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Fractional part sums and divisor functions II

— 14
Makoto Ishibashi , /o Aé%j Ezi_

Kyushu University

§ 1. Introduction

This is a continuation of Part I [1] and deal with the negative

power case. That is , we consider (t >0)

o), TEL () : JIE (0
where

o(n)= ) d? ,
a din

Eft(x) : the error term associated with

Our theorem generalize and refine and in some cases correct

Macleod’s theorem [ 3].

) n
ns x

‘to‘,gn).

Let Bk(x) denote the k-th Bernoulli polynomial, [x] the integral

part of x , Ek(x) = Bk(x—[x]) the k-th periodic Bernoulli polynomial,

and define the basic function Ga k(x) by
?

a s X
Ga,k(yx)=n£ PO

for aeR , keN .
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Our aim amounts to writing the error terms associated with
above three sums explicitly in terms of the function Ga k(x), and
’
get informations on the behaviour of the error terms and infer new

results on Ga,k(x)‘

§ 2. Statement of results

Theorem 1 If a>0 and t£a , a-teZ , then we have

“to(n) = tlatl)  a-t+l a—t+1g—12r(a—§)xa—t+1-r G
r —

ﬁ;;l a /= a-t+l + rzl r r—a—l,r(x)
[ Tema)g(t) - x° 6 (%) tz2
t(t-a) 1-t i
- Tt X + ¢(t-a)g(t) , té# 1,
+ -
a(a-t+1) ,
z(t-a)logx + yg(t-a) , t=1,
-t (=" a-t ' -t
(L + X ) G E - x G, () 0<t<2,
W\axia-l,gkr‘ r-1""r-a-1,r a,l ’
< 0-t+l
+ O( X—t+a/2) ,
where the constants Er—a-l . are given in Lemmall[ 1], z(s) denotes the
3

Riemann zeta-function, and Y Fuler constant.
For the case t >a we state it in Theorem 3 , since it needs a

different argument.
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For the second sum, under the same assumptions as Th.l, we
distinguish 8 cases according to the values of a,t. Here we state the
1st and 5th cases.

Let ) n_th(n) = g_i (x) + Eét(x) , where we define E?t(x) by

nsx
&(atl) <+ g(t-a)logx , t=1, a2 ,
a
g2, (x) =
'%é%f%l xa—t+1 s otherwise.
Theorem 2
¢(1l-a) 2—- 1)-1¢ = - 1-a
ZTZa)(z—a) (22, tatl) gal_x+(1/2—Bl(x))£§%z?lx 0%amt<l,
c(2 _%0 VLt SV logx/4 - (1/2 - El(x))G_l,l(x) , =t=1 ,
_t(l-a)  2-a  g(atl)-g(a) , . Z(a-1)+z(atl)
TE® (n) = (1-a)(2-a) * * 2 12
nsx 2 ‘
-1/2(1/2 - ﬁl(x));(a) - (1/2 -'El(x))c_a,l(x), 1<a=t<2,
ESQlEEKQL x + logx/12 + v/12 + £(3)/12 - ¢(-1)
\ _1/2(1/2 - §]_(X))C(z) - (]-/2 - E]_(X))G_z’]_(x), ’ a=t=2 ’
=Gy /2% -6 (/2 4 ox2/2 + 172y

The 5th case is

JE! (n) = ©(3)x%/4 ~ (-1/6 + ¥/12 = €(-1) + 2(3)B,(x)/2 + (1/2 - By(x))6_; 1(x))x

nsx /
X 1 1/2
— C1,2(%) = =5 63 p(x) + OG-

The corresponding MacLeods Th.8(i) should be corrected as this .



Applying the best known result of Peng-Recknagel[4], we have

JEL (n) = B2LRIY L () 4 oG

nsx

- cgzg—lggzw_y X+ O(x2/7 TEy  Vesq .

For the formula for the last integral, it is from Segal’s formulaf 5],

and Theorem 4-(c) of MacLeod( 3].

In the end , we state

Theorem 3 We restrict ourselves to the case 0 £a =2, t=a+l,

: )
-%—logzx + 2Ylogx +Y + 2y , a=0,

C(a+l)logx + C(a+l) +7YC (a+l) , aso0,

-1 —a-1
- x 6, (%) - x a G, 1(®)

0 | ‘ a=0,

+d4 - X . O<a<2,

-1-a/2

+ O(x )

where Y is Euler constant, - Y;= lim( ) n_llogn —(1Og2X)/2) the lst generalized
X o néx

Euler constant.



In particular

29%2) = —%-logzx + 2vlogx + Yz + 2Y1 —-é% GO,l(X) + O(x—l)

nsx

holds.
It is known that solving the Dilichlet’s divisor problem is equivalent
to verifying

1/4 +¢€

Gy, 1 (%) = O(x y Ve>o0 .

Using the best known estimate due to Kolesnik[2], we have

ZQLE) = —l-logz X + 2ylogx + Y2+ 2Y, + O(x_73/108lo§§) ), Ye>o0.

nsx 2 1
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