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’Fock Space Representation of the Virasoro Algebra 1.

s i 5.
Yukihiro Kanie B L ¥ 1§ (=&AL i)

§1. The Virasoro algebra L 1s the Lie algebra over the complex

Inumber field € of the following form:
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!with the relations: for any n.meZ
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' This 1s a unique (up to isomorphisms) central extension of the Lie
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~algebra L° of trigonometric polynomial vector fields on the circle:

e
¥
INd]
a
=

s 2 22 3 = (m-n> & (nsmeZ),
n o m n+m

Let h = me@ + @eé be the abelian subalgebra of L of nmaximal
*
dimension. For esach (h,c) € @2 ~ h +the dual of h: we can define the
Verma module M(h,c) and its dhalbﬂf(h,c)bas follows: M(h,c) and

NT(hac) are the left and right L-module with a cyclic vector |h,c>

and <c,h! with the following fundamental relations respectively:

e lh/e> =8 (215 eylhic> = hlhie> » eplhie> = clhyed

11
K

{c,hl & - @ (nil)? <cah|e@ {c hlh (c:hleé <c, hle

V.G.Kacl[1979] studied these L-modules and obtained the formula
concerning the determinant of the matrices of their vacuum expec-
tation values, and by this Kac’s determinant formula: F.L.Feigin and

D.B.Fuks[1983] determined the composition series of M¢h.c).
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§2. Consider the associative algebra A over T generated by {pnl

(neZ), A} with the following Bose commutation relations:

[pnapm] = nd H [A,pn] = (n;mEZ).

n+m,@

~

And consider the following operators in a completion A of A!

n-1
L = (pp-nhrp + 5 j§1 Pyops  * jil Py Poy (2D
L =z (p, + n A) p + % nil p P. 2 p. P (n>1)s
-n e : -n 2 521 C9 Tamn By j Y-n- &
L@ = % (p@2 —.AZ) + pP. p :

(12702 4+ 1) id.

R}

Then by easy but long calculations. we gst

Theorem |. The operators Ln(nEZ) and Lé satisfy the commutatioﬂ

relations of the Virasoro algebra:! for n.meZ

3
—_ m - I_]_'l__ . -
L . Lm] = (m—n)Ln+m + —T17 6n+m,@ L@ H
[L@, Lnl =9
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§3. For each (w,1) € L, we consider the left and right

A-module E(w,1) and Ef(wpk) with cyclic vectors |w.i> and <i.w! with

the following fundamental relations respectively:

wlwsd> 3 Alw. D Alwad>

1
B
il

p_lwsd> =8 (n21)i pylust>

Aswld

(i,wlpn B (n21)3 <X:w1p8 iswlw 3 CAswlA
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Then by using the canonical homomorphism 7 (i.e. K(en)

L (neZ);s
n

R(eé) = Lé), we get the left L-module (i(wai),n(w’l)»é) which is

called the Fock space reprsentation. and by the explicit formulae of

Ln and L@ s
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Lylw:2> = 2?29 1waa> 5 Lpluad> = (1-1229) Ju,id s

L_lw:2> =0 forn !

By the universal property of the Verma module M(h:;c) as an
5

-Q—module, for each (ws1) € C° we get the unigque L-module mappping

LANR MCh(wsddsclR)) ——— Elw,i)

which sends the vacuum vector |h(w:2),c(i1)> € M(h(w,1):cll)) to the

vacuum vecfor lws2> € F(w:2), where
h(w.2) = 5 %29 and e = 1 - 1247
Then by constructing intertwining operators{(Theorem 3) and by

showlng their nontriviality (Theorem 6), we get the following.

For each (wﬁK)ECQ, let s be the roots of the

Theorem 2. +

2
L

N[

equation i =

(1) The canonical L-module mapping

i :M(h(W:R.):C(i)) — E_(Wﬁ;{)
WeA =

is i1somorphic, if and only if the equation
(*) ~ ' w + =5 +.
has no integral solutions (a.b)eZ“ with ail and bil.

(2) The L-module mapping Ki’iiﬂf(h(w,i>ac(l)) E— gf(wgi) 1s

isomorphic. if and only‘if the equation (*) has no integral
solutions <a,b>e22 with ag-1 and bg-1.

(3> E(ws1) is irreducible as an L-module. if and only if the
equation (*) has no integralysolutions (a:b) E~22 with ab2l.

