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On BMO property for potentials

Yasuhiro Gotoh (‘fé\ ﬁ%%i{)

(Department of Math. Kyoto University)

We can consider the following two BMO spaces naturallyAfor
functions on the unit disk D.
(1) BMO space with respect to dm(z) (= dxdy).

1

BMO(D,m) = {f €Ll .

1 i |
(D): N£l_= sup m)gBlf—f(B,m)ldm <<>O},’

where f(B,m) = E%E)SB f dm and the supremum is taken for
every disk B (B<D).
BMOH(D,m) = BMO(D,m) \H(D),  BMOA(D,m) = BMO(D,m)(VA(D).
(2) BMO space with respect to dA(z) (=dxdy/(l-1212)2).
BMO(D,\),  BMOH(D,A),  BMOA(D,\),
are defined similarly.
The following relations are known ([1),[41,[91).

BMO(D,A) & BMO(D,m),

BMOH(D) = BMOH(D,X) § BMOH(D,m) = (B,(D),

. (B(Dy,

‘where (B(D) (resp. (gH(D)) is Bloch space (a space of all harmonic

BMOA(D)

BMOA(D,X\) < BMOA(D,m)

functions of Bloch type) and BMOA(D) (resp. BMOH(D)) is a usual BMO
space, i.e., a space of all analytic (harmonic) functions whose
boundary functions are BMO on 9D. Therefore BMO(D,m) and BMOH(D,X)
are well-known spaées.’ On the other hand} it seems to be not well-
known about these‘BMO properties for potentials on D. Here ﬁe
investigate the fundamental property of potentials of BMO on R", D,
and Riemann surfaces in‘§ 1, 2 and 3 respectively and give some

remark on BMO spaces on plane domain in 8§ 4.
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§ 1. BMO property for potentials on R".

Here we give the characterization of measures of Newtonian
potentials (resp. logarithmic potentials in case n = 2) of BMO(R™).

The following theorem is fundamental.

Theorem 1. Let 0< A< n and & be a function on R™ such that
(i) Plax) = §(x), a > 0, x e R" (i1) |3(x)- ()| € Klix-yl, Ixl=ly]
= 1. 'Let )U. be a positive measure on R" such thét |

S]Rn 1B x-y)1 /1x-y™* de(y) € L (R and sup JM(B)/(rad(B)) < e,

where the supremum is taken for every ball B in R™. Then

g g(x- y)/|x- y\ d/i(y) =3 xBMO(Rp).

(proof) Let B _ "= {dcéﬁRn: 1x-%,1< r}.;9By direct célculation,

o’
B(x-y)  B(xy) < K, | %X | o n
- 1 < . X €B , y€R"\B ,

\X-ylﬂa lXo_yln o | IX yl'n a+i Xyt X, , 2T
therefore when x €& on,r s "

g n ' E(X_{:a' @(Xo-};z d/u_(y) £ K S m%;ﬂﬂ /M y)

R \on’zr 1 x-yl | %yl R™\ B o,zr |x v

< K2 .
Similarly, we obtain
g g |2 (x-y)I dp (y)dx < Kyr™ .
B B [x-y["% o

Xy »T x°,2r

By these two inequalities above,

S | _—(LY— d/&( > - S | /M(y) ax < K™
: n ; - ~ 4
on \&R \x-y™ R \Bxb L 2or \X,, yl“ | .

T

b

Since B_ . is arbitrary, the proof is complete.
0 b

Corollary 1. Let /L be a ‘positive measurevon’Rp;‘n 2 3, such
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that N(x) = an l/IX‘Yln—z d/M(y) & L:lloc(]Rn). Then N’k belaongsA
n-2

to BMO(R™) if and only if sup /A,(B)/(ra_d(B)) < oo
B
(proof) Let ¢(X) be a non-negative C-function on R" such
that (i) ?S(X) =1, [|x €1, (ii) ¢(X) =0, IXI>2. Since
AN/M= —K/u, where K >0 'is a constant, we have

