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§0. Introduction. Let D be a Dedekind domain with the
guotient fieid K. Let A4 be a D-order in the semisimple
K-algebra A. We assume that A <{(and so does A} has an

involution (-) with a+b = a+b, ab=ba, and % = @ for all
a,bsd, xeD. Most interesting case is when A 1is the integral
group ring 2ZG of a finite groiup G.

J.P.Alexander, P.E.Conner, and G.C.Hamrick{1] have got the

following exact sequence by defining the witt groups W_{(D,A},

W _{K,A), and W*{KJD,A} of orthogonal representations:
{(0.1) 0 - W (D,4) » W_(K,A) » W _(K/D, D

The above gquadratic forms are D, K, K/D-valued, respectively.
On the other hand, there are the witt groups W$A(ﬂ} of
A-valued ai-quadratic form of A-projective modules for :=x1. TFor
these witt groups, W.Pardon{3] obtained the following periodic
exact sequenece by giving the higher witt groups W ;{iég
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WEA{A}, and Wlﬁ{A/ﬁ}:
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The motivation for the paper to be described here comes from
the difference between hyperboliec and metabolice. The above groups
are all defined by using metabolic, but the latter is egual to
hyperbolie since those modules are Jd-projective. We will at first
reformulate the definition of the witt group by using hvperbolic,
then we will define the higher witt group of orthogonal
representation. At last, we will get the following exact

sequence

Theorem A. Under the above hypothesis, we have the following

exact seguence:

(0.3) w"§<K/D,A> —éww'W;(D,A} LN w§<K,A> AN W;(K/D,A)
S Ay K gd e v A e my
—_— WO(D,A} > i’\]oih,A) 5 WG(}&/D,A)

In their paper[1], they conjectured that if G 1is an odd

group, then the map W*(Q,QG} = W$(Q/Z,ZG} is an epimorphism.

Theorem B. If their conjecture is true, then for the group
ring A=2G of the finite group G of odd order, the exact
sequence (0.3) in Theorem A is periodic.

1., MNotations and definitions. We will adopt the notations

bl

and definitions from [1] and [3]. For simplifying the notations,
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we use the letter R to denocte D, K, K/ and the ietter B for
4, A, or 4, when R is D, K, K/D, respectivelv. We will also
assume that B 1is equipped with an anti-involution (~) that
rediuces to the identity ‘on RcB.

For left B-module V, we call it B-lattice when one of the
following holds:
a) R=D and V is a A-lattice,
by R=K and V 1is a [initely generated A~meéu}eg ana
¢y R=K/D and V is a finitely generated tforsion A-module.
We first recall from [1] the definition of orthogonal

representation.

Definition 1.1. A i-orthogonal representation {(i1-orth. rep.)
of B 1is a tripled(B?V,b> therein

13 V’ is a B-lattice,

2y (V,b) is an R-valued i-symmetric {(i.e. b{(v,w)=ib{(w,v) )
inner product space strueture on V, and

3y for seR, v,weV, b{(sv,w) = b{(v,sw).

Definition 1.2. For a s-orth. rep. (B.V,b), let b  be the

homemorphism : V = V*:Hst{V,R} with b {v){w)=b(v.,w).
i k2
Definition 1.2, A x-orth. rep. {(B,V.b) is metabolice if and
only if there is a B-submodule XN =« ¥V for which
N o= {veV | b{(v,n)=0 for all ne¥}. The :-orth. rep. (B,V,b) is

hyperbolic if and only if ¥V has two totally isotropic

B o &

i

3k .
and W such that V =

-t
oz
-5,

B-submodules
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ig the natural form, that is, b{v,wi=w(v) for veW,

wew*zﬁemq(w,m )

Definition 1.4. FGR(R,B) denotes the set of isometry

classes of nonsingular i-orth, rep. (B,V,b).

F04{R,B} is an.abelian semigroup under orthogonal sum.
Definition 1.5. For R=D, we introduce the following
equivalence: Let {A,V1,b1} and (A,Vn,bﬁ) be i-orth.

€ < L

reps., then (4,V..b,) {4,V,,b,) if and only if there is

171
a hyperbolie s-¢orth. rep. (A,W,c) such that

(i%y\‘{lsb )*?{Jd:\;gs‘bg}e(/is‘ﬂ]se):{,/lsvlfsvg@w! ble("b?‘.}’% C } is

1
hypefbolic.

Definition 1.8. Let Wﬁl(D,A) be the quotient of the
Grothendieck group on GQA{A> by the subgroup generated by
the above equivalence relation. WOE{K,A) and WQA{K/D,é)

are the Grothendieck group on FDA(A> modulo the subgroup

generated by metabolics.

Definition 1.7, A a-orth. formation of B is a triple
wherein:
1 L,H are B-lattices,

2) if R=D or K, then KgH is A-free and if R=K/D

then

H has a short free resoiution. (We will denote the set of these



B-lattices by D{R).}

3) d={z,c):L » 11:14':%};1:%c is an injeection and 4(LY is a
metabolizer in H@Hg, and

4y (B,L,I,1) is a (-:1)-orth. rep., where [v,wl=c(w){(s(¥v))

for v,.,wel.