And this condition(3) islequiualent to the fact that the

corresponding Verma module M(h{(w:A):c(l)) is irreducible.



§3. To construct intertwining operators between Fock spaces. we

introduce the operators of following type acting on Flw.i). Fix

b
s€C , and consider

2
@ P S -0 SPy= 5
X(s.L) = exp(s 3 ¢"—8) exp(-s T ¢ =) ¢ B2 TS ,
n=1 n n=1! n
and for any a2l
7Z(s3L N pkézoc el ) ex (c.g (Cn+...+{”)gﬂ)
..a’,.ls ﬂ,,a - 2 + 13 s,a exp\s & . 1 *a n
: n=1
. ( - ; (C_n.g.....,).cyn).x_);n_)‘ T
where
Ts:i(‘b}nl) _— E(W*}'Sst—{.)
is the operator such that
T lwsAd=lw+s,A> [T sp. 3 =8 <n # 86) 5 (T_.A1 =08 .
s s ' n s
and
8  _(a- 2
Flast ,ooag ) = T 6@ 0% g, - g )%
s j=1 Y 1<i<j<a * J

Operators of this type are called Vertex Operators.

Then X(s3{) and Z(S;CI,"',Ca) are multi-valued holomorphic
functions of { e @* and (Qla"'sta) € Ma repectively with valued in
the operators acting on E(w;1)’s: where Ma is the manifold defined
by

Moo= (el ) e (@)% L) # L (UCiGga) )

In order to get intertwining operators: we want integrate these

vertex operators Z(s?Cla"'Ca). For the guarantee of the convergence

of these integrals:; we introduce the homology theory associated to

the monodromy structure of the multi-valued functién‘F(a}Cla"'nCa).
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For each a« ¢ € ., denote by S, the local coefficient system with

values in € which is determined by the monodromy of the multi-valued

holomorphic function F(a?Cls';-,Ca) on Ma’ and denote by,éa the dual
Ed

local system of §a‘

.
Fix s € € and an integer a 2 !, and take an element ' €

Ha(H83§a). For each integer b € Z, we consider the operator

O(s,"3asb) = J Z(sik
r 1

3"'3C ) C—b—l"'c_—b_idg "’dC_
a 1 a ! a

Then we get the following.

Theorem 3.

/7 N
1) For each (w:;i)¢e C°, the operator O0(s.[ia,b) acts as

O0(ssIM5asb) F(wsd)———— Flwtas i) .

* . =
2) Take s ¢ € and a:b € Z with a 2 1. Put 1 = 2(s) = é - % »
then the operator
O(s.Tia-b) (F(- 85 - B, 1) — F3s - g_, I3
commutes with the action of L.
. " : - a b
For suitable s € L and & € €, the equation (*) w = 5 s 2 in

Theorem 2 has a countable number of integral solutions (a,b) € 22,

. o 2 . . . :
if and only if a« = /2 is a rational number. This index «

characterizes the property of the monodromy of the function

_ 8 -Ga-Dia 2a
F(a?Cla"',C ) = HC 11 (C "C.)
& =Y Kiige 2 Y
I[f @« is irrational, then the monodromy of the functioﬁ’F is of

logarithmic types, and if &« is rational. then the monodromy of F is

of algebraic type.



Sketch of the Proof of Theorem 3. The essential points to prove

Theorem 3 are the following two propositions,which,aré obtained by

rather long calculations:

*
Proposition 4. For any (Cla"'a,a)GNa and seC,
. sp@+ % 52
X(S:C )R X(S»C, )= Z(S;C n"'ac E (C "'C_ )] “
1 A a i - Ta 1 a
Proposition 5. (Conformal Covariance)
4 2
e pmd - s -
i *
for each m€Z and s.{ € €T , and
[Lm, Z(S‘;Cvla...aca>1 =
_ &8 o) a 2 52 e
- < CJ [CJ 5’(‘;-.“' {SP@ - :z‘Z‘S - I’l(S/‘\ + "2‘ )}] Z(szgiﬁ"'nca)
J=1 J
for each meZ, seC and (Cla"'aC ye M
a a

Introduce the new coordinates {klg"',ka_I»C) on the manifold

M as the product manifold M = Y xC , where
a a a-1

' *a-1
R Ye (T ) oka#k. (130 k.#1)
a-1 17 T1
and

L, = k¢t <1g__i§=a-1> and £ =¢

Then the function F(a?Cl,"'aCa) is independent of £, and we get

Proposition 6. (Total Momemtum Conservation) The integral

_21—1 _Ea-l '
Jr Cl "'vt..a F(SvClnCZ.’"'.ﬂCa) dCl“'dCa
vanishes unless £1+ﬁ2+°'ﬂ+2 = 8.
v a
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we get the

This assures the statement |) of the theorem. And by
integration by parts.

