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Dirac induction of semisimple Lie groups

M kHEEE RLE

A K T connected semisimple Lie group @ reduced
group C*-algebra ® K-theory 2F X %, Chid. #RE 598 "
AHEMECCEhRss o HEKORE” WY 3MERE Ot
EOm#A " RURE K-ER” OWMETH S5, C*-algebra O K-
theory X+ topological K-theory % C*—algebré B ULULEDODT.
ZLORBER->TVE, SR, ~RBR>2DVWTRBEXNRL,
ChRED2LVTUE. 2LAORAFILUBMEAPFEET 5. WH R 3 HE
WBOVWTDHBESTHSZ M example OHEWR. EERBMETH 3.

glg

Locally compact group ® reduced group C*-algebra 2 UHK
BB DP example 2R UTBYV. 2hddD K-group 289 3
TEN, HAVIRThEROIBRWVWI ETH S, Discrete group
K22V TE. PFREAKSAHEETHAD. CTUEMhRLVL, Con-
nected Lie group WER2RE T %,

1 EBw

Connected Lie group @ K-theory X B ¥ % H % % Connes-
Kasparov conjecture Wi h 328 connected Lie group @ K-
Theory OBRREZO2VT. PUKRIVE->THRVEES., G %2 com-
pact Lie group &9 %5, ChW2LWTl. RABEBLTHLL DS
M & Hh TWB Peter Weyl Theorem # C*-algebra O L XL W B L |
THME UL . |
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C*(G) = @ped MC,d(n))
T H %5 M S . compact Lie group @ group C*-algebra @ K-group

OFHER. matrix algebra O HEBEBEI L. ThH S Ko(C*G))

= R(G), K1(C*(G) = (0) TH 3. ZTT.|RQA L. G ORAR|
TH B, ThE. —DOBERHFTHIEVI LD,

-

R G % simply connected solvable Lie group L&D, &
OREOMHUE TRHEOE&RWL L > T. R @ semi-direct product &
Ko>T. BRETNh TS, >T. R &3 C*¥-crossed product
@ K-theory B support ¥h TWhid kW, A.Connes @ Thom
isomorphism [4] X & » T. C¥(G) @ K-group . R OXR T &
2T~ dU even THHWE. Ko B Z T Ky i)f}O TH Y. odd T
Shil. COPWLR B, Simply connected solvable Lie group O
XHBOEMBLHUT. 2O K-theory DEMHEREKEL ., =
hi, 35V 20BHBRHTS 35,

2L ERSTVWR LSRR 3. COZO0EERHE—-FT 310
3%V TS 35 M, Compact group OHF AW . BHELERLR
ﬂ*b'('b"é@il'ﬁbf\ Solvable case T . dimension O
parity lZ,@&i&f?UTL\%o |

MEDEBETodRY case REXZRDO—DOFHN Y LU
T. semisimple Lie group 0)7275)'6’%‘%)1‘5%.'635 Y, T hELEH
BB TH 3. SL2,R) BE->THX &>, Classical & Bargmann
ODERBBEEHVWS . SL2,R) @ r‘éduced group C*-algebra CDﬁ‘
EEREBNCEEITIZENTES, 2hid. I G O dual 2/
Wk Fourier transform T& % . dual » VHausdorffb TRVLO
THURBASTVS, FEMRDOWVWTW Lipsman (7] X2 BT h k2
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Vo

Reduced group C*-algebra . RHAWX &> T. W< D2H D part
@ direct sum &} »H 5. Integrable XX discrete series i
dual O T open‘ point & 72 %, Integrable TRV discrete
series & open »lZ R eV HP., reduced dual OB TEX 3 &
open WX R->TWB, 2D &Mb discrete series & compact.
operator algebra 2.9 % D T K-group ® generator 25 % %,

