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Type IIl—factors with property T

71771/5)‘(%7( ’E\ a3 l)% (Marie Choda)

The property T for von Neumann algebras are defined by Connes-
Jones 1in [51. It is a reformulation of property T for groups due.
to Kazhdan [8]. The distinguished property of IIl-factors with
property T is that the fundamental group of them are countable,
and the group von Neumann algebra of a countable group G has
property T if and only if G has propertj T [5]. Here I will
discuss on type IIl—factors with property T.

In.2, I shall give some characterization of property T of
type IIl—factors.

In 3, I shall investigaté@trongly ergbdic outer actions of a
group with property T on the hyperfinite IIl—factor R. In the
case of an amenable d}screte countable group K, for every outer
action o&¢ of G on R, the crossed product W*(K,R,d ) 1is

again a hyperfinite II -factor [4]. More precisely, in [9],

1
Ocneanu proved that all outer actions of such a group on R are
cocycle Conjugate. In [ 7], Jones showed that the converse of this
result is not true, thaf is, there are two non cocycle conjugate
outer actions of a given nan amenable group G ’on R. His

secand action is given as the tensor product pcgid of the so-
called non-commutative Bernoulli shift action @ and the trivial
action did. Obviously,the action @c@id is not ergodic. My

first question is the following ; are there two ergodic non cocycle

conjugate outer actions of a given non amenable group on R ?

If two actions are cocycle éonjugate, then the crossed products
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issoclated with them are isomorphic [10]. However, in general,

;he converse of this dees not hold. So my second question is the
*ollowing ; are there two ergodic outer actions of a group on R,
vhich construct non isomorphic factors ? The result in §3 gives

in answer for this second question.

2. Characterizations of property T for IIl—factors.

Let N be a type IIl—factor. A Hilbert space H is a

correspondence from N to N 1if there are commuting both side

actions of N on H which are continuous, that is, if (x.)

in N converges to x ¢ N 1in the *-strong topology, then

IXL? and (E X,) converge to X weakly for all }e}H. The

set of all correspondences from N to N 1is a topological space
nith some topology and N is said to have_property T if the trivial
correspandence L2(N,tr) is an isolated point in the set, which

is equivalent to the following ; there are an ¢£> 0 and a finite
subset {xl,...,xnk of N such that if a correspondence H from
N to N contains a norm 1 vector ;} with uxif - §Xill<12

(i =1,...,n), then there is a non zero vector ’16 H with

xﬂ = ﬁ x  for all xé¢N (I51). Such a vector 7 is called a

central vector of N in H.

In [ 1], Akemann-Walter give a characterization of property T
for groups using positive definite functions. Fipst, I shall give
a characterization of property T for IIl—facths by complete positive

maps.

Let N ©be a II,-factor and N, the predual of N. Then N,

1
is a partially ordered space with the order defined by positivity

for linear functionals on N. For feN, and xeN, let



xof(y) = f£(yx) fox(y) = £(xy) (Xe N).

Let consider the *-strong topology for N and norm topology as

: ° .
linear functionals for N,. Let N be the opposite algebra of N

Theorem 1. A type IIl—factor N has property T if and only

if each net 4.} of continuous completely positive linear maps

o

from N to N,, such that ¢, (1) 1is a state for each =,
satisfies the following ; igl 7¢(x) - ¢(1)ex converges to O
for all x &N, then fL(x) - # (1)-x converges to 0O uniformly

on the unit ball N1 of N.

Proof. Assume that N has property T. Let ‘§?4} be a net of
) o
continuous completely positive linear maps from N to N, such
that %L(l) is a state for all = - A positive sesquilinear form on

o]
the algebraic tensor product N®N . is defined by
) [0}
(a@b, cod) = ( J.(c*a))(bd*) (a,ce N, b,d €N )

o

because ﬁ, is a completely positive linear map of N to N,.
) o
Let H be the Hilbert space obtained by this form from N®N .

Let N act on the left and right sides on H by the way ;
x(a®@b) = xapb, (a@b)x = a® bx (x,a,b éN).

