorphism from X(J to XT =X/ L. 'A.ssume that

we can take a 1-cocycle ¢ so that {g(y) | y e T} is

13



contained in the compact real torus CI ={ z € o | lz] =1 }3
of T. Then r, also acts on U properly discpntinuously and
without fixed points, since the map ord'ﬁ\\i : ﬁ\§-+ C is also
Fo-equivariant. Hence we obtain a pair (q},%}) of a
3-dimensional complex manifold q} = ﬁ/ro " and a toric divisor
XE ='§7T0. We see that Xs is contractible to a point and thus

we obtain a 3-dimensional isolated singularity V&, by the same

reason as in the proof of [4, Proposition 1.7].

Proposition 2.1. If T 1is an abelian group, then
Hl(r,T) is a finite group and for each element [g] of Hl(r,T),
we can take a l-cocycle g representing [g] so that { o(y) |

y € T} is contained in the compact real torus CT of T.

Proof. Since T 1is a fundamental group of a compact

topological éurface, I 1is a free abelian group of rank 2. Let

y and § be generators of T. Then det(y-1) # 0, since y has
thfee real eigenvalues which aré‘not equal to 1 as we see in the
proof of‘[é, Theorem 3;1]. Hence for any elemént B of T, there
exists an element o of T with aY-l = g. Then we can‘take a
l-cocycle g representing [g] with 5(Y) =1 fof any element
[6] of Hl(r,T). Since T is abelian,bwe have o(e)ﬁ—l = o(y)e-l
= 1, by the cocycle condition for any element ¢ of r.‘ Hence
o(e) 1is contained in the kernel ker(y-1) of themap T 3 o —»
a¥™! € T. Clearly ker(y-1) is contained in CI and is a finite
set. Hence {o(yJ | yerTr} CCT and Hl(r,T)v is a finite

group, since a representative g is uniquely determined from g(y)

14
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and ¢(§). q.e.d.

Remark. When T is an abelian group, Cusp(C,[) is a Hilbert
modular cusp singularity [4, Proposition 3.1 and Corollary 3.2].
Let ¢ be a 1-cocycle representing an element of Hl(l‘ ,T) such
that { o(y) | y € T} <€ CT. We easily see that the set T' =
{yer |oQ) =1} is a subgroup of T of finite index. Then
I and I‘ch are commensurable, i.e., I'' 1is also a subgroup of 1‘0
of finite index. Hence Vo is also a Hilbert modular cusp

singularity.

In the following, we show conversely that any toric divisor
X' of a 3-dimensional complex manifold with the weighted dual graph
which coincides with A is isomorphic to X0 for some element
[o] of Hl(I‘ ,T). Let X' » X' be the unramified covering space

of X' induced from the covering map R + A of the dual graph.

Proposition 2.2. Under the above notations, we have an

isomorphism: X = X.

Proof. For each verﬁex v of 'X, let (XV,DV) ( reSp.
(X\',,D",) ) be the pair of the irreducible component of X ( resp.
X') cdrresponding to v and the union of the double curves on
it. Since each irreducible component and the double curves on it
are uniquely determined up to isomorphisms from the weigl';ted dual
graph, we have an isaﬁorphism (X",,D"r) = (XV,DV) of pairs. Take

a vertex v and fix one such isomorphism.

15
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I, : (X!,D!) (X,D,).

Let w be a vertex which is connected to v by an edge e ofd,
Let D=X-X and D' =X'-X' be the double curves of X and
v w v oW v

X",, respectively, \corresponding to e. Then we can take an

isomorphism
. 'n! o
I: (XD = (X,D)

in such a way that the restriction IWID' of Iw to D' is equal
to that of IV, i.e., Iw[D' = Iv|D" Next let u be a vertex of
A such that u, v and w are vertices of a triangle. Then the
restrictions of IV and Iw to the double curves Xl'l- X", and

XL'I-X‘:], respectively can be extended to a nuique isomorphism

. 'n' ~
I, t (X!,D}) (XD,)

of pairs. Hence the following lemma complete the proof, since A

is simply connected.

Lemma 2.3. Let v be a vertex of A and Wiy Wy eee

Vg be the vertices adjacent to v going around v in this order.

. . . . [ ~ . 1 ~ .
Fix isomorphisms IV : XV XV and le : le le with

= "yt v . .
IVIDi = lelDi , where D1 X1 le. We have isomorphisms

~—X , I :X' —X , ... and Iw:Xx:r—_’Xw’

I : X
v w3 w3 W3 s s s

]
W2 W W

successively, with I D' = I D' and I B! I AR by
vIDj  "ws10; Wi-1lBj v lEs

16
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the above way, where D3 =X X, and E!=X' -X' . Then

. W, .
] S O
- . . 1] 1
Iw |E! Iw ! Namely, we have an isomorphism from Xv + Xw +
s'™1 11 1
X' to X +X o+ ...+ X .
W v W W
s 1 s
/
E2
X /
w u X!
1 2z2 >
2
!
Xl
v
Figure 2.1