Limit of discrete series D_ZD2o2DOFXRBKIWET odd principal
series @® closure WA>TW%, Even principal series I
topological It . 1 &R D cone T 3 » & K-theory B2 1L
null homotopic T %, T 7R#%H B. even principal series .
K-theory L << FH5E U W, 0dd principal series IZ2 W CHH
WEZAE 1RTD cone & one point L2V TW3B LkIHR
image T %. A.Valette [10] OHETCHF T 3&. 2 08 H W
K-theory B2 B h i compact operator algebra CH U &S ICES
S BB, §FR-HDB limit of discrete series D 2D KRH
. V& 2D Ky-group O generator 25 % %5, Kj-group K 2V
TWH. 2T okkkri3,

BEozZEds. KQgroup oW T . maximal compact sub-
group ORHABHPERBLEREBERLTIVEZEP DD S5. S0
A, B torus OXRHABRIERLVY, EABEER S & maxi-
mal compact subgroup @ character » & holomorphic induction
EPBIMRD> I &L >T. discrete series &ié'l‘ﬁ%h%o
Holomorphic induction & &. B9 %I G-invariant first order

elliptic differential equation OB TR EXR L2 EXH T 3 2 &
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T35, BB . induction 75 X elliptic operator T %,
Limit of discrete series & odd principal series OIFHWL 2L
T. ThELU->EVEURHBRERT shL, |

SL(2,R) ® holomorphic induction . Blattner [31 & & > T
ZiXBE&h. Kostant &> T—RBBRERLETh R, 205 &.
Atiya-Schmidt [1], Parthasarathy [8] l}. semisimple Lie group
® discrete series @ Dirac operator R LW Hin R ERiER 5
X ko Discrete series & D W T LIH Harish-Chandra IZ & =2 T
AEBITHOH TSN, ZhlERREREHE - RDdOTRRD
sk, COBBRO>VTHR. BUKREZABRCHELL., COBR
B LU Atiya-Singer @ elliptic operator @ index theory

semisimple Lie group @ K-theory WA YN P R2E X R,

2 .Dirac inrducti.on

G & connected Lie group & U . K I maximal compact sub-
group & 9 %,.|K @ irreducible reM B s CE) O
K-group ® element R EHMRHKRIT ZIZELE2H XS, EL K-
group @ element D5 X A Kasparov M &> TBI R,

q & G/K (vector space) ® dimension ¢ ¥ 3., g,k & G,K O
Lie algebra é: ¥ %, g=ktp T g ® Cartan decomposition & ¥
%o & ® Killing form B i Cartan decomposition DEHED» & p
EW positive definite % scalar product 25 % %, 2 DI &

DS K S SO(p) ND isotropy representation MEE‘EI h 35,
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ZOEW Y Spin(p) FC lift TEB & ¥, G/K W G-invariant
spin structure 22 W3, ZTO L ¥F. Gt acceptable TH 3
*W3, RELU Spin(p) & SO(p) ® double cover TH 3P 5 G
OB Y% double cover Rt AW Z OB URBRAERITL TV 5.,

ZzT. BEORD G acceptable THBEET 3.

S T Spin(p) @ spin module 2% ¥, S & [a/2]-dimensional
representation T. gq # odd B oW irreducible T. even B 5
3P oO0 component S* ¥ S~ @ direct sum WAWT 5. HEA
. G/K # G-invariant spin structure EHEOERELTVAO
BEho S KOFRHREARTCEBTES., TOLKIRUTHES
h’ XKOXRHAR x&&RT. ¥T, » T K OEBED finite dimen-
sional representation 2&X ¥ . p X x & associate ¥+ %5 G/K Lk
® homogeneous vector bundle 2% X 5. C @ bundle @ compact
support B b2 C®section 24 (Co(@), p@x K ti?k@it‘.'("‘%k
5hTWV3. ‘

(Ce(@®), XQP K = (&£ : G>x®@0, & is continuous with
compact support and, for any g@G, kéK, £ (gk) = (£Q0 ) (k~1)
£ (&)}

The Dirac operator D, with coefficient p k. LD section
space O LW A ¥ 3 G-invariant elliptic differential
operator TRORWR &> THE A SN %, p ©® ortho normal basis
(YiigigRUEPHEET %,

Dp = = :21 r 1® c(YH®1
22T c(Y) W vector Y2 &% Clifford multiplication R R ¥ .