Definitien 1.8, Let F, ({R.B) dencte the set of
isomerphism elasses of i-orth. reps. {(isomorphisms induced by

isomorphisms of L and H prserving 4.

F1A(R,B) is an abelian semigroup in the obvious way.
We next intrduce the following four operations on

A \ . .
F,"(R,B). Let s=(L,H,4) be a i-orth. formation with
i

{A). Let (Ej): OﬁJ+HléHﬂ0 be the short exact sequence of

elements of D{(R). We define 8 i-orth. formation

”{Q):<L1’H1’d1> as follows. Let L1 be the pullback in
the diagram:
|
ﬁ B I * Li e I) - (\f
A S T
) R »‘:}—-;» H -+ {

6 - 7 Hl H ¢

Define §1$3A§jl’ where (7 H$ -» E1$ is given by

}ﬁih”}{hlﬁsh{j{hl}>. Then one verifies that if{ we set

élz{§1,< y, then 6(9}1{L},H s4, is a a~orth.

171 1

formation and 1t is well-defined up to isomorphism by o and

1
i

-
o
o
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isomorphism class of ({(E).
R . i t &
{By. Let (E"): QﬁTaﬂl ~» H =0 be the exact sequence of

elements of D(R). Then by the similar way as above, we can make a
s-=-orth. formation ﬁ(a):(L,,Hi,ﬂl), whevre L} is the
i 3

pullback

tl
0+ T — L~ L~ 0
[= S
0 = T —» H”;‘J - 0
and glxr $r1 and Al”(fi,ﬂi).
(C). 1If (B,H,s) 1is a (~i)-orth. rep., then set

Z{H,¢)s=(L,H,4"), where d’:(€’§+dw$)' Then {(L,H,4') becomes a

i-orth. formation.

(D). If (H”,¢) is a (-i)-orth. res., then the iriple
F{H" ,¢r0={L,H,4") given by 4'=(&+d ¢,c) is a a-orth.

£

formation.
Definition 1.8. Wii(R,B> is the semigroup FEA{R.B3
moduice the egivalence relation generated by the above f{our

operations.

Remark. We will later show that Wig(R,B) is a group.
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. Definitions of maps. In thig seetion, we will define

Uy

the homomorphisms.

. 2 1, , A
{(a). gé: Wogﬁ,jﬁ B WG(&,QE and
gl WD, AY e WI(K,AD.
1 1 i

i
e
@

These maps are given by tensoring with

Lemma 2.1. These maps are well~-defined.

4
i

{b). y&: WS(K,A) - W,

This homomoerphism isg ¢lassical, see [1].

s

(). : wg(ﬁfagﬁ> s WD, A

& 9
Let a nonsingular teoersion ji-orth. rep. 2={(4,V,b) be given.
Choose a short exact sequence 0 -» @ —» P 2 V » 0 with a A-free

P. Sinee P is A-free, there is a i-orth. rep. (4.P, sueh

~
[N
e

that déplﬁgq}zb{j{pl)?gigﬁ}} {mod D).  Since 4{Q,Pich,
E = e

there is a homomorphism ¢:Q+P . Then {(Q,P,4=(f,23} Decomes a

{-~33=orth., formation. Bet ﬁ;{ﬁ}:{{Q,?.ﬁ3} = W

-
o~
v
-
=N
-
.

Lemma 2.%. sé is well defined.

i
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he a s-orth. formation of A. Since A

is semi~simple, we may assume



full A-lattice in L and I =f{w el : (w ,I)eDl. Let W

and Wl be A-free full A-lattices in Hm(l@l*) and in

4 E .
B ~(Ia&l ), respectively. Then we have
4 P . .
1 2W . Setting the inclusion
¥

a: 1@1*/W@w1 _w»~w}/w$w*/w

of F,"{K/D,1).

W&WECI%IKCW

1’ we get an element (I®I$/W@W1,Wifw,d)

Lemma 2.3. w; is well-defined.
; A A, A \
{e). s W / ; S, y 7
{e) 8] “1(h D, 4> WQ(D 1)

Let e=(V,ng=(§,i))eFlﬂéKﬁD,A}. Let 0 = Q - P = W o 0
be a short resolution of W. Set H=KgP and we assume PcH and
Q*CH*. Since P,Q are A-free, there is a short resolution of
w': 0 - P Q*a w's 0. (see [3]). Considering V as s
submodule in W@WﬁgP/Q@Q$fP*, let L be the inverse image
of VYV in P@Q* and b be the bilinear form on L induced
from P@Q*. Then we have that (4,V,b) is a nonsingular
a-orth. rep. and set 35 {(p)=[{4,V,b)].

Lemma 2.4. & is well-defined.

pb S

Reference.
[1}. J.P.Alexander, P.E.Conner, G.C.Hamriek, "0Odd order group
actions and Witt classification of inner products”, Springer
Lecture Notes no. 825 (1977).

12}. R.Andrew, Localization in quadratiec L-theory, Proceedings



81

of Waterloo on algebraice topology, Springer Lecture Notes no. 741

(1978) 120-157.

{3]1. W.Pardon,

groups,

Lecture Nofes no. 551 (1978) 33

Proceedings of Evanston on algebraic K-theory,

-379.

o

The exact sequence of a3 localization for witt

Springer