Proof. Take global coordinates (xi,yi), (Zi’yi) and (xi,ui)

for open sets of X;, X& and X& , respectively, for each i
i i-1
of Z/sZ so that Ei is defined by y, = 0 and also by x;

= 0, that Di is defined by z; =0 and also by ui+1 =0 on
X&i, that D is defined by y.,, =0 and also by-axi =0 on

' . _ . -1 _ i
XV and that_ghe relations Yi T X410 X5 T Yiel ¥4t and
2, = U4 Xi+11 hold. (See Figure 2.1.) We may assume that
u; = z; on each double curve Ei for i=2,3, ... , s. Then
u; = tz; on Ei fof a nonzero complex number t. It is sufficient

= : '

to show that t = 1. Take an open covering {Ui}i=1,2,..,s of XV

so that each Ui is a Stein neighborhood of the triple point
X'eX!' .X&i. Let f, be a defininig equation for X’ NU. on

U.. Let gij = (fi/fj)IX;' Then the collection {gij} of the

17



transition functions. 8; i defines the normal bundle [X"I]IX‘., of
X"r.' On the other hand, the line bundle [X\'/]|X", is liﬁearly
equivalent to dl'D1 + d2°D2 + o0t ds-DS for some integers dl’
dy, ... and d_. Hence we have a collection {hl} of nowhere

vanishing holomorphic functions hi on X", N Ui with

[1,2X]
i
o

d. d. d. d.
e oh -1 i-1 i j-1 _ “jy-1
ij * i gij h (yi X ) (YJ xj ) . In

-b.
particular, 81541 = xi+11, since b’i = di-l t+ a,- di + di+1“ Now

let fi = fj_'Ei for a holomorphic function Ei which is an

1% " Xi4g
{(T:i/zi) (Ei+1/uj_+1)-1} lDi =1. So (fi/zi) and (Ei+1/ui+1> define

a nonzero holomorphic function Fi on D]f_. Since u; =z, on

extension of hi to U.. Then (Ei/fiﬂ) and hence

' - : . 't .0 ¥
Ei’ Fi-l = Fi on the triple point Di-l Di' Since the double curves
Di are compact, the collection {Fi} is a nonzero constant
s ' ' : ' b o= =
function on D1 + D2 + .00+ Ds' Hence 't ul/z1

(F /2 Eu)™t =1, qeedd,

Let Auto(')v() be the subgroup of Aut(%) consisting of the
automorphisms of X which map each irreducible component of X
to itself, i.e., the induced action of Auto(()v() on 7} is trivial.
Clearly T acts on X effectively and hence is a subgroup of

Auto(X).

Proposition 2.4. -Auto(')z) =T,

18
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Proof. Let u, v and w be the vertices of a triangle of

X, Let (xu,yu), (xv,yv) and '(xw,yw) be coordinates of toric
surfaces X , XV and X , respectively, such that X -X_

( resp. XV-XW; resp. X X ) is defined by yu'= 0 ( resp. Yo =
0, resp.byw =0 ) and also by x, =0 ( fesp.'xw = 0, resp. X,
=0 ) and that X, = yv’ ( resp. X, = ¥, LeSP. X =y, ) on
Xu'XQ ( resp. XVwa, resp. X X, ). ( See Figure 2.2. ) Then the
restriction of any element g of Auto(i) to X, for t=u, v
and w can be written as (xt,yt)-+ th'xt,st-yt) for some nbnzéfo
complex numbers oy and By Clearly a, =By a, =By, and ay
=By On the other hand, the action of any element 8 of T on
a neighborhood in T of the triple point XU-XV-XW can be written
as (x,y,z) + (le, BoY) 332) for a coordinate (x,y,z) of U
which is (yv,xv,O), (O,yw,xw) and (xU,O,yu) on X,» X, and

Xu; respectively. Hence there exists a unique element ¢ of

T, the restriction of which to Xu+ va Xw ‘agrees with that of

g. Then as in the proof of Proposition 2.2,‘we'have g =a on

~

X. q.e.d.

Figure 2.2
By Propositions 2.2 and 2.4, there exist a subgroup T' of

Aut(X) with X' = X/r' and an isomorphism h: T = ' with

19



Y-l-h(y) € T for any element y of T. Let o) = hiy )y -1.
Then by an easy calculation we see that the map o : T + T satisfies
the 1-cocycle condition ol8) =0l @) for any element y and

§ of I'. Hence themap o :T » T defines an element [0] of
Hl(F,T). Here assume that XLt XL with T = {tG)y |

Y G>F } for some T :I'» T satisfying the 1-cocycle condition.
Then there exists an element B8 of T satisfying Be(@(y)+y) =
(t)y)»B for any element y of I'. Hence we have o(y)A (1)

= EY-l. ‘Therefore, y and 1 defines the same element of

Hlﬁ‘;r) and such element is uniquely determined from an isomorphism

classes of toric divisors. Thus we obtain:

-Proposition 2.5. There exists an injective map from the set
of isomorphism classes of toric divisors whose weighted dual graph
coincides with A and which are exceptional sets of 3-dimen‘siona1
isolated singularities to Hl(I‘ ,T), which‘ sends each toric divisor

X' to the element [0] of Hl(I‘,T) with X'= X

When T' 1is abelian, the map in Proposition 2.5 is bijective,

by Proposition 2.1.