)
/L(Bx’r) < g¢((y-x)/r)d/z£(y) = (-1/Kr )SA/(é((y-x)/r)N//fy)dy
= (-1/kx?) gaﬁ(y-x)/r) (v, , 0} ay
2 | Ko p
$ (1/Kr )HA}?‘”O(,S; [ N (y)-N (By 50| dy
X,2r
2 S .n M M n-2
¢(1/Re) WP, K, c™ | N < K, ||N o x
e |l "BMO(IRn) 2 | "BMO( RrR™)
where- N/‘AtBX,ZI') is the mean value of N on Bx,Zr with respect to
the n-dim, Lebesgue measure dy . Q.E.D.
. PR »_
Since (2 /83T’ = T, and AG" = -27’3/& for the Cauchy
transform T/A(z) = S ’;-l-z d/l-(}') and the logarithmic potential

G'“(z) = g log(1l/|z-x]I )d/l(§) of a measure /U— on IRZ, we can prove

the followings as above.

Corollary 2. Let /u be a positive measure on 1R2 such that -

(1/05- 2| dp () € 1l _(R%). Then T/2) belongs to BMO(R?) if
d only if B d(B)) < oo .
and only i sgp /LL( )/ (rad(B)) o0

Corollary 3. Let M be a positive measure on ]R2 such that
{1081/ 12-5] apm € gy,
BMO(]RZ) if and only if /A— is a finite measure.

(]R2). Then G’U(z) belongs to

Using this result, we can prove the following estimate of BMO(]RZ)
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norms of the Green functions on plane domain.

Corollary 4. Let SC be a hyperbolic plane domain and gﬁéz,S)

the Green function on §? with pole ¥ ¢ §¢ . Then

C é g (Z,;) { C s
1 l'ee “BMO(]RZ) 2

where we extend this function as 0 toﬁRz\SE and Cl’ C2 > 0 are

universal constants.

§ 2. BMO property for potentials on the unit disk D.

We note that BMO(D,m), BMO(D,X\), BMO(®D) are conformally
invariant. We say a space Y of functions on D or on 3D with norm

I I is conformally invariant when there exists a constant K 21

such that for every S & Mob(D) and f €Y ,
—LlEl < oSt < KU .

BMO(D,A\) is obviously conformally invariant with K =1 , on the

other hand, the conformal invariance of other two BMO spaces 1s not
trivial (seel[9]). By this property, if the Green potential on D of
measure /l. belongs to BMO(D,m) or BMO(D,\), then /}c must have some
conformally invariant property. Carleson measuré has a conformally

invariant property as below.

Proposition 1. For a positive measure /PL on D, the following

conditions are equivalent.
(1) (l-lzlz)d/k(z) is a Carleson measure.
(2) sup {<v,m> + peEMpO} < 0.
(3) sup {Q/?z) : z € D‘} < o0
(4) sup{SD(l—\zlz)d»(z) fLeNp} < o,



[ R

2

where Q’(2) =§ K(z,$)d]m(3),  k(z,¥) = (1-1z21 ) (1= B2z =519
D

A ={v: v= s, s ¢ ugb(») § .
s = ' (z,3)d Y (z)dm(3)
oy = § §eesan s

For (1)€>»(3), see {3)] . And this proposition follows from the

equation g g(z,%)dm(y) = ;%;(1—|z|2), z € D . Our main result is
D

Theorem 2. For a positive measure /M- on D, the following
conditions are equivalent.

(1) PP e BMO(R?) when we extend this function as 0 to RZ\.D.

(2) (1-1a Z)Q/Aiz) is a Carleson measure,
‘e

moreover, if f& satisfies(1l) (and(2)) then P BMO(D,N\), where p#

is the Green potential on D of measure /bL .

We need the next proposition to prove this theorem.

Proposition 2 ([7)). Let f be a function in L%OC(D) such that

1
sup ETE)SBIf-f(B,m)ldm < o0 R

where the supremum is taken for every disk B. in D whose hyperbolic
radius is less than some given constant. Then f ¢ BMO(D,m). 1In

this sence, BMO(D,m)-property is a local prdperty.
We can restate this proposition as follows.

