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Abstract
A fragment of a connected simple graph G is a subsei A of V(G) consisted
of components of G-S such that V(G)-A-S % @ where S is a minimum cut
of G. A minimal fragment of G is said to be an end of G. The complement

of G is denoted by G. A simple graph G is said to be criticdlly (k,k)-connected

if k(G-z) = x(G)-1 or x(G-z) = x(G)-1 for each z of V(G) where x(G) means
the wvertexr connectivily of G. We proved the followings: ,

Let G be a critically (k,k)-connected graph (k =z k = 2). We denote by 7
and a the number of ends of G and the minimum order of the ends of G,
respeciively. Similarly 7 and @ denote those of G. Suppose 2a > k and
%6 > k. Then |
4 If there is mo mifm'.mum cut of G czmta'i,'n'ing all the ends of G then

k - n (k+1)
=2 3 4 da L. |= R/AUMEYN
i or an 7 -1 L = J 2 7 2

2(2a-1) ,
Furthermore, if = 2, then |G| = 2k+ 7 k, if » = 3, then |G| =
JemE-2 and if n = 4, then |G| s 2k+7k-S.

(B) If there is a minimum cut of G containing all the ends of G then
7)) = 2 or 3 and I-i_f'—-l =79 = l_—’_c—_l '
k a

§1 Introduction and main results

. In this paper we consider only finite simple graphs. We denote by V(G)
the vertex set of a graph G. Let G be a connected graph. We call a set
S of V(G) a cut of G if G-S is disconnected, and S is said to be a minimum
cut of G if |S| = |S'| for any cut S of G. The order of a minimum cut
of G is called the werlex connectiviity of G and denoted by x(G). The

minimum degree of the vertices of G is denoted by 3(@). The complement of
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a graph G is denoted by G. As usual for a real number r we denote by
[t and [r] the integers such that r s [r] < r+l and r-1 <L) os o

;A non-empty subset "A‘of V(G) is called a fragmeﬁt of G if A is consisted
of eomponenté of G-S and V(G)-A-S # @ for some ’minimum cut S oyf G.‘ A
‘ minimal fragment of G ‘is called an end of G. We denote by »(G) the number
of ends of G. : »

A graph G is said to be critically k—coﬁhected if x(G) = k and x(G-Xx)
= k-1 for each vertex x of V(G). G. Chartrand, A. Kaugars and D. R. Lick

[2] have shown that if G is a critically k-connected graph, k. =z 2, then 6(Q)

3k-1
=)

In [1] we introduced critically (k,k)-connectedness of graphs. More

and this bound is sharp. -

generally we define here that a graph is said to be critically (k,k)-connected
if x@) = k, x(@ = k and x(G-x) = k-1 or x(G-x) = k-1 for each vertex x
of V(@Q). In [1] we proved the following theorem concerning critically .

(k,k)-connected graphs.

Theorem A ([1}) If G is a critically (k,k)-connected graph, k 2 2, 0@ =

3k-1 3k-1

—— and 6@) = 5— » then |G| = 4k.

2

In fact in [1] we proved the following stronger assertion:

Theorem ([1]) Let G be a critically (k,k)-connected graph, k = 2. Let a
(resp.a) be the order of minimum end of G (resp Q). If 22 > k and 2a > Kk,

then |G| = 4k and (7(G),7@) = (2,2).

In this paper wevwill study ecritically (k,k)-connected graphs and we will

show more general results descrived as follows:



Main Theorem. Let G be a critically (k,k)-connected graph (k = k = 2).

We denote by 7 and a the number of ends of G and the minimum order of
the ends of G, respectively. Similarly 7 and a denote those of G. Suppose
2a > k and 2a > k. Then

(1) (A) If there is no minimum cut of G containing all the ends of G then
7 (k+1)

k -
7 =2 3o0r4 and L || =27 =
’ 7 ll-a-l 2(2a-1)

In particular » = 7.

