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Asymptotic solutions of the Navier-Stokes equations---
Fractal geometry in vortex motion and flow past two rotating spheres
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IT. Axisymmetric Flow Past Two Rotating Spheres
at Small Non-Zero Reynolds Number

6. Introduction

Solution of the problem of hydrodynamic torgque on a
sphere induced by the rotation of another sphere for an
arbitrary separation between their centers and ratio of
radii, obtained by the analysis of Stokes equations,is

1,2)
known, but unknown when analysed by the Navier-Stokes
equations. In the Stokes solutions, the superposition of a
uniform flow does not alter the value of the torque, but
from the physical point of view one can imagine that the
uniform flow may have some effect on the rotation of a sphere
which in turn on the induced torque of the other non-rotating
sphere. This argument indicates that the physical behaviour
can not be justified by the Stokes equations and requires
analysis which are based on the Navier-Stokes eguations.

If the Reynolds number(Re) is small but non-zero, one
may apply the method of Matched asymptotic expansions which
requires two regions; the inner and the outer regions
surrounding the spheres. If the spheres are close then we
can expect a strong rotational effect to the non-rotating sphere
and consequently the study of inner region of expansions seenmns
to be more interesting than that of the outer one. In this study
we consider the location of the spheres so close that each lies
in the inner region of expansion of the other i.e. the spheres
lie in the overlap region of two regions.

3)

Kaneda and Ishii , gave a general formula for calculating
the force and torque of O(Re) on a sphere. They also gave the
asymptotic expression of the force on one of the spheres for
large separation. In our previous studies by applying their
procedure we calculated the force on a sphere for the leading

4) 5
and trailing positions for the equal and for an arbitrary)sized
spheres. In the present study, we will calculate the torque
on a sphere induced by the rotation of the other for an arbitrary
separation between two equal spheres. The flow is assumed axi- ’
symmetric.

/0
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7. Calculation of Torgques upto O(Re)

For the flow past two spheres with one rotating, the
Navier-Stokes and continuity equations and the boundary
conditions in their dimensionless velocity-pressure vector
form can be written as:

v°a - Vp = Re(u.Vju,
V.u = 0,

u=0 on SA'

= Q Xr on Sp,

u=-e at infinity,

Ua

Re = ) ;. mmeme e (1)

where Re is the Reynolds number based on the radius 'a of

the non-rotarting sphere and v is the kinematic viscosity
of the fluid.

In the Matched asymptotic expansions procedure,
i : 3)
(u,p) can be expanded for the inner and outer regions
and the torque on the sphere A(non-rotating) can be
expanded as:

tA = (tA)‘/61ruUa2
_ A . A
=ty + Re t;” + O(Re).
—————————————— (2)
A A
where t and t are respectively the zeroth and
0 1

first-order torques(dimensionless) on A due to the fields

(u ,p ) and (u ,p ). Using these expansions, (1) can be
0 0 11

written as:
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Veu, - Vpy = O,

V.u, = 0,

u, = 0 on SA’
=  Xr on SB’

u, = e at infinity-

the Stokes equations, and the first-order field(ul,pl),

1

In principal, one can obtain the first-order torque
by solving the first-order field (u ,p ). For convenience,

we introduce a Stokes field defined by

20 - Vp = 0,

£> g

=0,

v
V.
u WXr on SA'

]

0 on SB '

u =0 at infinity.
where W is an arbitrary vector, then by Kaneda and Ishii

A

one can obtain t by the formula:
1

6TL(W), (6,1 = I - I, - ¥ + ¥,

A
Y, = lim f u.x(Vxu,) .u d4av
2 Lo 0 0 '

L (6)

where V is the volume bounded by the spheres' surfaces and

L
by the outer surface S of radius L. The Integrals I , I
L 1 2
and Y  are taken on S (see Ref.3-5).
2 L

/2



For the axisymmetric flow case (6) can be written in
cylindrical polar co-ordinates(p,?%,2) as

" A
6"rr(tl ), = 6m(ty ),
1 23, a
= 27 J‘ “'TX B(D'z) dp Z,
V"p ’
L

Formula (7) can be obtained defining the velocity as,
u= u + u where t and r respectively refer to
0 t r
translational and rotational velocities. For the axixymmetric
flow case u and u can be expressed in terms of Stokes
t r ‘
Stream function. Substituting the values of u and a
0
similar expression for 3 which is the rotational velocity ,
in the integrand of (6) one can obtain (7) by noting that
the terms perpendicular to are zero. The surface
integrals I , I and y on S in (6) vanishes by noting the
1 2 1 L
- integrand behaviour. For the flow past two spheres, one may
1,4-8)
use the bi-polar co-ordinates if the spheres are not
2,8)
in contact, and tangent co-ordinates if they are in contact.

i) Spheres Not in Contact

For the two equai spheres and not in contact (7) can
be written in the following form:

a | B
A, _ 2 J f 1 A3, xD)
€10, =3, ), Z X w9 de
B
| 3 (v, x5 _ 3y 3y
>0 and 3(c, M 39 an 3L 7

e
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here ¥ and X (X =

p‘V)

are the Stokes Stream functions

respectively due to translation and rotation of the spheres

and v is the velocity in the direction of ¢ .