Proposition 2'. Let 0 < r0<<,1 and f be a function in

1
loc

)
sup{mr—)gD ]g-g(Dr‘,m)Idm : 0<r<ry, g = fes, s ﬁMBb(D)‘% < o0

L (D) such that

where Dr=ﬂzj< r} . Then f belongs to BMO(D,m).




(proof of Theorem 2) First we prove (2) —>(1). Let (1-lz\ 2)d/A(z)
be a Carleson measure. Fix Tys Tos 0 < Ty < Ty < 1l. By Proposition
1 (4),

C g(2,dp() £ K, 1zl <1, LeMn
g{r2<|31<1} 1 1 s

dv(3) < K, , =~ venw
{Brsry 2 7
By the second inequality, we have
| S g(z,E)d))(Z’)l < Ky, L € MG
{m g1,) | BMO(D,m) .
Above inequalities and Proposition 2' imply P# € BMO(D,m) . And

this proof shows that for a fixed constant ag > 0 ,'

sup{:PﬂkB,m),: the hyperbolic radius of B equals to ao} < o0
Therefore, we can show that

| %’ _ ' _ ‘ie | ‘ ‘ .

supy P"(S,m) : S —{z =re : l-h<r<l1, 6<86<0+h < o0
where P*%S,m) is the mean value of P” on the set S with respect
to dm. Hence it is easy to prove P*e BMO(R?).

Next we prove (1)—'(2). Let M satisfies (1) of this theorem.

Since BMO(R?) is invariant under MBb(R?) (seel9]), there exists a

constant K, > 0 such that || PD"BMO(]RZ) < K, , V€ M‘(/A)ﬁ , where

we extend pY as 0 to Rz\yD. Therefore, if’lJ€J1&M) then

1 v v
2

- Zli.g |P¥(2)- ——P2Y(D,m) |dm(z) + ﬁg —-27(D,m)dn(2)
D Dz\ D
1 1 _y 3 Ly
2 O + 4—-—'3 T[‘TP (D,m) »— T6——P (D,m) ’

therefore S ﬁEy(z)dm(z) = ﬂ:PD(D,m) £ lg¥EK4’, And (1) = (2)
Jp : . ‘ E

follows from Proposition 1.



We now prove the last statement of this theorem. Since dm and

dXA are comparable on {[zl < 1/2} , BMO(D,m) property implies that
1 1P¥(2)-PY(D_, )0 |d ) (z) € K VEM(M , 0 <t g 1/2
NERN 3 € K5 MEMP L O <rs
T

Further if 1/2 <r <1 and )/éj‘l(/u) then

._-_71 g 1PY(2)- 0 [dX(2) € —iy S P”(z)dm(z)
>\(DI' D mDr D

T T
< —;*C gDp”(zmm(z) < K,
o
and so P & BMO(D,N\). Q.E.D.
J il
Since <v,m) £ (m,tn)l()J,lD2 for a positive measure Y on D,

Corollary 5. Every potential on D with finite energy belongs to

BMO(D, V).

2
If {zn};:l is a interpolating sequence on D, then % (1- lznl )d Szn

~is a Carleson measure, where 82 is Dirac measure at N hence
n

Corollary 6. If {zn}:—-l is a interpolating sequence on D, then

R
g(z,z ) &€ BMO(D,\)
n=1

On the other hand, there exists a positive measure A4 on D such
that P* € BMO(D,)\) and M does not satisfy the condition of

Theorem 2.

Example. Let £(z) = log(l-1z1%), £_(2) = £(rz)-f(r), 0<r<1,
then fr’ 0<r<1l, are potentials and we can show that f , fr ,

0 <r<1, belong to BMO(D,AN) and their BMO(D,A) norms are bounded
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above. Let oo 0<lrn<'1 be a sequence which tends to 1. Since

D Tn

and {A Y2, , A € MBb(D), such that z dn(frcralAn) is a

potential of BMO(D,A) which does not satisfy the condition of Theorem

S f_dm —= o , n — « , we can choose sequences {O{n}:’:l . O(n> 0

2 .

The necessary and sufficient condition for potential to be in

BMO(D,m) is

Theorem 3. For a positive measure /M— on D, its potential
belongs to BMO(D,m) if and only if;/A satisfies the following two
condi&ions.