(B) If there is a minimum cut of G containing all the ends of G then

7 = 2 or 3 and I-”Ta-'gisi_-l:(—_].
K a

(2) In case (A) in (1) we have

If =2 then |G| = 2k+7pk.

9, —+ 9
If 7 =3 then |G| = —k+pk-o
If » =4 then |G| = 2k+7k-6.

In case (B) in (1) there is no upper bound of the order of G for each k

and k.

§2 Preliminaries

In this section we introduce some more notation and present preliminary
lemmas which we will use in the’ following two sections to prove our main
results. Let G be a connected graph. We denote by €(G) the family of

all minimum cuts of a graph G, and set C(Q) = U S. We denote by GIA]
S€g(@Q)

the subgraph of G induced by A Cc V({G). Let NG(X) be the set of the vertices

adjacent to x in G. For A c V(G), we put NG(A)= U NG(x)-A and
XEA

NG[A]=NG(A)UA. Recall a fragment of G is a non-empty subset A of V(Q)

such that (i) NG(A) is a minimum cut of G and (ii) G—NG[A] is non-empty, and
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that an end of G is a minimal fragment of G. We call a minimum fragment

of G an atom and we denote by a

G the order of an atom of G. If there is

no danger of ambiguity, we abbreviate »(Q), 7(G), a., and a_ to pg, 7, a and

G G
. a, respectively.
The following lemma expresses the essential relation between a graph G

and its complement G, so that we call it "Complement lemma'.

Lemma (Complement Lemma) Let G be a graph and let A, B be subsets of

V{G). If B is not coniained in NG[A]’ then N_[B] contains A.
G

Proof. Let x be a vertex of B not contained in NG[A]. It is immediate that

N_(x) > A, since x¢Nj[AlL ' |
G ,

In the above lemma, if ANB = &, then we can replace the closed neighbourhoods

NG[A] and N [B] with the open neighbourhoods NG(A) and N (B), respectively.
G G

Therefére the next lemma (we also call it "Complement lemma") is an immediate
consequence of the above lemma. This lemma will play a fundamental roll

in our argument through this paper.

Lemma (Complement Lemma) Let G be a graph and let B be a subset of V(G).
If 4 is a family of subsets of V(G) such that BNA=g for each A in 4 and

N (B > U A, then there is a subsel A in A4 such that N,.(4) > B. B
c Ac A ¢

Lemma 1 Let G be a connected graph and let W be a subset of V(G) such
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that (i) |W| > x(G), (i) for any minimum cut S of G, W-S is coniained in
a:‘compone'n,t of G-S. - We denote by | A the fam'iiy' of the maa:'i,m.dl fragments
uof G each of which h.a.sr no intersectién with W. Then
- (1) ANB =g for any two disﬁnct el_emeﬁts A, B in A,

(2) 4 # & and any minimum cut of € is'contai'ned in U NG[A]'
Ac A

proof. To prove (1) suppose not, i.e. suppose that there are two distinct

fragments A, and A, in 4 such that A\NA, # @. Let X, = V(@)-NjlA] for

i=1, 2. Then _ since ANA, # & |NG(A1hA2)[ z x(Q). Consequently
KN&, # 2, since ;NG[Kl]nNG[Azn = |W| > x(@). Therefore |NG(KlnA2>|=
x (G), which implies A1UA2 is also a fragment of G, cotradicting the maximality
of A1 and A2' | |

To prove (2) let S be any minimum cut of G and let HS be the component of

G-S containing W-S. Then the fragment A = V(G)—NG[V(H)] has no intersection

with-W, so there is an element A' in 4 containing A such that S = NG(A) C NG[A’].

We remark that in the above Lemmal if Wc C(G), then Wc U NG(A)’ in
Acd

particular, |W| = 2@ «(G).
As ‘a slight extension of a result of Mader[4], we can easily show the
followings which will be the firm bases of our arguments. (ef. Theorem 1

and Lemma 1 in [1] )
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" Lemma. 2 Let G be a critically (k,k)-connected graph and let {X p Ko een

and {Yl, Y2, ey Y _} be the set of all the ends of G and that of G, respectively.
/i ' - . ,

7 K, -
Set X = Ux, and Y = UYJ.. Suppose 2a >k and 2a> k. Then
i=1 . j=1

@) XNCW©®) =g and YNE) = &.