Since fk_ is continuous, this actions are normal, so that H

is a correspondence from N to N. Put 513 1®91¢H,. Then
3 = ( .(1))(1) = 1. Assume that ¢ (x) = R (1)X L —>0

for all x¢ N. Then, for any unitary ue¢N,

I uEVk -t e =2 - 2Re( ¢,_(u)) (u*) — 0.

Since a element in N is decomposed into a linear combination

of unitaries, by iS], we have a net ;7¢§ such that

0 # e , w1 -"u—0, XY, = v, X (x €N).
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We may assume that u1¢u = 1. Since the functional (. ¥, , ¥,)

is the canonical trace on N,

[CF ) - (o @ex) )|

[ Chows 3 = (Gows o

K LY. x*t - X*’Vz/l,)l + |(}¢y, ”ILX* - }LX*)f
213 = 1~ |

TN

HA

for all x and y in Nl' Hence
sup 1 ||?L(x) - ﬁjl)axlj 3 Xe-N1 } — 0.

Conversely, assume that N does not have property T. Then
there exists a net § Hq, E¢ t of correspondences H. without
non trivial central vectors and unit vectors ?m,e H.. such that
5 Xfm, - 3£x } converges to 0 for all x €N. Let}take and fix

an XxXé&é N. Put

C 2.(xN@) = (x3.y, F)-

Since the action of N on correspondences is normal, ?L(x)
is a ¢ -weakly continuous linear functional on N and j%,' is a
[0}
continuous linear map from N to N,. Since j¢ is a unit vector,

ja(i) is a state. Identifing Mn(N*) with the dual (Mn(N))* by

f(a) = > . . f..(a..) ,

1,J 1J 1J
= C * - 3 .
for f = [fij] & Mn(N ), a = (aij)ézMn(N), in order to show

the complete positivity of ﬁ,, it is sufficient to prove

.zyxxi*xj)(ajai*) = njlhxikitai e > o.

L=

Hence each fL is completely positive. For an x€ N,

I ﬁb(x) - F x|
:Supit{<xfty, f.‘,)_ ( }L‘yX: Er\,) 9y€N1§'



0
art

£ 0 x*E - Fox* U —s 0.

Suppose that { ¢ (x) - ﬁji)ax f converges to O uniformly

on Ni' Then for any ¢> 0, there are 4 such that

Hf(x) = ¢ (1)ex y<e for all x eN,.

So there exists a jv such that

| (u i,u*, f1 ) -1 ] <¢ < 1 for all unitary uce€N.

Hence there exists a non zero qteH,L, such that u1 =1(u for all
unitary uéeN (ef,I61). This contradicts that H. has no non zero.
central vectors. Hence E?Q(X) - f(D)ex} does not converge to
0 uniformly on N

1°

Cdrollary 2. Assume that a IIl—factor has property T. Let

%Ttt be a net of continuous completely positive linear maps on

N such that fb(l) = 1. If f;(x) - x I, —>0 for all xé&N,

then

sup { it fL(x) - X M2 5 xéeN, 1xu < 1 k — 0.

Let M be a von Neumann algebra and H a correspondence from
M to M. A linearmap 4 from M to H is called a derivation

it S(ab) = a $(b) + &(a)b for all a and b in the domain D(J)

of & . A linear map 4 from M to H is called bounded if

sup 4 0 F(a) u 3 aéM, ytan < 1 <o,

Theorem 3. If a.typellIiefactof N does not -have property T,

there exists a unbounded derivation from N to a correspondence,

the domain of which is a weakly dence *-subalgebra of N contain-

ing the identity.




