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An Algorithm for the Normal Forms of Cubic Curves

Tadashi TAKAHASHI (% # 1IE)
TR TR SHEMYR

§1. Introduction

Normal forms of singularities have been studied by (for instance) Arnold [1, 2, 3) . Bruce
and wall (4) . Takahashi. Watanabe and Higuchi [5] . In previous paper [ 6] , we have given
a recognition principle for a hypersurface isolated singularity of a certain type. In it. a normal form
of homogeneous polynomial was constructed by the monomials of the lowest degree. However. the
normal forms constructed by the principle were not unique. So, in this paper. we try to impose a
condition to construct a unique normal form of homogeneous polynomial and classify complex
projective cubic curves.

We consider it natural that normal form should be easv to write and remember; that is. the
normal form should have the fewest monomials. and each monomial should be simple. The normal
forms defined in this paper meet the above condition.

§2. A condition for the normal form to be unique

Let f=ZXax® be a homogeneous polvnomial. We give a following order to the monomials of {.

Definition2.1. For the exponents K;=k;,, -+---- , ki, and K,=k;,,, - ki, K isgrater than
K] if k|,r>kh or kl, :k" ( 1 =SP< n) ' \k|,,.] >k,,+i-
Manipulation2.2. We try to make a monomial x¥ vanish by suitable linear trans-

formations except for the moduli. Then if we can make the monomial x* vanish (K is the minimal
number of the exponents) without generating new monomial x*¥ (K> K;) of f. we do so. Otherwise,
we don’t use the linear transformations.

Definition2.3. We repeat this manipulation2.2. in turn for i. f is said to be the normal form
if the result of these manipulations is equal to f.

§3. Classification of cubic curves

Let P? be a 2:dimensional complex projective space with a coordinate [x.y, z] and let f be a
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cubic form in P2, The cubic form f takes the following form

arx3+azx?y+asx?z+asxy? +asxyz+asxz® +ary’ + asy*z+aoyz®+a ez:=0.

And we may choose coordinates so that

x3+a x?y+azx®z+asxy?+asxyzt+asxz? +yd+agylz+aszyzi+z3=0.

Let Sub. (x=x", y=y’, z=z'+cx’. {):= [substitution x=x’, y=y’, z=z +cx'. to equation f] for
¢ is constant so that c®+asc®+ac+1=0.

Then aix2y+asx’z+asxvi+asxvz+asxzi+yv3+agy’z+arvzi+z8=0.

a;= 0—Stepl, a2=0 and a,* 0 —step2. ay=a, = 0 —Step3

Stepl : We may choose coordinates so that a;x?y+x2z+a,xy?+asxvz+asxzi+yd+asviz
+agyz?+2z3=0.

Let Sub. (x=x". y=y',z=z"—ay’). Then x*z+a,xy*+a,xyvz+a,xz*+a,y* +as;y’z+asyz*+z*= 0.

a, * 0 —Stepd. a; = 0 and a,=* 0 —stepd. a, =a;= 0—Stepb.

Step2 : We may choose coordinates so that
x*y+arixy?+arxyz+asxz?+y?+ayy*z+asyz®+2z3= 0. Let Sub. (x=x". y=2z". z=y).
az+ 0 —Stepd, a; = 0 —Step5.

Step3 : We may choose coordinates so that f,(v.z)x +f3(v. z) = 0 where f; denotes a homogeneous
polvnomial of degree i(i=2.3). fa(y.z)=vz—Stepl7. fa(y.z)=z>—Stepl8. f.(v.z)= 0 —step22.

Stepd : We may choose coordinates so that x*z+xy?+axyz+a:xz*+asy3+asy2z+asyz2=z3=0.
Let Sub. (x=x"—a 1y /2—a2z' /2. y=v'. z=2"). Then x*z+xy>+a,v®+asviz+asyzi+az’=0.
as¥ 0 —Step7. a.= 0 and a3 = 0 —Step8. a;=a;= 0 —Step9.

Step> : We may choose coordinates so that.x*z+a,xyz+azxz>+v3®+asy?z+a,yz?+23=0.
Let Sub. (x=xX'—a v’ /2—azz". y=y'. z=2'). Then x?z+y3+av3z+a,yz>+a;z3= 0. Go to Stepl0.

Step6 : We may choose coordinates so that x?z+aixyz+a»xz®+asy*z+asyz’+23=0.
Let Sub. (x=x"—a1y /2—a22z"/2, y=y’, z=2'). Then x*z+a,y*z+asyz>+azz3=0.a,=0—Stepl3.
a;= 0 —Stepld.

