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‘ FREE BOUNDARY PROBLEM FOR UNSTEADY SLAG FLOW IN THE HEARTH
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Q. Introduction.

The hearth drainage is one of the most important factors for
successful blast furnace operation. The slag is considered to be
more difficult to drain than the metal because of its higher
viscosity. When the slag surface reaches the level of tap hale,
the furnace gas starts to blow out. Then tapping should be
staopped. The amount of undrained molten material at the end of
tapping is estimated by the shape of the slag surface. In order
to determine the influence of tapping conditions due to the shape
of the slag surface, the three dimensional problem of the slag
flow during tapping was solved by using the finite element method
by Ichihara and Fukutake [2]. They concluded that their computa-
tional instability was resolved by Kawarada and Natori [11],

using the penalty method developed by themselves [5-7, 10].

The oaobjective of this report is to give mathematical justifica-
tion of penalty formulation, 1i.e., to prove the convergence of
the penalized free boundary to the one of an original problem
when we let the penalizing parameter e tend to 0. In section 1;

we review the formulation for two dimensional problems of the
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slag flaw, and then we give the penalized formulation by using
the method of integral penalty. Section 2 is devoted to the main

theorems.  In section 3-5, we give the proof of the main theorems.

1. Formulation.

We consider 2-dimensional flow of the slag in a hearth, which is
bounded by an impermeable boundary T, and a free boundary. Ty
is consisting of lines ¥ = 0, x = 0 or a, and on the boundary x =
0 a tapping hole is bored near the bottom y = 0. ‘On the other
hand the free boundary is represented by y = ¢(t,x), and it is
denoted by T (é).
In a slag region, which is written by the function ¢ as

Q(p,t) = { (X,¥y) | 0 <(x <a and 0 <y < ¢ (t,x) },
velocity vector v of slag satisfies the condition

v = - dWVu
with a potential

u=(P-P) / (p8) +v
by Darcy’s law. Here d is permeability of slag, p is density of
slag, & is the gravitational acceleration, P is a pressure of

slag and P is a pressure at a standard point.

From the equation of continuity, ¥ + v =0, it follows that

Au =0 in @(C¢,t).



Boundary conditions for the potential u are given such that u = y

on the free boundary T (¢), and u = 0 on the fixed boundary

n
except the tapping hole, on which it is assumed to be equal to
a given function.
On the expression ¢ (t,x) of the surface of free boundary, a
point (X, ¢ (t,x)) on the boundary moves to a point (x - du,xdt,
P (t,x) - du’ydt) after time dt past, it is followed by

¢ (t,x) - du,ydt = ¢ (t+dt, x - du’xdt)

= $ (1) + b 4 (£,0dt - dé (t,50u dt + 0dt)Z.

Therefore we have

¢ ’t_(t,x) = d(u,xtb % u,y).
While the unit vector n (t,x) of outward normal direction is

1+ ¢ 09 V28 0, 1.
Thus we obtain

(ko0 =-d+ & V2 ) b4y

® (0,x) = & 0.

The above equations are rewritten as equations of p = u - y and

¢ as follows:

Ap =0 in Q(eé,t),

Ponlrg = " Plrce) =9

$ L =-dll+ L+ & V2 ) 14,1,
(0 = 3.

Here w = - 1 on the bottom of boundary (¥ = 0), and = =0 on

the side boundary (x = 0, a) except the tapping hole.
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1.1. An_approximation by penalization.,

Let the whole hearth be denoted by B =1 X 10,b[, I = 10,al, and
H be the Heaviside function. Then we penalize the free boundary
problem as follows.
We assume a penalized equation in the region B\ Q(¢.t) with a
penalty parameter ¢ > O, then the state equations satisfied by
functions p(e) and ¢ (e) of t, x and y are

- Ap(e)(to,y) + e tHiy=@ (e) (t,0)pCe) (t,x,y) = 0,

p(e) = x,

N ’ T,
p(e) ‘ r, = 0.
Where T, is the top of the boundary 9B, and T, is extended to
the whole rest boundary. For ¢ (e}, we have in the distribution
sense of ' (B)
e MH(y = @ (e)(t,x))p(e)(t,x,v)
=+ (= (Oop (Eoy) +p (B Y)HT (y - e (1)),
and
el [OHin - s Ce)t,pCe)t,x, m)dn
a -+ b 0D Y Zp (i, @ (B0) (L - HO = $ (15000,
as e -+ 0, which are simiilarly shown as in [Sj. Therefore as
the governing equations of ¢ ( ¢) we introduce
dle) (b =-dil - LB L ee)txydy,
b (e)©0,) = B(x), |

by the idea of the integrated penalty.
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2.__Main results,

2.1, Theorem 1.