5 and by using

Proposition
Lab).

following formula.
2
“1)} O(Snr;bp..ab:n’
J

[:L_mn O(Ssr;awb>] =
a a st -
= 2 {b+s Pg - T35 tm (s A+ 5
5=1 :
| From this formula:, we know when O(s.,a.b) is intertwining.
§5. We must construct a cycle I'(a) ¢ Ha(Naiga) which gives a
intertwining operator O(s,[ia.b).
-n, P-n
'+Ca > n >

‘npontrivial
(CID+"

If we expand
: n n. Pn -
expls 2 (Cl+"'+Ca) ;—] expl-s 2
= n=1
+£ )5 then the coefficient of the each

v n=1
as a Laurent series of (Cl,'
term of the operator

[zesig ey efP b ar e
r a
1s written as
52 —21—1 —Qa—l
JI—‘F(TZ- ’Cln"'ﬂt_.a) C,l * Ca dCI 'dCa L]
and this integral i1s reduced to
—.Qal-l ’Qva_l_l .
fr kl re ka_l C‘J(a’kln"'.‘]<a_l) d](l d}(a_l.’
2
~ *
where I' = ', xI"', e H (M 353 > = H,(C :C> ® H Y 387 . T, is a
172 a ‘a =« i a-1 "a-1 =« 1
*
generator of H,(C 3CY, and S  is the local system on Y_ |, similarly
i = a-1
associated with the function G(aikl,-":k ) as 3 » and
a-1 =x
a-1 o 2¢
IRIEEE BV ST P (ke -k 2%
a j=t J 1<i<jiga-1 1Y

G(a;kln" ﬂ](
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Now we must construct the cycle ', (a) € H _l(Y_ 757 ) which
&L a =X

regularizes the divergent integral

-, -1 2 -

j k, ek Glaik sreeuk__ ) dk; -+ dk
ACa-1) @

where A(a-1) is the open (a-1)-simplex defined by

y e RETE Dk 3k >0 )

ACa-1) = {<K1,--'jka_l | ool

Let m=a-1, and define the set
Q= {asCi d(d+1DafZ, d(a-ddafZ (1£d<md}.

Then by using the technique of resolutions of singularities. we get

Theorem 7. There sxist cycles Fo(a) & Hm(Y ") defined on Qm

)
m =X
such that
1 Fz(a) is holomorphic on Qm
2) If a€Q_ and <zl,---,zm>ezm satisfy the inequalities

Rea > 0 and Re2a > - min Qj s
J

then the following equality of integrals holds:

2, I3
f Glask,»* sk ) k, +++k ™ dk, ++dk =
I ¢ 1 m 1 m 1 m

Ly A,
= [ G(a;kly"'ak ) kT ek dk .+ +dk
Almd m m

And the latter integral is known explicitly as follows:

Theorem 8. (A.Selbergl19441)

Let a,8:7 € C satisfy the inequalities

ReB > -1, Rer > -1 . Rea > -nin(L Befal Reraly

mn-1" m-1
then the improper integral (**) converges absolutely and is

explicitly expressed as
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| n m 9
N j 1 ek 2% 1 kP (kT dlkey - rdky =
| Alm) 1€i<ji¢m 1 Y =1 Y J

_ ﬁ Cla+l) TCi-1a+B+1) TG -1Da+r+)
- Fla+l) Tn+3-2)a+B+7+2)

Finally we get

Theorem 9. There exists '(ad) € H (M iS5 ) which depends
— EE— a a =x

holomorphically on «a € QaFl such that the operator

2 _
O(siasb) = 0(s:T (3 Diab)! Elu-as,i-8) ———— E(w i-D)

is nontrivial in the sense that for any weC

1) for b20, the image OCs3aab)§w—aS,L—§> is a nonzero vector,

s 2

2) for b<B. there is a vector |u)> € i(wvas,é—%) such that
O(siasbdud = lw,i-3>
s 2
§6. Case that 1=8. Assume’that A=@, 1.e.,» c=1l, then the solu-
tions Sy of A(s)=0@ are S+:i¢§ v and « = %52 = 1. For any meZ, denote
= V2. .
a V2 P, the§ |
[qma qn] pas 2n5n+m’® Lé (note that Lé = id in this cass),

and the operators Ln’s are explicitly written as

r“‘ 1)\"1 l
Ln -2 9 95 * 1 JEIqJ Ah-3 7 72 jglqn+j -3
B (nY.1)
-1
_ 1 1" -
Thn 2% %0t 7 jzlq—j o0 T2 5% Feng
1 2 1
\ L, =549, +5 2 q. 4