(ii) Let A and B be ‘any two distinct eléments of {Xl, Xé, ceey P o

Y ). Then ANB = @. ' ' u
n

X , Y
7

§4 A proof of Main Theorem (1)
Throughout this section and the next section suppose G is a critically

(k,k)-connected graph such that 2a > k, 2a > k and k = k. Let { X Xo

X77 3} and { Y. Y2, «. Y } be the set of all the ends of G and G,
. 7 :

7 K,
respectively, and put X = U i and Y- = UYj.

i=1 j=1

proof of (A) To prove the former part of (A) it suffices to show the following

two inequalities: #z(k+1) < 2%(2a-1) and 7+ L%J 7 = n7n. If they hold, then
a

ap+2(a-)zp- = 5_7777; which impllies 7 =2, 3 61' 4. By the assumption of
(A) NG(Xi) D Y for each i thus X ¢ N (Y) and this implies the first inequality,
G

since 7k s 7(2a-1) s 2|X|-7 s 2|N (¥ |-2 s 27K-y = 27(a-D-7. To
| G

show the second inequality note that NG(Xi) contains at most I_—_—ISJ ends of
a

G and N_(,
G
Complement lemma assures us that for any of pairs (i,j) either NG(Xi) > Y].

) contains at most one end of G, since 2a > k = k. Furthermore,

or X; C N__(Yj). Thus 77+L§J 7» = n7. Next we prove the latter part of
G a

(A). For each end Yj of G, N_(Yj) can contain at most one end of G. On
G
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the other hand, the assumption of (A) implies each Xi contained in N (Y].)- for
G

some j, SO 7 = 7.

proof of (B). To prove (B) it suffices to show the following three inequalities:

7 = 3, a = 7k and k = »a. The last one is immediate consequence of

. _ 7
the assumption of (B). To show the former two inequalities put H = G[UXi].
i=1

Then as a consequence of Lemma 2 H has the complete »-partite graph with

vertex clases Xl’ X2, cony X” as its spanning subgraph. Therefore if » =

3 then x(H) = 2a > k 2 k, so by the remark after Lemmal a = |H| s
_— , , o A kk
7K. In particular, if » =z 3 then aan = azk = kk so » = — < 4, thus
: aa

“the first inequality holds. In the case that g 2, we may suppose a > Kk,
since otherwise za = 2a =< 2k = 7k. If a > k then x(H) = a > k and

again by the same remark ya = 7k. ]

84 | A proof of Main Theorem 2)

At first we introduce two new families of subsets of V(Q), .d and %,
which will hold the key of our‘ proof. Recall X is the union of all the
" ends of G and Y is that of G. Let 4 be the family of the maximal fragments
of G each of which has no intersection with Y. Similkarly # stands for the
family of the maximal fragments of G each of which has no intersection with
X. To pkrb'ove Main Theorem (2) we need the following two lemmas which
express ¥'erﬁarkable properties of 4 énd 2. Throughout this section assume
that there is no minimum cut of G containing Y. We remark that there is

no minimum cut of G containing X, since ya = 2a > k = k.
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Lemma 3 Suppose |G| > 2(k+k). Then

(1) Each of 4 and B is a family of mutually disjoint subsets of V(G). -

(2) € ¢ U Njl4l and €@ c U N (Bl
Ac d Be® G

(3) |A] = k for each Ac 4, and |B| = k for each Be 3.

proof. We give a proof for 4 (We can prove the result for # similarly).

