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(Fuchsian Hyperbolic Equations in Gevrey Classes)
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(Sophia University., Hidetoshi TAHARA)

In this note, I want to report my recent results on
Fuchsian hyperbolic equations in Gevrey classes. Fuchsian
hyperbolic equationsAwere introduced by the author in [5] and
they have been investigated in various spaces; e.g., by [5] in
analytic-hyperfunction spaces. by [61 in C* spaces (or in
Sobolev spaces), by [1] in distribution spaces, and [7;8,9] in

Gevrey classes etc.

§1. Review of C Results.
First, let us consider the following operator:
% -
L(t,x,tat,t aXJ (=)
m . J., . x o
= (ta, )+ z a. (t,x)(ts, )" (t%3 .07,
t Jjtlalsm 1a t X
J<m
where (t,x)=(t,x1,...,xn)E[U,T]XRn (T>0), meN (={1,2,3,...}),
_ no,_ . n _
a-(al,...,an)€Z+ (={0,1,2,...3), !al~a1+a..+an, aj,a(t,X)E
c®ro, TIXR™ (j+lelsm and <m), n=(x1,..,,xn)enn; and
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In addition, we impose the following condition on L:
(A-1) All the roots Ai(t,X,E) (1ism) of
A" Al (,0278% = 0
j+tlal=m -7

J<m

are real, simple and bounded on {(t,x,§); |§t=1}.

Then, L is one of the most elementary examples of Fuchsian
hyperbolic operators (in [61]). Therefore, we can define the
characteristic exponents Pl(x),...,yn(x) by the roots of
L(0,x,9,0) = 0.

Let 8(Rn) be the Schwartz space on Rn, and let
00 n co n
C ([0,T1,&(R")) [resp. C ((0,T),&(R )] be the space of all
infinitely differentiable functions on t0,T] I[resp. (0,T)] with

values 1in 8(Rn). Then, we have the following results.

Unique Solvability (Tahara [6-1111).

Assume that Pi(x)¢2+ holds for QEX‘XERH and 1sism. Then,

the equation

) X -
L(t,x,tat,t aX)u = f

is uniquely solvable in C([0,T1,&(R™)).




121

Asymptotic Expansions (Tahara [6-V1}.

Assume that Pi(x)—pj(x)¢2 holds for any x€R" and 1<i#jsm.

Then, we have the following results on

(E) L(t,x,ta,,t¥a du = 0 in c®co,T), 8 (RM)).
(1) Any solution u(t,x)ECT((0,T),&(R™M)) of (E) can be

expanded asymptotically into the form

ult,x) - (%)
o n Py (xX) mk P, (X +K .
> (?i(x)t +EZ g, 00t (log t)>

i=1 k=1h=0 ' »°’

(as t—>+0) for some unique ¢;(X), ¢; | hix)ES(Rn).
. ? b

(2) Conversely, for any ?i(x),...,?n(x)eg(Rn) there exist

a unique solution u(t,x)ECm((O,T),s(Rn)) of (E) and unique

coefficients ?i K h(x)GS(Rn) such that the asymptotic relation
2 2

in (1) holds.

Example. Let P be of the form

2% 2%
2_t 182 _t 282

p = (tat) Xl x2

P, P,
+1 al(t,x)axl+t a2(t,x)axo
+b(t,x)(tat)+c(t,x),
where xi,x2,p1,p2€N. Then, if plle and p22x2 hold , we can
apply our c” results to P.
In this example, the condition "plle & p22x2" seems to be
essential to the c” results quoted above. Therefore, if we

want to consider the case without “plle & p2zx2?, we must treat



P in suitable subclasses in C*(r0,T1,8(R™M) or CT((0,T),8 (RN,

§2. Results in Gevrey Classes.

In order to treat P in Example for the general case, let us
consider here the following operator:

P(t,x,ta,,a,) = L(t,x,tat,t”a )

X

p(JQa) _] a
+ b t b. (t,x)(tg, ) a_,
j+lal<m Jhe t X
where L(t,x,tat,t”ax) is the same as in §1, plj,a)EN (Jj+lealdlm)
and b, a(t,x)ECw([O,T]XRn) (j+lel<m).
A function f(x) (ECw(Rn)) is said to belong to the Gevrey

{S}(Rn), if f(x) satisfies the following: for any

class &
compact subset K of R there are C>0 and h>0 such that
sup'azf(x)i £ C h'aIHaI!)S for any “EZE’ (2.1)
XEK ' -

e denote by C*cr0,T1,6 57 (M) rresp. c®co,T),8 5 (RMHT the
space of all infinitely differentiable functions on [0,T] [resp.
(0,T)1 with values in & 57 (R") equipped with the locally convex
topology in [4].