(1) M is uniformly locally finite.

(2) sup \ g (1—\z|2)cose d))(z){ <00 5 2z = reie s
where theVsupregum is taken for every VL & H (M), and we say a
positive measure /u; on D is uniformly locally finite if

sup { /A(B) : hyperbolic radius of B is less than ao} < oo s

for some constant ag > 0

See (5] for the detail. Compare this condition with the condition
(4) of Proposition 1.

For the last of this section, we study whether Riesz.
decomposition of superharmonic function preserve these BMO

properties or not.

Theorem 4. Let h be a harmonic function on D and /A be a
positive measure on D such that s = h + pM belongs to BMO(D,\),

then both h and P’('lL belong to BMO(D,}). That is, Riesz

decomposition preserve BMO(D,\). property.

-8 -
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The proof of this theorem is almost the same as the proof of the
reiation BMO(D,)\) = BMOH(D) (see f#ﬂ). On the other hand, Riesz
decomposition does not preserve vBMO(D,mi property. Indeedxwé can
construct a positive superharmonic function of BMO(D,m) whése
harmonic part‘does not belongs to BMOH(D,m) using the function

log(l—}zlz) (see (5] ).

§ 3. BMO property for potentials on Riemann surfaces.

Let R be a hyperbolic Riemann surface and 77 :D — R be its
universal covering map. We can define the space - BMO(R,m) by
BMO(R,m) = {f : foT € BMO(D,m)}'.
BMOH(R,m), BMOA(R,X), etc., are defined as the same way. The

following result is known about BMO property for potentials. -

Proposition 3 ( [77] ). Potentials of positive measure with

compact supports belong to BMO(R,A).

We'shail extend this result. Let [7 be the covering transformation
group associated with T :D — R . xWe definé a‘function kR on
RXR by ,

kp (TM(2), (%)) = '7{,@ k(z, AZ) , z, 5 € D,

where k 1is the function defined in Proposition 1 . Since k(z,%) is

conformally invariant, kR is well-defined. Our main theorem is

Theorem 5. Let /M, be a positive measure on R such that

sup g k. (p,q)d w(q) < oo s
pER JR R # :

then its Green potential PﬁL belongs to BMO(R,)\) .

This theorem is the consequence of Theorem 2 and the following lemma

-9 -
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which we can prove by direct calculation.

Lemma 1. Let /u, be a positive measure on R and /AD a

positive measure on D such that PkD = PROTﬁ , then

sup g\k(z,g)d (%) = sup § k (p,q)d M(q)
z€D JD /AD peR JR X /u

For the boundedness of kR s we have

Lemma 2. kp 1is bounded above if‘and'dnly if there exists a

constant K > 0 such that for every q &R , the doﬁain
{PGR: gr(pP>q) > K}

is simply connected, where is the Green function on R.

&R

Especially , compact bordered Riemann surfaces satisfy this condition.

Corollary 7. Let R be a Riemann surface which satisfy the

condition of Lemma 2, then potentials.on R of positive finite
measures belong to BMO(R,)). Especially, compact bordered surfaces

have this property.

On the other hand, there exists ~a Riemann sﬁrfacéAR and a
positive finite measure M on R such that its potential VPéL does
not belongs to BMO(D,m). Indeed, we can construct such a measure on
R={o <zi< 1} .

Also, we can extend Corollary 5 as follows.

Theorem 6. Let R be a Riemann surface which satisfy the
condition of Lemma 2, then potentials on R of finite energy belong

to BMO(R,N).

_10_



(proof) For a positive measure /M on R, we can show the

following inequality by direct calculation.

+
sup Vv ,m> £ _\I-_z—'TE </"’//‘>§ “kR“

where </v~ ’/"*>R is the energy integral on R and /(AD be a measure on

D such that P © = PéA°K and the supremum is taken for every )/

z
)

€ J"L(/UD) . Hence, this theorem follows from Theorem 2.

8 4. Remarks on BMO spaces on plane domain.