Proof. Let 8, be a countable subset of N1 such that

S, 1s dense in N1 with respect to it . s defined by the
canonical trace tr of N. We may assume that S, contains the
identity of N. Let S be the set of products of finite elements
in S, v S: . Then S 1is a countable 1 . 0o -dense subset of N

N

If N does not have property T, then for -each integer n,

'K

Put 8 = ﬁ XgsXpse 5%,

there exist a correspondence Hn from N to N without non zero

central vector for N and a }Me-Hn such that W jhn = 1 and

that \{Xj'fw - fbxj(l.< 1/4%. Assume that for each € ¥ O

there exists a n integer m such that x5 im - }M;Xi W < ¢

for all 1. Since S is a -, ~dense in Nl’ for any ¢ » O,

there exists an m such that | u} u* - }Inﬂ < ¢ for all

unitary ueN. Let Y be K3 = inf {h}ﬂ ; t is in the norm

closure of the convex hull of u~§mu*, u is a unitary in N }. Then
< is a non zero central vector in. Hm’ This is a contradiction.

Hence we have a sequence { H , }r1é}%ﬁ od >0, a ¢ St such that

CE =, W xg Y- Foxs b < 1T AZi<n), poagt, - Taid.
Put
o
H=2 @H.
=

We shall define a new action of N on H by
x% = (Xﬁn), Yx = (}nx) (x €N, }né H , X=(§n)éH)».

Then H 1is an again correspondence from N to N. For each n,

let ¥ be 3= (3;)€H suchthat [ =} —and §, =0

~
n

0o —~
Flo =2 2 fy - fy w0, (x &8).
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Let take an x€& 8, then x = Xy for some i. Since

: n . .
i Xi:?n o ipE < 1/4 for all n)»i, the series converges.
Hence &  is well defined on S and we shall extend & to the
set D(§) of finite combinations of elements in S by the natural
method. Then 8’ is a derivation of N to the correspondence

H. By the following inequality, 0 is unbounded ;

2 2 2n (2 5 n2m 2
= ) - >
I g(am)t(‘ “2‘2 W a frl }n a_ 17 2 297 o 7,

A type IIl-factor N with property T does not have property
T7 of Murray and von Neumann. A. Connes gives some characterization
of property'r(ful). Next, we shall give a characterization of a

negation of property T.

Theorem 4. A IIi-factor N does not have property T 12 and

only if, for any finite subset { xl,...,xnf of N, there are

a correspondence H from N to N with a non trivial central

vector and a sequence (gfk) of unit vectors in H such. that

i xjfk- }k Xj“%_.:,oo for all j = 1,...,n but that (fk)

does not tend to any central vector when k —>0°.

Prcof. Assume that N does not have property T. Let take
any finite subset y XgseeesX, { of N. Then for any integer

k, there is a correspondence Hk from N to N with a unit

vector ‘11{ such that | %K Xy - xji{kn< 1/x for-all § = 1,

., but Hk does not contain any non zero central vector. Let

ftr Dbe the canonical trace. Let

o 00
H= L°N,tr) ® 2O, ®H, -
k=

, ) 3 2 ;
For an x €N and X = (EJ.) ({,€L (N,tr),jkeHK for k>1),

-7 -



let x K = (x zj), and Y x = ( gjx). Then H is a correspondence
from N to N. Since ‘all Hk's have no non zero central vectors,
central vectors in H are contained in €1 < LE(N, tr). Let ,Ek

be the vector in H such that } K = (0,...,0, YK,O,.,.), where

j K is in the k-component. Then the sequence (.ik) satisfies
the properties of the statement.

Convesely,assume that N has property T. Then by [51, there
exist ¢> 0, yi,...,ymé»N, K> 0 such that for any correspondence
H from N to N and a vector E € H, wiu = 1 with
il yj’§ - } yj[\< ¢' <€, there is a central vector % with
fi 1 - }1[< K¢'. Let take % yl,...,ym } as a finite sgbset
g Xl”"’xn t. If there are such a correspondence H from N to
N and a sequence ( }k) as in the statement, <\fk) must con-

verge to some central vector. This is a contradiction.

In the case where we can take the trivial correspondence as

the correspondence H in Theorem, it is a caracterization of
property I .

Let N be a IIl—factor and H a correspondence from ﬁ to
N. Let W be the uhitary representaion of the unitary group
U(N) of N defined by j)(u)j = u!fu* for all wu eU(N) and
je;H.