And denote by Im> and <m! the vacuum vectors of the Fock spaces Edm)

= E(n/vZ,8) and E' (n) = E' (n/VZ.0) respectively. that is.

q@|m> T nlm> 2 Alnd> = 8 <m]q@ = <ml m . <miA =0
__9_



Let

h i= Cqy ® CLy ® CLy O h7i= Cap ® CLy »

[ 7]
then h is the maximal abelian Subalgebra'of the Lie subalgebra g ®
Eq@ C A. The suns F and gf of Fock spaces F(m) and if(m) éan be

considered as (gﬁmqm)—modules, and have the weight space decom-

positions w.r.t. the abelian subalgebra h™:

s

- 5 Eym) and E = Fleny
€ o - € -

where E (m) and EZ(m) are the weight spaces belonging to the sane

2
weight (m, % £ d) .

Now decompose the»vertei operators X(#V2,{) as

5 : o ,n " 9-n ,-n iq@+l
X(xv2:8) = explt 2 — t™) exp(r ¥ —2 ¢ )T+/§ ¢ ;
n> 1 nxl " =
w
= 3 xF ¢ (CeC ) .
nez T

Then as operators on the Fock spaces F and ET,'Xi are well-definedv
and satisfy the following commutation relations .| for n.m € Z,

i ‘._ i . — < ) -~

[qn.- Xm] - i2 Xn+m ' [(T-Iﬂ’ qm] = 2m0n+m’@ L@ 3
(#)
+ . _ o _
{Xn’ Xm] - [XK ., X1 =0 35 [X ., ¥ m 5n+m,@ LQ + Aep
. + _ + -

(#2) [Lna Xml = Xn+m 3 [Ln, q 1 = Uom
in particular

i — Iy :t . + - -
(#3) (q@, XQ] = +2 X@ 3 [XQ, X@] = ag o

+ - -
(#4) [Ln’ X@] - [L ., q@] =0

"Hence the space g spanned by above operators

, + - - . _
g=-2CX ® 2 Cq_ ®» 2 CX ® CL, & CL
nez © nez O nez O 2 ¢

(1>

is a Lie algebra isomorphic to the affiné Lie algebra of type A1
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In fact, Aily 1s realized as

ajt) = s12.mecit tTh] @ Co e Td

span{e®t” ,het",fet" (neZ)} ® Cc ® Cd .,

where {e.h,f} is a canohical basis of SIQQaE) with the relations:

[e-f) = h 5 [h.el = 2e + [h.f1 = -2f.
. . | 1y . .
The isomorphism ¥ of g to Al 1s given by
eX") = e8t" 3 @l ) = het" 5 (XY = fet"  (neZ)
n n n
@L7Y = - c 3 (L) = d = £
) '/ dt

Under this identification %, fix the notations of the

following Lie algebras

i gyt -~
(##) g .= LLX@ + LEa@ + (EX@ = s1(2,0)
N
g=gecit.t™ly scLy v oLy = Al
M
Lizg+ SCL =g® Clt.t7 0] +L .
n#@ " - -
Note that L, = -c¢ belongs to the center of E_, and L = tn+1 if,lE
] ~ = n dt

the derivation of the loop algebra g/(@L@+mLé) of 5l1(2,C).

By (#4), g

{1

51(2:C) commutes with the Virasoro algebra Lt

L1 =@ 5 hence [UCg), L1 =@

~
lQ -
-

¢ E(m) ——— FE(mz2) are intertwining operators

= I+

The operators ¥

for any me€Z. and 9y acts on F(m) as the scalar operator nm id.

Decompose the Fock space F as

F = Eeven ® Fodd

3
where

FeVeN = 3 pezmy 5 EOY: S E(2m+l)
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d

. even od . : ~
Then these two components F and F are irreducible L—modules,

1)

furthermore these are also irreducible as A$ -modules. Remark that

gven
F

is isomorphic to the basic representation of the affine

algebra Ail).
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