Let §? be a hyperboli'c plane domain. In this case, we can
define the following BMO space with respect to the 2-dim. Lebesgue
measure dm = dxdy on 2

1

BMO(%¢,m) = {feLloc

1
(82) : sup = g |£-£(B,m) |dm <oo\} R
B m(B) B | )

where £f(B,m) = r_n%ﬁ)g f dm and the supremum is taken for every disk
B

B on 52
BNOH(R2,m) = BMO(Q,m) N H(Q), BMOA(R,m)= BMO(R,m) N A

The following characterization is known.

Proposition 4 ([l)). For a harmonic function h on £2 ,

(1) h GM(Q,m) if and only if there exists a constant K > 0
such that |Vh(z)] € K/d(z,20) , z € 42
(2) h € BMOH(R2,m) if and only if there exists a constant K >0
such that |VYh(z)| € K (fq(z) , z € §¢ , |
where d(z,3) 1is the distance between z and 3950 , and {Oj-?_(z) \dz]

is the hyperbolic metric on §e.

N |
Since /OR(Z)- < 2/d(z,®) , we have BMOH(¢,m) C BMOH(R ,m) . Further
TN
we obtain HD(®) < BMOH($,m) as a corollary of this proposition. On

the other hand, HD(R) CF BMOH(S2,m) in general (see [(4]).
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Reimann(8) and Jones[6] have proved the following remarkable

result.

Proposition 5. Let S?l and g?z are plane domain, f:_ﬁa'95?2

be a conformal map and h be a function in ﬁﬁﬁ(gs,m), then hef

belongs to ﬁﬁéﬁﬂl,m) and
Whotll < clnll~

BMO (S?l ,m) BMO (5?2 ,m)
where C 1s a universal constant.

Our main result in this section is

Theorem 7. Let $ be a hyperbolic plane domain with universal

covering T :D—S§¢. Then BMO(S,m) CB/I:IE)(Q,m) , further the

following conditions are equivaient.
(1) BMO(Q,m) = BMO(R,m).
(2) BMOH(R,m) = BMOH(R,m).
(3) 1/d(z,0) <€ A R(z) , z € 2.

(4) There exists a constant K > 0  such that for every

2, €R

the domain {z €ql: F&Kz,?o) < K.} is simply connected.

(5) log C(z) € BMOA(D,m) (= B(D)).
(6) log R(z) € BMOGt,m),

where ﬁﬁ(z,zo) is the hyperbolic distance between z and z, .

s
(proof) The inclusion BMO(S&,m) € BMO(§,m) is the consequence

of Proposition 5. "(1)—>(2)" is trivial.

((2)—> (3)) 1If G2 does not satisfy the condition (3), then there

. oo
exists sequences {Zﬂ}n=l in § and {;n g:l on 2% such that

1/z -3 1 > nAf%(zn) . Set wu (z) = log|z-3| then

I unNBMOH(R,m) $ K

- 12 -
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because loglzl €& BMO(]RZ). On the other hand,

1 1

Ha_ |t 2 K, sup|Qu_(z) 2 K, |wyu (z )| —=7—

n" BMOH (R ,m) ~ Zzesc\ a (2] R 7 Z.I alz0)l Rz,

Zz Ky(1/ ]|z -3 1)nlz -3 | = Kon — oo oM e
—~—

hence we can construct a harmonic function of BMOH($,m) \ BMOH(S?,m)
by taking some infinite linear combination of u, -
((3)—>(4)) We will show that if we choose the constant K such that
K > T/A then (4) is valid with this K. If there exists a point z,
€ such that @ = {z € G : @-‘(z,zo) < K} is not simply
connected, then there exists a closed couve C in 520 such that

S 1/d(3,35%)]|ds] < 2T and C surrounds some point 5, € K.
C

Hence,

gc d'\?,&a‘ﬂ > SC ‘___l;ial P gc —<r|do| > 2T,
where 3 —’5’0 = reie . This is a contradiction.
"(4) = (1)" is the consequence of Proposition 5 and Proposition 2.
"(4) €3 (5)" is well-known result. Since '1/(1-[zl2) = l?z(T[(Z))lTE/(Z)L
"(5)€> (6)" follows from the fact 1og(1-]z|2) € BMO(D,m).
Q.E.D.
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