Let S be any minimum cut of G and let A1 and A2 € 4 such that A10A2¢

@. For i =1 and 2, let Ki stand for V(G)-NjlA,l. Then according to the

proof of Lemma 1 to prove (1) and (2) it suffices to show (i) Y-S is contained

in a component of G-S and (ii) KlﬂK2 + 2.
(i) By the assumption that S } Y , there is an ,‘end YS of G not contained

in S. Also there is an end of G, say X not contained in N_(YS). By

G

and k+k = |N [Yl]. Let ?S f
G

1!

Complement lemma NG(XI) >Y,so0k =z |Y

S gl
= V{@-N_[Yc]).  Then |?S| > k, since |G| > 2(k+k). Hence S5 ’YS.
G : '

Consequently the subgraph G YSU?S—S.] of G is connected, for QG YSU?S]

includes the complete bipartite graph with vertex classes Y, and 'YS Let

S
, HS be the component of G-S containing YSUYS-S. Note that any other end
of G which is disjoint from Yg is contained in YS' Then Y-8 c V(Hg).

(ii) Assume 'Klr\'Kz = @g. Then [AUA,| > 2k.  Thus, without loss of

generality, we may assume |A > k. On the other hand, by the assumption

1!

that NG(AI) $ Y there is an end of G, say Y,, not contained in NG(AI)’ e,

1)
Yl ¢ NG[AI].' However, since YlﬂA1 = ¢, as an immediate consequence of

Complement lemma N—(Yl) o) A1 contradicting the assumption |A

> k.
G .

1
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To prove (3), for each A in 4 put S = NG(A). Then, by the choice of the

component HS’\ HSﬂY # @ so AnV(HS) = ZF. Thus A C N_(YS)US, this implies

[A] s K, so (3) holds. | |  m

Lemma 4  Suppose |G| =z 2k+k). Then
(1) For any A€d and any Be R ANB = @.

(2) U Ac U N (B) and U B c U NG(A) .
Ae d Be®d G ‘ Be & Ae d

proof. (1) Suppose not, i.e. there are A € 4 and B € # such that ANB
# @. Let X = V(G)-Ng[A] then NG[K] $ B, since ANB # @. As a

consequence of Complement lemma A C N [B] thus V(G) cC NG[A]UN__[B].
‘ G G

According to the previous lemma |A| = K and |B| = k, so | V(@) ] < 2(k+k)

contradicting the assumption.

(2) We show only U A ¢ U N (B). Recall Y is the union of all the ends
- Ac 4 Be® G

of G. For each Acd N_(A) can not contain whole Y and also N,(A) » U B.
G a BE %

According to (1) of this lemma it is an immediate consequence of Complement

lemma that U A ¢ U N (B). |
Acd Be® G

By now we are all set to prove Main Theorem (2).
proof of Main Theorem (2) From the definition of critically (k,k)-connected
graph V(Q) = C(@G)UC(Q). Therfore as a consequence of Lemma 3 (2) V(G) =

U NG[A] U U N_[B]. Finally, by Lemma 4 (2) V(G) = U NG(A) U U N (B)
Acd Be® G '  Aed Be® G

, so that |G| = | U NG(A)|+| U N ®B)]. To complete the proof it
Acd Bed G '



remains to check the upper bound of | U NG(A)I. We may suppose » = 3
Acd

or 4. We denote by #«d the number of fragments of 4. Because the family
of ends of G is mutually disjoint the inequality 2a > k = |A| implies each

A of 4 contains exactly one end of G, so #4 =». For each B of &, N (B)
G

can contain at most one fragment A of «, since 2a > k. Therefore by
Complement lemma for each B there are (#4-1) fragments of 4 such that NG(A)

éontaines B. Consequently | U NG(A)I < #A4k-(#4-2)|] U B| = gk-7¢
Ac d ‘ Be®

a(n-2). From the first inequality in the proof of Main Theorem (1) (A) it

follows 7a = %(vk+277+7?). so finally | U NjA)| = %i(ﬁ—n)nk—(wﬁ)(w-‘z‘.)}
Acd

and this completes the proof. [ ]
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