Let Sn denote the permutation group of n-numbers, put

M‘j,a('[,l‘)

Z.E _,. "% I S
- i=] "eli) “tilr) (i)
(m-Jj-laldy

+(m-Jj)yx -p(j,a)

(1)

T(r)



and define the irregularity o (21) by

o = max | 1, max min max: MJ a(r,r?} .
jtlal<m 'zESri 1€rsn ?

Jj<m

Using this irregularity, we impose the following conditions:
(A-2) 1 < s < g/lo-1).

(A-3) a, _(t,x), b, a(t,x)ﬁC”({G,T],s{S}(Rn)) for

J,a Js
any (j,al.
When og=1, (A-2) is read 1<{s{», Then, we have the following

results.

Theorem 1 (Unique Solvability).

Assume that ¢, (x)¢Z, holds for any x€R" and lsism.  Then,

the equation

P(t,x,tat,ax)u = f

{51}

is uniquely solvable lg.CW([G,T],S (RN,

Theorem 2 (Asymptotic Expansions).

Assume that Pi(x)—pj(x)¢2 holds for any xERn and  1£i#jsm.

Then, we have the following results on

(E,) P(t,x,ta,,5)u = 0 in 70,173,897 (®™).

{5}

(1) Any solution u(t,x)€C ((0,T),8 (R") of (E;) can be

expanded asymptotically into the form




uct,x) ()
m P (x) mk 91(x)+k h)

~ Z (?j(x)t + 2 Z fix h(x)t (log t)
i=1 k=1h=0 !7%»

(as t—>+0) for some unique ?i(x), ?i K h(x)Eg{S}(Rn).
b ’

(2) Conversely, for any ?i(x),...,?n(x)ea{s}(Rn) there

exist a unique solution u(t,x)ECw((O,T),g{s}(Rn)) of (Eg) and

unique coefficients ?i K h(x)Ea{S}(Rn) such that the asymptotic

relation in (1) holds.

Here, the meaning of the asymptotic relation (%x) [resp.

(%x)] is as follows: for any a>0 and any compact subset K of Rn

there 1s an NOEN such that for any NzN0

_ . n p.(xX)
t a(tat)JLu(t,x)~ £ (001 1

i=1

N mk Pi(x)+k h 71
+ ¥ Z Fiop p(XIt (log t) )]
k=1h=0 "’™?

K

—— +0 in 57 (K) [resp. &(K)1
as t——+0 for any JEZ?,
where 8{5}(K) is the locally convex space of all functions

f(x)ECw(K) satisfying (2.1) for some C>0 and h>0 (see [41]).

§3. Remark.

(1) o0=1 is equivalent to the following:

. S ,
P(J,a)_x1a1+...+xnan for any (j,a).
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Hence, when og=1, we can apply our c” results to P(t,x,tat,ax).
(2) When P is of the form

P = (tat)2—t2%a§+tpa(t,x)ax+b(t,x)(tat)+c(t,x),

o is given by o=max[l,(2x-p)/x1. Therefore, if p<y, (A-2) is
given by 1<{s<{(2x~-p)/{(x-P). This coincides with the example in
[2,3,91.
(3) When P is of the form
2% 2%
P = (tat)2—t 192 ... -t "0y
Xy Xy
pl pn
+t "a, (t,xYa, + ... +t Ta_{(t,x)a_
1 Xl n xn

+b(t,x)(tat)+c(t.x),
o is given by o=max[1,(2x1—p1)/x1,...,(2xn~pn)/xn].

(4) When xl=...=xn(=k), o is given by
'm—J-p(j,a)/k)]

o = max [1, max

j+lel<m m-j-lel
J<m
(5) When PR Uruy [9]1 defines an index Oy {z1) and
obtain Theorem 1 under the condition 1<s<(ou—1)/ou. The

relation between ¢ and o4 is as follows.

(i) 1§0§0u holds in general.

(ii) There are examples for which 1<o<ou holds.

2 .82 3.2
-t ax)+tax+t ax, we_have

For example, in the case P=(tat)((tst)
0=8/74 and ou=5/2. Hence, we can say that our condition (A-2)

is better than that in [91.
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