In L11, Akemann—Walter gave a characterization of property T
for locally compact groups using some distinguished projection.
Next we:ishall give a characterizaﬁion of property T for factdfs
by some projection.

Let H be a correspondence from N to N with a non Zero

centrai&ector. Let Pc be the projection of H onto the subspace



spaned by all central vectors.

Théorem 5. A IIl—factor N has property T if and only if,

for every correspondence with non zero central vectors, the pro-

jection P is contained in the C*-algebra C*(§ (U(N))

generated by © (U(N)).

Proof. Assume that N has property T. Then by Theorem 5,
there exists a finite subset { U,s.--5u_ | of N such that,
’ 1 n
for any correspondence H from N to N and a sequence (}1{)
of unit vectors in H, 1if | ~Xj;?k - .kaj N —0 for all j,
then ( }k) must tend to some central vector when k — (0.
We may assume the set is a set of unitaries in N which contains
the identity 1 and *-closed. Let take a correspondence H
from N to N with non zero central vectors. Put

n
a :Zf(uj):

then a 1is an self adjoint operator in C*(§(U(N)) such that

al = n{ for all cental vectors € H. Let K :I{C)PC(H).
If the restriction of a - nl1 to XK is not invertible, then
there exists a Sequence ( %k) of unit vectors in K such that

i a}k —zlfk ! — 0 when k —>® . Since

L afkﬂ - n léuaﬁk —Ilfkﬂ ;3@0,

“~f(u3)§1<” =1 and || a§1{H < n for all k,Jj,

we have that

Uyt - Tus s uf(uj)fk— f(l)jk”&f (1<j<n).

Hence the sequence ( Ek) of unit vectors in K must converge to

a vector in- PC(H). This is a contradiction. Therefore the proper
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value n of a 1is an isolated point of spectrum of a. Hence
the projection PC is contained in the C*-subalgebra of’ C*@TU(N)»
generated by a.

Conversely, assume that N does not have property T. Then
there is a net i Hqe, }m f  of correspondences H. without non
zero central vectors and an ?hé»Hm, such that l(fbu = 1 and

I Xj?*/ - §¢Xj i\ — 0 for every finite subset {xi,...,xn t
of N. Let H Dbe the direct sum of L2(N, tr) and the direct
sum of all H 's. Let 31, be the vector in H such that the
1+ - component is only one non zero vector ‘EL' Let< N act on
H from left and right sides by the diagonal form. Then H is
a correspondence from N to N with the central vectors ¢1
in LE(N,tr). The projection PC is the 1-dimensional projection
on 1. If Pc is contained in C*(‘y(U(N))), then for any
£>0, there are a finite set of unitaries { ui,...,unj and
complex numbers 501,...,cn§ such that

WP, - 2y oes 8 (uy) < €,
Then

S _ : , ; < &
LS e =1 1€ (2 e £ (u))(@) - 2 (1)

=

and
| 2o et o= u et
I J 73
D A T (D) A ER DIV JORY S S
< 2¢€¢
for sufficiently large =~ . This is a contradiction.
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3. Two strongly ergodic actions of Sp(n,Z) on R.

-_—

Here I shall give an answer for second question in §1.
Non compact groups with property T are non amenable. Special
linear groupé with the orders larger than 3 are typical groups
with property T. 1In[3], we showed the existence of two strongly
ergodic outer actions of SL(n,Z) on the hyperfinite IIl—factor

R, one of which construct a IIl—factor with property T and the

other gives a II,-factor without property T. Another examples

1
of groups with property T is symplectic groups. In this place,

I shall give two strongly ergodic actions of Sp(n,Z) on R. The
grgoup SL(n,Z) can be naturally imbedded into the group Sp(n,Z).
Then under the inclusion, the restricted actions of Sp(n,7Z)

to SL(n,Z) coinsides with the actions in [3].

