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Rational omega-tree languages are
defined by extending the notion of rational (or
regular) expressions for languages, and their pro-
perties are investigated. They are characterized
by means of greatest fixed-points of certain func-
tions, and are shown to be precisely the omega-
tree languages recognized by Rabin’s ‘Yspecial
automata".

Kleene’s theorem in classical theory of automata can be
stated without referring to automata, as followsi; L is a rational
language if and only if L is a component of the least fixed-point
of a function f(¥) =LY : PC(A®Y™ -» P(A¥)" where n > 1 and L is
an n x n matrix of finite languages. Our motivation of this
work 1is to see whether such characterizations are possible for
sets of infinite words and infinite trees, and if so, for what
class(es). It turns out that the class mentioned in the ahbstract
and some others are characterized by using the greatest fixed-

points,  rather than the least fixed-points, aof certain {(linear

and nonlinear) functions.

For an alphabet A, let A% (A“°, respectively) be the set of
finite words (w-words) over A, and let A® = A% Y A“, Subsets of
A% (A, A%, resp.) are called languages (w-languages, ©o-
languages). By extending the notion of rational (of regular) ex-
pressions for languages, we define the class Rat(A®) of  rational

®-languages; L € Rat(A®) if and only if L is an oo-language ob-
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tained from subsets of A by a finite number of union, concatena-

~
—
[
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tion, *-operation, and w-operation (where for L C Am, L» =
WoW, »»«We € A® | woyw, ... € L ¥, Then we define Rat(A®) =
Rat (A®) A P(A®) and Rat(A*) = Rat (A%) ~ PCA¥).

OQur first result 1is the following characterization of

Rat (A%,

Theorem 1
The following conditions for an w-language VL are
equivalent.
(i) L belongs to Rat(a™).
(iid» There exist n3!1 and Lq, in Rat(A*) (i,j=1,...,n) such that
L = U{i Lq LM(LKQ--- I Jykyly,aee in {1,...,n} *.
(ii;) There exist n31 and’m in Rat(A*)™ ™ gsuch that L is a com-

ponent of the greatest fixed-point of the function f(¥) =LY

PCARI™ > PCAYY™,

The essential part of the proof of the theorem can be stated

as

Lemma
For a given matrix L = Lip) e P(aA®IM*™M 1t K = (Kij > €

P(A®)™MN he defined by K =

HE;

JL*. Then (K{,...,Ki) with K{ = S{

, w _ . . A , ‘
Kq Kﬁ A» (i=1,...,n) is the greatest fixed-point of the function

f(d) =LY : PCAWY™ -3 Pav™,

When we consider A® as the product space of the discrete
space A, the class of closed subsets of A® which are rational can

be characterized as follows.

Theorem 2



‘The following conditions for an w-language L are
equivaleni.
(i) L belongs to Rat(A“) and L is closed.
(ii) There exist n31 and finite languages Lq‘ ( . A%
(i,j=1,...,n) such that

L =uUHA{ Lq L}kLﬁj.-- P o Jekylyene in {1,...,nx .

(iii) There exist n3l and an n X N matrix L of finite
languages (¢ g A*) such that L is a component of the greatest

fixed-point of the function f(¥) = 0L¥ PCAWI -3 P(AYI™,

The argument léading to these results on w-lanquages can be
exﬁended to sets of infinite trees, and we can characterize two
(proper) sebclasses of the c¢lass of recognizable sets of infinite
trees (in the sense of RabinC13); one is the class of sets recog-
niied by "special automata” in ﬁhe sense of RabinC21, and the

other is its subclass consisting of closed sets.

we‘call a mapping trfl,rk+ - A an w-tree DVEE A  (where 1
and r are distinect symbols, and A is an alphabet), and denote
their totality by TK{ We also define the set T;?B of oo—-trees
over alphabets A and B as the set of binary (finite or infinite)
trees whose terminal (nontebminal, resp.) nodes are labeled by
symbois in B (in AY. The set of finite trees in Tﬁfa is denoted

by TﬁMB'

We define the substitution, ¥-substitution, and w-
substitution of o-tree languages (i.e., subsets of RC% } as fol-
lows: Far any n 3 0, To, T 53237 & T:ﬂs and b, ,...yb, € B,

the substitution T,oLT,/b,,...,Tn/byl is defined as the set



of oo-trees obtained from those in T, by substituting each oc-

currence of the symbols by with an o-tree in Ty, respectively;

tﬁe ¥-substitution is defined as ToLT, /b, ,..0.,Ty/bydx = EZL
TR) where T = T, and TURED (g 3 0) is the set of %-trees ob-
‘tained from those in T(X) by substituting an occurrence of by
(for some i) with an eco—tree in T;j

the w-substitution 1is defined as TOET,/b',.;.,Ih/u“]“) = {

1im tg |ty € Tey baesy € bgLT, /by yenesTm/byd (k3 002,
k00 : . '

Now wé~define Rat(ng ) as the class of sets (€ Ty p? ob-
tained from finite sets of the form { 5{5 i a € A, b,b’ are any
symhaols ¥ by a finite number of wunion, substitution, -
substitution, and W-substitution. The sets in Rat(Tf)’ =
Rat(T}f% ) are called rational "Ww-tree languages, and those in
Rat (T#,,) = Rat(T3 ) A~ P(T# g) are rational finite-tree

languages.
These classes are related with finite automata as follows{

Theorem 3

Rat(Tr) is the class of recognized sets by Rabin’s ‘'special
automata. Rat(T* ) is the class of subsets of Tﬁ,B which are
recognized by trge automgta for finite trees and consist of fin-

ite trees of height > 1.

Theorems 1 and 2 for w-languages are naw extended to w-tree

languages in the following way.

Theorem 4

For T ¢ ]?, the following conditions are equivalent.

(i) T belongs to Rat(T".
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(ii) There exist n A 1 and T € Rat(T*A,(u“;mﬁ
(i=0,1,...4n) such that T = TOET,/'l.,...,T,,\/n]m.

(iii) There exist n 3 1 and Ty €& Rat(T*a 41,v,m)) (i=1,...,m)
such that T 1is a component of the greatest'fixed—point of the

function ¢ T,0X,/1,...,Xny/M1, ooy TplX,7/1,...4Xn/n1 > P(TXW“

o Wy
> P(TA) .

Theorem §
For T C TX% the following conditions are equivalent.
(i) T belongs to RatCTr) and is a closed set (with respect to the

product topology on Tf of the discrete topology on A).

(ii) There exist n 3 1 and finite sets T € T*A’“,w'“}
(i=0,1,...,n) such that T = ToCT /1,...,T, /n1%,

(iii) There exist n 3 1 and finite sets T, ¢ Tﬁ,&u“;m}
(i=1,.c0,m) such that T is a component of the greatest fixed-

point of the function (T,0X,/1,...,Xyn/Nd; ...y TulX,;/1,...4Xn/nd)

: P(T;\u)"" -» PCTR™,

The argument can also be extended to orlanguages and od-tree

languages.
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