These Stream

1,6)

functions are known

for the case of equal spheres

in their exact forms and particularly
7)
. Using them in (8) the double

integral is evaluated for various values of o from which
the separation (d) between the spheres centers can be
obtained. The integral is evaluated, using a subroutine
AQ2DS of Nagoya University Computer Center, within an

accuracy of absolute error 10

-5 -2

and relative error of 10 .

Equation (8) can not give the results when the spheres

are in contact(a =1).

ii)

For the spheres in contact,

Spheres'in Contact

(7) can be expressed in

tangent co-ordinates which can be written as:

l .
2 2
S ) G SRS G a)
(tl )z - 76 o 0 n2 (z,n) dn dz
__________________ (9)
® -2k
. 3/2 f 1+2k-e
P = n(g™+n%) ! [%51an 0 Sosh(R) cosh(ke)
2+2k+k" L (1-e7%%) zsinh(kz) 19, (kn)dk,
T Tk+sinh(k) cosh(k)
o | mmmmmmmme———ooeses (9a)
- 2 2.-1/2 h(m(1-2))
2 = ng2an?) Y [ S e e ™™ 3, (mn) dam,
__________________ (9b)
-B _ -1/2 [ sinh(n(z+1)) _-n
= H(C +n ) ) Sinh(on) e Jl(nn) dn.
------------------- (9¢c)

The Stokes stream functions

(2,8)

@ and i are known

in exact form for the equal spheres. Using these functions

in (9), the values of torque can be obtained. Since the
functions are given in integral forms(%9a-9c), the calculations
of torques for the spheres at contact requires the
evaluations of fifth integral which might effect the

accuracy.

/Y



113

8, Results and Discussion

L T
Using (2), torques t and t upto the O(Re) on the non-

rotating sphere induced by the rotation of the other, for the
leading and trailing positions of a unifrom flow are
determined for the large and small separation d/a between the
spheres centers. The torque t (which is same for the leading
and trailing positions) is calculated from the known formula

: L T
given by Jeffery. The first-order torques t and t are

1 1

calculated using (8)(equation (8) gives the value for the
leading position and for the trailing position, the direction
of the uniform flow is reversed) . These results in their non-
dimensional forms are given in Figure I. for the leading

position (for the trailing we have t T= -t L) together with
the Stokes torque(to) for d 13.0. 1 1

The general behaviour

of t is the same as

that1of t , i.e. they .03 \ —— First-Order Leading
decrease gs the \ Sphere t]_L Torque.

spheres seperate and
the values of induced
torques vanish for :
large separation .
However, for small 4,
t is smaller than t

1 0
but larger at d .01
roughly greater than
4.5, In the present
study, we could
calculate t for d

\-— - Stokes (Re=0) Torque.
.02 ” \

Non-dimensional Torque

0
v 1 T T T 1
2 4 6 8 10
as small as 3.0. , s :
For d less than this Separation (d)
value, it was difficult
to calculate t due to
1 Fig.I. Non-dimensional First-
the excess of time Order Torque ( ) for
require to evaluate the Leading Position of
the integral of (8). ' Sphere together with the
Stokes Solution(~- - - =)
Jeffery(1915) Vs Sepera-
tion(d).

/S
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The same procedure can be applied to obtain the torgque
at the contact where d=2.0 and @ =1(if desired) by
evaluating the integral in (9)

In the conclusion we remark, that the effect of small
non-zero Reynolds number (Re<< 1) was to increase the hydro-
dynamic torque on the non-rotating sphere induced by the
;otation of the other sphere, when the former sphere lies
in the leading position of a uniform flow, and to decrease
when it lies in the trailing position; and the difference

: L T
between leading and trailing positions( D = t - t ) was a
£
non-zero value equal to 2 times the Re times the value at
leading position.
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Continuation of Equation(8):

Y =(c:oshc--cosn)—§»/2 ? [Ahposh(n-O.S)c+Ch;osh(n+l.5)c](P(cosn)-PXcosn)

n-I nt+l
- (8a)
A = —(ameayk 208 ZDN s o) @)
n 2 sinh(2n+l)o+(2ntl)sinh2a ' sinn
o - - P = hr—essr
B = (2nD)k 2(1-e (2n+l)a)+(2n+l)(l—e Za) coshz~cosg
n -~ e 2 sinh(2ntl) ot (2ntl) sinh2a ' , = _Sinhe

. coshg~cosn
k = n(n+l)/[v2 (2n-1) (2n+1) (2n+3)],

B L -1/2 . ¥ sinh(m0. +0) _—(2m+l)

X =(cosh§~¢osn} l/251nn ¢ :. ié? Ol?é(C ) e (2m+l)a Pml(cosn),
A -1/2 . ® sinh(i+0.5 - - (2i+ 1

X =(cosh;~cosn) 1/ sinn %v:ihh231+l)é(a 9 e (21+l)o Pi (cosn) .

(8b,c)