Let take and fix an integer n. Let B(a,b) be the sym-'-

2n

plectic form of a ans b 1in the vector space Z (Z 1is the
set of all integers)
- n _ .
Blayb) = 257 1 aiPnyy i =1 %nei Py
where a = ( a a_, a a, )€ Z2n
12008y BpagseeesBn)
Let consider two groups
2n 3 2n
K = Sp(n,R) )% R and G = Sp(n,Z) >é Z 5

the semidirect product,the product of whose elements are defined

by ‘

(S,a)(T,b) = (ST, T 2(a) +b), (S,Te€Sp(n,R), a,b€R"),
where the action of Sp(n,R) on R2n is defined by the obvious
manner.

Lemma 6. The groups K and G have property T

- 11 -



Proof. In T[12], it is proved that the semidirect product
SL(n,R) Xs Ré has property T, where the product is defined by
the same manner as K. The proof is due to the following

The semidirect product T’XS A, of a locally compact group
A Dby a locally compact group |~ with property T under an action
of » has property T if

(i) T” has a subgroup L such that for every continuous
uniﬁary representation u of T, there is a non zero fixed
point under - u when the restriction u to L has one and that
A is generated by the set 3 a€ A; there is a geT with
c)dg(a) = oﬁqg(a) for all . helL},

(ii) the group generated by % <>1g(a,)a_—1 s a€h, g eI’f is
dense in A. ‘

In the case of :F = Sp(n,R), 1let L Dbe the subgroup of
matrices E B s, Where E 1s the identity n by n matrix

(o_ E) '
and B dis an n by n matrix with B = tB(the transposed}

matrix of B). Then L satisfies the conditions in (i)(I61).

E O t

The group Sp(n,R) contains the matrix 0 E D 0
- and (6 b1

Hence the natural action of Sp(n,R) on R2n satisfies the

conditions in (i) and (ii). Therefore K has property T. The
group G has a finite covolume in K, so that G has property T.
Let take an irrational s in [0, w/27] mod. 2m Let
b ((8,2),(T,b)) = exp(isB(T 'a,b)),
for S,T€¢Sp(n,z) and a,be;Z2n. Then HS is a normalized 2-

cocycle of GX G to the torus T

(1) M lg,h) =1

_12_
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(2) ug(l,8) = p(h,1) = p(g,e) =1
(3) ug(fn) u (fh,k) = p (h,k) p (f,hk)

for all f,g,h,k in G. In fact, it is clear that the condition
(2) 1is satisfied because B(.,.) 1s the symplectic form. The

relation (3) 1is proved by the following

Mo ((8,8),(T0)) ki ((8,2)(T,b),(8",¢))

exp(is( B(T *(a),b) + B(T 1(a),S'(c)) + B(b,S'(c)) ))

M ((T,0),(87,¢))  M_((8,a),(T,b)(S",c)).

The left ys—regular representation of G on 12(G) is

defined bﬂ%he following

( As(g)~§)(h) ys(h'l,g) }(g-lh), (g,heG, }e19()).

Then >\S is a unitary representation of G with the cocycle

Mg» that is,

2o(g) A(n) = p_(g,h) AP(gh),  (g,héeh).

Lemma 7. " The von Neumann algebra Rs generated by

As(l,Zzn) is a hyperfinite IIi—factor.

n

N

Proof. Let {ej ; 1€j<2nt  be the natural basis in 7

Then the unitaries {%?(ej) ;3 14€j<2n satisfies

j¥n { are commutative,

1N

s
e.) 3 1

1 a(ey)
{ )?(en+j) i1 ¢£j<pn ! are commutative

AZeg) Nep ) = ex( 85 2is) Ko(ep ) AP(ey),

k =1,...,n. Let Aj be the von Neumann algebra generated

3 —



[de]

by {)\S(ej),_ ;S(emj) t . Then A; 1is a hyperfinite IT -

factor because s is dirrational. Since Aj and Ak commute

for j # k, the algebra Rs is a hyperfinite I[i—factor.

Next we shall define an action (is of Sp(n,Z) on RS

by
od3(T)(a) = XN°(T,0) & N (T,0)* (2 €R.).