There exists a unique solution pO and ¢O such that

ap? =0 in @(eY,t),

0 _ 0 _
Pty = " Pl rce® =0
d’o,n =-dil + (1 + ¢O,x2)1/2p0’n ’ l‘(qbﬂ)]’
$°0) = 3,

if & is smooth enough and T > 0 is small enough.

2.2, Theaorem_2.

There exists a unique solution p € and ¢ € such that
- AP (toGuy) + e tH-6 T (4,0)p € (t,x,¥) = 0, (x,¥) € B,
€ — (3 —
p - T, o} = 0,
nlry, Ity
¢ ¢ (t,) = - dll - e ! I g € (1,5 P (ty)dyl,
¢ C0,x) = ),

if @ is smooth enough, T > 0 is small enough (uniformly in e).

2.3, _Theorem_ 3,

If @ is smooth enough and T > 0 is small enough, then
¢ € - ¢° as e - 0,

in maximum norm.

2.4.

In order to show the theorem 1 and 2 we will use the Nash-Moser'’s

implicit function theorem, which is described as fol lows:
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et EJ, F‘j be real Banach space (j = 0, 1, «, 11) such that
Fl ) oo . ) Fll.

EO D El ) eoe ) Ell,
| x| 1 < 8 }, and

And let & > 0, V= {x € E; |
such that F(V:wEi) C Fi for any i.

F:V—oFl

If

(1) [the existence of smoothing operators]

39 2 1and 3@, € Ey > Eyps Yii,0 S0 SJ 811

cox € E D | &gx|; S CoT x|y,
cx € Ej 3 Ix- Gax|; sce'T x|y,

(2) [F-differentiability of FJ]

F° € (v - L(E; = Fp): F-derivative of F,
c | F" x, h |y S Clhly for any h € Eg,

| FOkh) = FOGO = F° OGh) 1] S Clhl,2,

(3) [the existence of right inverse of F]J]

1 e v - Fy = Ep);
+ T OOF, € E;_; Vi, x € vnE;,
C F 0 T0GY) =y Vx € VnEy, v € Fp,

1Ty 1y S Clyly Vy € Fp,

C L TGGFO) | S G+ Ix])) Yi> 0, x
€ VnE;,
@) [ F©O | < e(C,8)
then

I € vi Fx = o0.
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3. _Proof of theorem_1.

In arder to apply Nash-Maoser'’s implicit function = theorem, the
problem will be reformulated as an equation of ¢. Let
a function p defined in [0,T] X I be a‘difference of the free
boundary from the initial state, and F be the functional in p
def ined by

F(p) = p 4 +dll+ (+o DV2P(0) (| re)]

= ¢ + p,

where P(p) is the soiution of

- AP(p) =0 in Q(¢,t),

P(p),n' T, = n,

PCR) | r(g) =0

Then the probilem is reduced to find a zero point po of F.

3.1,
For any 8 > 0, let I 5 = [8,a~-81, then
F e (€™(r0,T1xD - c™ Lo, T1x1,4).
3.2. _(The first Frechei derivative of F_.)
F' (p,a)= a+dl+e V28 0 P(o) | r1ce)
+ e DVZP(e) 1| 1 (e)], p (0]

and

PP oyl T(e)T Y PP nir(e)® P,

where P° (p, o) is the solution of an equation

- AP’ (p,0) =0, P’ (p,a) | =0,
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P (psa) | r(gp)y =~ PP nNy | r(g) -
3.3, (The_second Frechet derivative of F_.)

F7(p)(0)? =dl+é ™26 2P(e) 1| 1 (e)
12046 AD7V28 o IP(e) 1| ()], p ()
+ 1+ e AV2P(e) i rierl, pp (@ ]
where P"(p, 0'2) appeared in [P(p),ni l"(4>)],p o is the
solution of an equation of the same kind. Therefére F"(p) €

L@ o> L@ - c™3)) is bounded.

3.4,
For p € O™4, jet J(p) € (™l-& L ™ & >0, be an
operator defined by I (p)(t) = o such that

o+t d{(“'d’,xz)—l/z‘b,)f(p),n‘ T ()% ,x

+ e ATVZLPe) (lr(ey 1,0t = T

s P
Thus we can apply the Nash-Moser'’s implicit function theorem with
J R R :

Here since | F (0) | S CT® | F(O) | we can make

m-4- o m—4°

| FO) | small enough by taking T be small.

3.5. _(Unigueness.)