Step7 : We may choose coordinates-so that x®z+xy?+a\y3+azy?z+asyz?+z3=0.

Let Sub. (x=cx +czy'—2. y=ax +y’, z=x') for a is a solution of the following algebraic
equation . v

@—3a,a*— 2a,a—a;—v 3a°— baa— 2a2—g:(a) 9:1(a) V2 =0,

where g,(a)=vVa'—4a,a°— daa’— dasa— 4, and c,=(Ve'—daa®— 4a,a*— daza— 4 -
2)/ 2 (=(g@)=a%)/2), ca=(/=gu @)+ 3 — 6ara— 2a; —V/2a)//Z.

Then a,x%z+azxyz+xz*+asy’—y?z=0. a;# 0 and a3+ 0 —Step5, a;+ 0 and a;= (0 —Stepb,
a,= () —Step3.

Here a,=—g,(a).a,=—~2/—g(a)+3a®—6a,a—2az/ vV 2 ,
as=vy—gi(a)+3a*—6aa— 2a; =/ 2a+aV2) V7.
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Ci c: —1
1 0] =1
1 0 0

Step8 : We may choose coordinates so that x*z+xy*+ay?+a,y’z+yvzi=10.

Let Sub. (x=c1x'+cay'—2, y=ax'+y. z=x) for a is a solution of the following algebraic
equation : '

a®—3aia®—2a,a— 1 —BvV3a*-6aia— 2a,—3g1(a) 9:(a)/ V2 =0.

where g (a)=va’®~ 4a,a*— 4daa— 4, 8=/a, and ci=(Bg.(a)—a?)/2,

c:=(V=Bgi(a)+ 3a’—6aa— 2az —v2) /2.

Then a,x2?z+azxyz+xz2+asy?—viz=0.

Here a,=—3g.(a), a2=—2V—Ba:(e)+3a*— 6a,a— 2a,/V2,

Ci ca —1
as=v—pBg(a)+3a’—6a,a— 2a:—v2 +/2a,)/V 2. a 1 0l =1.
1 0 0

a;=* 0 and a3 0 —Step5. a,= 0 and a;= 0 —Step6. a, = 0 —Step3.

~ Step9 : We may choose coordinates so that x*z+xy?+a,y*+a.v?z=0.
Let Sub. (x=z". y=v". z=x’). Go to Step3.

Stepl0) : We may choose coordinates so that x*z-+y3+a v z+asvz®+azz° = ¢,
Let Sub. (x=x'. v=v'+cz’. z=2z') for c is a constant so that 3¢c?+ 2a,c~a,=0.
Then x’z+y3+a,y2z+a,z3=0. a;= 0 — Stepll. as=0 —Stepl2.

Stepll: We may choose coordinates so that x2z+v3+ayviz+z3=0. 4a®+27=0. Non-singular

Elliptic Curve.

Stepl2 : We may choose coordinates so that x*z+y*+vz= 0.
Let Sub. (x=2z". y=v’, z=x"). Go to Step3.

Stepl3 : We may choose coordinates so that x*z+yv3z+a,vz>+a,z3=0.
Let Sub. (x=x', y=y —a,z'/ 2, z=Z'). Then x*z+y?z+az?®=0.a+ 0 —Stepl3, a= 0 —Stepl6.

Stepl4 : We may choose coordinates so that x*z+ayz®+a,z*=0.
Let Sub. (x=y’, y=x', z=2'). Go to Step3.

Stepl5 : We may choose coordinates so that x2z+y2%z+z3= 0.
Let Sub. (x=x', y=y'+v—1x’,z=2'). Then y2z+ 2 /=1 xyz+23= 0. Go to Step3.

Stepl6 : we may choose coordinates so that x*z+y?z= 1.
Let Sub. (x=2", y=y’. z=x'). Go to Step3.
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Stepl7 . We may choose coordinates so that xyz+a,y®+a,y*z+asyz®+a.z®=0.
Let Sub. (x=x"—a2v'—aiz’, y=y'. z=2z'). Then xyvz+a,y®+azz3=0.a,#* 0 and a; = 0 —Step23.
va;= 0 and a;=0! or la;=0 and a,= 0} —Step24. a, =a,= () —Step25.

Stepl8 : We may choose coordinates so that xz*+a,y®+asy*z+asyz>+asz3=0. a,= 0 —Step
19. a;= 0 and a,=* ( —Step20. a;=a,= 0 —Step2l.