Lemma 8. The action ds is an ergodic outer action of

Sp(n,Z) on the hyperfinite IIl-factor Rs

Proof. BY the definition,

2n

S (M) XNP(1,a)) = A(1, T(a)) (Tesp(n,z), aez™).

Hence (JS is an action of Sp(n,Z) on RS. The ergodicity
and outerness of the action &S is proved by a similar method

as in [3].

Lemma 9. The von Neumann algebra N(s,G) generated by

)?(G) is isomorphic to the crossed product W*(Sp(n,Z), Rs’ ds).

Proof. The algebra is generated by Réﬁ and the unitary
group AS(Sp(n,Z),O).Y Since N(s,G) is finite and the action
Ad ¥ (T,0) 4is outer on R, for all TesSP(n,Z), N(s,d) is

isomorphic to W*(Sp(n,Z), Rg> o) by I[13]1.

" Lemma 10. The crossed product W*(Sp(n,Z),RS, CP) is a

type IIl—factor with property T.

Proof. It is clear that W*(Sp(n,Z), Rs’ (f) is a IIl—factor.

By Lemma 6, the grocup G has property T. Hence the group

- 14 -
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von Neumann algebra N(s,G) defined by the normalized 2-cocycle

}%(.,L) has property T. Therefore by Lemma 9, we have Lemma iO.
{ P

Let j be the imbedding of GL(n,R) into Sp(n,R) defined by

J(T = [T 0 (T € GL(n,R)
o Upt
“Put ks = d Soj, then gﬁ is an action of GL(n,Z) on the

hyperfinite II -factor R_. This action y® is the action o°
of GL(n,Z) on the hyperfinite IIl—factor R, which is discussed
in the previous paper [3]; In [3], we proved that the crossed
product W*(SL(n,Z), R, rs) is a IIl—faotor with property T.

Now we have another proof of it as follows.

mi
Lemma 11. The sedirect products j(SL(n,R))xSRgn and
j(SL(n,Z)) X Z2n have property T for n23.

Proof. Let consider the subgroup % j(T) 3 T = (1 0 >,
' X I
n-1

n—l}

X &R Then by a similar way as the proof of Lemma 6,

it is prooved that these two groups have ptoperty T.

Lemma 12. The crossed product W*(SL(n,Z), R, ys) has

property T for n >3.

Proof. The algebra W*(SL(n,Z),R, XS) is isomorphic to the

"
algebra ()ﬁ(j(SL(n,Z) XSZZH)), which has property T by Lemma 11.

Let G Dbe a countable group. Let A Dbe a finite von Neumann
algebra with a faithful normal normalized trace tr. Let M be
the infinite tensor product & (A ,tr ), where A_ = A and

jeq g g g
trg = tr for all geG. Let jg be the canonical injection of

A to ...®1 @Ag@ 1®.. CM. The Bernoulli shift action of G for



(A,tr] is the action @ of G on M such that @g(jh(x)) =
jgh(x) for all x€A. Then in [3], we proved that for every
gtoup G +the Bernoulli shift action ﬁ constructs by the crossed
product a von Neumann algebra which does not have property T.

Hence we have the following

Theorem 13. The symplectic group Sp(n,Z)lhpnd the special

‘linear group SL(n,z) (n2>3) have two kind of ergodic outer

actions on the hyperfinite IIi—factor R, one of which constructs

a II

1-factor with property T and the other gives a full IIl—factor

without property T.

In the last I denote some remarks. A IIl—factor N is full
if N does not have property'r of Murray and von Neumann. Then
the crossed products W*(GL(n,Z), R, ¥ ), W*(GL(n,Z),R, B)

W*(F,,R, ¥ ) dnd W#(F,, R, @) are all full TI;-factors.

Let <J(resp.€ ) be an action of a group G on a von Neumann
algebra A(resp. B). Then o and e are conjugate if there
exists an isomorphism & of A onto B such that §g9 =
b Qg for all g¢ G. The actions %dS§ are non conjugate actions:
of sg(n,z) on %¥he hyperfinite iIl—factor R.
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