Let Po and P be zero points of F, and let p = Py ~ Pp-

Then p satisfies
Pt
+ d<(1+‘”1,><2)1/2""(1+ ¢O,><2)1/2)—1(4’.1,><+ ¢O,><)P(‘°1),n ‘ I‘(¢1) P x
+d+ ey D Y%B(eg, e =0,
p (0) =0,
where B(pg, o 1) = jé [ P(p 0),n§ T(é,) 1 o+ P g=1prpt
6(pqy- Py and ¢ o =  + p o- It follows that p = 0.



4, _Proof of theorem 2.

In order to prove the existence and uniqueness of sojutions of
the penalized problem, let us define F € hy
Fe(p)=p 4 +dll - e 1 [BHO-6,0)0P% (p)ayl,
¢ = & + p,
where P € (p) is the solution of an equation
- AP ¢(p) + eTlH(y - (. 0)P € (p) =0,
F’e(p),n§ro= x, Pe(p)jrlzo.
Then the penalized problem is reduced to find a zero paoint o €
of F ©.
4.1.
F & (p,o)(t,x) = o 4(t,%)
—deTir [ B oGP (e, a) (i )dy
- P(p)(t,%, ¢ (£,5)) a(t,x) 1]
here 8p € =P ¢ ’ (p, ad) is the solution of an equation
- A8p® + e lH-d(t, ) 8p ¢ =0,
6pe'n|r0=0, ﬁpeirl‘—‘o,

€ _ - -1
8p “o,nlTce)~ 8P 1 nlr(e) = € PECRIN |1 (g0
Thus we have F ¢’ (p, o) € o™,

4.2.
Fe (p,a®)tp0 =-delr [B  Pe (p, o?) (t,x,v)ay
- 2P (p, 0)(t,x, ¢ (t,%))
- PCp) J(t,%, d(1,x)) o (t,x) 1]
here 8%p =P ®”(p, ¢2) satisfies the equation



- A8% + e Hiy - #(t,%) 8% =0,

2 - 2 -

8 %p =0, 8% =0,
nlrg S

2 2 - -1n € 2
3Polr(e) - 8Pilr(e)= ¢ P CAIny |l p(gp)o™

2 2 - —1lfpe ~ 2 .
8°Po,n | T(p) = 8 Pinflr(e) = & P Ceind o am 4 o
So we have F ®"(p, a2 € c™1
4.3,
For p € C™2, e can define the operator I (p) € (cMl-o&

C™ by I(p)(z) = & such that
F ¢ (p)o = =.

Thus we can apply the Nash-Moser’s implicit function theorem with

EJ - Cm+2J"2’ FJ = Cm+2\j"4"a, a > 0.

5. __Convergency of penalized solutions (outline).

2.1,
It is shown in [9] that
P(e,p) — P(p)(l - H(y - & (t,x))) as e = 0.
2.2,
For small enough e > 0O,
IPQ(P)‘F(d,)Im »
S CeZUPCe) )1 (o) Vw1
e 1/2
I (P (p) + ¢ P(P),n)ir(‘b)lm
SCQ'P(p),n!r(¢))'m’
1/2
F r(e)+P (e - e PECe) | r(g)tm

\0



SCE'PQ(P)ir(¢)Im+1.
5.3.
L (p,0) - e« 2P (oin,0) | p gy Im

1/2
SCel’201(m,0) | 1) Vi1, oo 1PCR) 0l reg) Pmerr

'fr(¢>J-PE'(PsU)dn— GI/ZPQ’(P,G)"F(¢) Im

SCelnyfr(ge) tmii, e IPCR) 0|1 (o) Tta
S.4.

For P€(p), we have
L[ 8t PO (tomdy + e td DY2PCo) [ 1 gy Iy
S ced2UP () s,
S C(l ¢ '5/2) 63/2 I ® |3/2.
Therefore

lp,t + dll - e-lfg(t,x)Pe(p)Jl s Cel/z.'

Let e € denote the error p € - po in penalization, then
€ -1 e ey _ €
e p-de [ e (g 0P (p ) = [ 404 0P S (p ]
=0(el/2y.

Now tet an operator F be defined by
Feo) = [ B . 0P *Cp)tyay,
so that
e L +dIF(p &) - F(pD1 =0cel?),
Since AF’ (p,0a) by
=0 [ ptoP & (P a)(tx,dy —P () | p(p)lm s Ce,
we can show that » (t) = fJe ® (1) lc(1) satisfies the inequality
¥ (1) SCfgr(t)dt+Ce1/2t, and » (@) = 0.

Therefore we have » (t) & C e1/2 in some finite interval [0,T].
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