Stepl9 : We may choose coordinates so that xz>+y*+a,y2z+a,vz®+azz3=0.
Let Sub. (x=x"+(—3a+a;})y /3 +(—27a3+ 9aja— 2a,%)z. y=y'—a,z’/ 3. z=27

Then xz®+y3= 0. Cuspidal Curve.

Step20 : We may choose coordinates so that xz®+y?z+a,vz®+a,z?=0.
Let Sub. (x=x"—a ¥y —a»z’. y=y’, z=2'). Then xz2+y2z= 0. Conic and Tangent.

Step?1 : We may choose coordinates so that xz*+a,vz*+a,z*=0.
Let Sub. (x=x"—a,v' —a»z". y=v'. z=2'). Then xz*. Go to Step26.

Step2?2 : f4(v. z)=vz>—Multiple and Single Lines.

fs (v. 2)=z3—Triple Line.

f4 (v. z) =v?z+2z3—Three Concurrent Lines.

Step23 : We may choose coordinates so that xvz+v®+~z?= (. Nodal Curve.
Step24 : We may choose coordinates so that xyz+z3= 0. Conic and Chord.
Step25 : We may choose coordinates so that xvz= 0. Three General Lines.
Step26 : We may choose coordinates so that xz*= 0.

Let Sub. (x=Y". y=x', z=2').

Then yz®= (. Multiple and Single Lines.
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F 1:'"X%* ’%l*

-
L R Y

3 =0
p=GUR (=0l 0O BrCE0E, VU4 A+UESrR+CaED , T=07 50 COEB+C9%0, F
F T 25
Hmf X M%
Ma=MAT CC] C:E,CJIZ’Z) . (L,d S50, 080, (( F 08,09 )
S1e=DF(F L, 0,3 /(B

FIFL, h, i =P Ry
Ghe=DF(F1, 6, ..,l Y/ ;-
Gds =D (F1 (‘:,E'%.,f':) ";‘,;;
Lu‘ == DF‘ (F“1 P« L.‘ 3

57 .=Dr(r1 n,4>f(_
Gr=DF (F1,B,2,0) /23
G@:xDF(F1,B,C,2)/E;
Glos=DF (F1,0,3) / (312
SOLVE (G4 ,03) 3
CRr=50LML,1)%

G1%

(EReE:

4%

HL =128 Ca--A1 %0200 ] 048022882 % 00 %
HXATHCAR XD RAARCA+2 R AT~ 220485 TH
HEe = (HL+H2) /2
CLEAR H1,H2%

Ha s =G2~H3%

HE g =33 RS %% 2%
CLEAR HE,HA4%

G1ly

SOLVE (G1,C1)
Cle=S0LNCL,1);
G1;

HES

J1 =01 ek 5R0ARRTLERA L ERDEAD R0 AR R D20 ] R 6D ROTR04 01T
JRrme- 2] XD HAE 1%%“*04x*44 v[qx
JEr=—6%0 ] #OARRATHCLREDH]
J4z=—QrA] #ATHCAR® G~ 4%A1FH4NL4H"
BEEEIE BrETTAS VAT o R TS B S R AYEr
Jbr =2 RO %2803+ T A% XD C 4R %D 4805
7 =ERARNCARRL+ERATHE2HCE %4+ TR TR b ]
J8 =20 %A kA6 ¥C 4~ &R ATRCAR RS EENF RN b~ bG48 4 -
N T A At E S E S B AT E A i B SR R
Jlu:m(d1+J2ileJ41IWIJ&4J747811“\'E$
CLEAR J1,J2,33%,04,0%,06,07,J8,J%
J1le=HS-J10%

J1Z2e=J 11 ¥%2-JL0®x0%

CLEAR J10,J11%

ORDER C4%

J12s

CLEAR G1,62,63 ? """

G,

4



G7 1 =BUR (C4=0,DF (J12,04,7) / (786554 %T62) )&

T1R,C4,5) /7 (Sed:
SUE(C4=0,DF (J12,04,4) / (4
UB (C4=0,DF (J12,C4,3) / (5«
B(C4=0,DF (J12,04,2) /2) %
=SUR (C4=0,DF (J12,C4)) %

S (GF,A5) §
SGOLM (L, 1) 3

SOLVE (B8 ,06) 3
BEr=S0LN (L, 1)

.....

COMMENT 2 THEREFORE, THERE EXIST THE SOLUTIONS.

DET (1) 3

CLEAR J12,H5; ‘

CLEAR ©1,02,0%,04,0%,06,07,08,09;

CLEAR F1,M,G0,61,62,63,64,65,66,07,68,69;

COMMENT: STEF4 15 COMFLETED. 3