3. The pseudo—tautness of cusp singularities. Let (U,X)
and (U',X') be pairs of 3-dimensional complex manifolds and their
toric divisors such that X and X' are isomorphic. We denote
by nX, the analytic space whose reduced space is X and

whose structure sheaf is OU/OU(-(n+1)X).

20



Theorem 3.1. Under the above notations, if
Hl(X,’@U@OX(-pX)) = 0 for all positive integers p, then we have
an isomorphism n)( = nX' for each positive integer n, where Oy

is the holomorphic tangent sheaf of U.

Take an open Stein covering {U,} ( resp. {Uy} ) of X ( resp.
X' ) with local coordinates (xA,yA,zA) ( resp. (XA’YA’Z'A) )
such that X ( resp. X') is defined by x,.y,-z, =0 ( resp.
xA»yA-z'A =0 ) on each open set Uy ( resp. UA ). Here for an
isomorphism i : X' =~ X fixed once for all we may assume that
i(UnX') = U 0X, that x,(p) = x,(i(p)), that y,(p) = y,(i(p))
and that zl&(p) = zA(i(p)) for any point p of UA(\ X'. Let

(opryprzy) = (Egp(g¥25), gB(xB’yB’ZB)’th(xB’.yB’ZB))\
and

Cehorhoe') = (ElaCegoaho) efn g 9o ) i o )
for each pair‘ (A,B) with UA(\ Ug # 2. Then

(fz&B('x(B’yB’zB)’gAB<xB’yB’Z'B>’hl'\B(XB’yB’ZB))
0 0 0
= (fAB(xB’yB’ZB)’gAB(XB’yB’ZB)’hAB(xB’yB’ZB))
( mod. (xB- yg* zB) )

Now let

21



1 1 1
(XB'yB'ZB)'(fAB’ AB’hAB)

. 0 0 ,0
= (fAB<xB’yB’zB)’gAB(xB’yB’ZB)’hI;sB(xB’yB’ZB)) = (fAB’gAB’hAB)’

and let

1 1 1 1

[eBF s b
L
0

XA Ya Zp

Then by an easy calculation, we have

1 _ 1 RS
(xo¥g2c) $pc = (Xpryp-zp)-9pp + (Xo'¥e'2c)9pc
. Ll
( mod. (foyC~zc) ),

if UAn UBn UC

of 3118 to X defines an element of Zl(X,eUgOX(-X)). By the

£ ¢. Hence the collection {sgBIX} of the restrictions

assumption of the theorem, we have a collection {3}\} of vector

fields

1_3 .4 - R S R |
%A 7 ax, £A HEALSE TN hy

. 1 _ 1 1
on U, with (xB»yBc ZB)“‘)AB = (XA'YA' ZA)"(}A - (xB- yg' zB) 93 ( mod.

1 1

2 1 1
(xgeypozg)”™ ). Let xy = x, + (Xeyu-20) 5y vy = vy + (K4:¥p2)) 8y

and zi =z, + (XA' Yp® ZA)'h}C Then by an easy calculation, we have

111 111 111 1.1 1
(yoyaozy) = (Epp(xp,¥p125) 18 (Xg:Yp:28) s (xp1¥p23))

( mod. (xgrygrzg)® ).
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Thus by the assumption of the theorem, we can define inductively

new coordinates (XR’YX’ZR) for any positive integer n such that

XR,YK,ZX) = (fAB(xg,yrBl,zg) agAB(xngEyzg) 9hAB(XrBI’YrBI, ZTBI)) ’

( mod. (xB.yB-zB)n+1 ).

Thus we complete the prbof of Theorem 3.1.
We have the following theofem.immediately from Theorem 3.1 and

[2, Theorem].

Theorem 3.2. Let X and X' be toric divisors of
3-dimensional complex manifolds U and U', respectively. Assume
that X ~ X', that X is contractible to a poih£ and that
Hl(@UgOX(?pX)) =0 for all positive integers p. Then some |

neighborhoods of X and X' are isomorphic.

The exsamples in [4, 5. Exsamples (I) and (II)] satisfy the
condition of Theorem 3.1. Let (U,X) » (V,p) be a resolution of
a 3-dimensional isolated singularity (V,p) such that the exceptional
set X 1is a toric divisor. If (U,X) satisfies the condition of
Theorem 3.1 and Hl(r,T) is trivial, then (V,p) is taut and is
a cusp singularity in the sense of [4], by Theorem 1.9, Proposition
2.5 and Theorem 3.2, where r 1is the fundamental group of the dual
graph of X and acts on T =~ (C*)3 through the map o : T »

GL(3,Z) we obtain by the way as in Section 1.
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