Z ® operator It elliptic € G-invariant » > formally self-
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adjoint TH %o ¥ B q M even TH h X bundle @ grading
& anticommute ¥ %5, Z D& X1X. Kasparov [5] & & = T degree
q (mod 2) @® unbounded Kasparov element 25 %X %, 2 O
Kq (CX¥(G)) O element D&% Dp D analytical index & Y
Inda(Dp ) &EF . pH» S analytic index N D map & RK) » 5
Kq(C$(G)) A (O group homomorphism RET B ENTES, &
@D map 2 A & » W T Dirac induction & &k &, v
ITTCZZRESTOL LV & Connes-Kasparom conjecture % g X

3EBTES,

Conjecture: Dirac induction A & group isomorphism 2 5§ %

%

Z® conjecture DEKEZERZC EU. DRELEALL o
TR>EVANAMU V., Kasparov i€ X V. proper G-manifold ® & @
& 37 G-invariant firSt order elliptic differential operator
#E&o>T»d K-group @ element B 5EX 3 E¢BPE->TVBE, 2O
conjecture X proper G-manifold G/K @ Dirac operator 2% %
h. XEHLT K-group # generate UT U ESE0WHI I ELR2EHRKLU
TWB, $ . B<H % hid analytic index UJ‘ﬁE(i elliptic
operator £ ® % O T X & <. underlying homogeneous vector
Bundle WDH depend 5dbDTH S5 ULV, €579 % & Dirac
operator BHA VWO N B BHREURATD 3 I H», "E"ﬁﬁ\ll’m% Z
&W. Dirac operator @ square L WHh W % Laplacian » & .

irreducible representation ® space O L ClX. scalar &RV
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Parthsarathy O R [8] KXo THBRNEBUHHTE 3 T
b5, ‘ »

Z® conjecture X ¥ F R.Plymen R k> TEEREIHh R, Dh X
complex semi-simple Lie group ¥ 2 W T . reduced dual » Haus-
dorff W72 %5 2 & M & reduced group C*—algebbra »M flat 22 éon-
tinuous field WR BT & BRKUL K-group R ERMRHE LR, #
O&m D preprint T Dirac induction lZOL\Tliﬁxn shTL
RUVB. HERK Penington COHFORX 191 BERULU. £C
T complex group X U T Connes—KaSparov conjecture 2 xE £
MBRrUR, ThWIPWRY Dirac operator ® square % Bk #y 5
HTB5dHbDOTH 3,

¥ 2 Kasparov i Connes & I ¥ 7 i amenable Lie group &3
UTL® conjecture BEEBAULTWVW A, 72 #lk. Lorentz group
2O WA real rank 1 semi-simple Lie group cziﬁjb'c\ conjec-
ture % abstract RAHHER X >THRULULTW S, 2% U Kasparov @
BXUEBRTLRALKVODBRETHY. EFHORNBERE K <HS
BV, ; .

R . conjecture 2H U % Connes ODPF TH B A.Valette i
[111, [12]1 BV T, real rank 1 DOFEE. BRU. Cartan subal-
gebra @ conjugacy class 3 unique 7% 18 & 2 3 UTRERITT- 2,
Hi & @ example & SO(n,1), SU(n,1) RETH %, Real rank 1 T
ShiIIXBBLUBHRVEL. TR TR Lipsman [7]1 R &L - T
dual topology WRABWXHMEIN TV S, q B even RIBAH Ko-
group @ element 25 %30 discrete series B U reducible
principal series T&% %3, FTh WM UT. ¢ M odd OBAERE
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K,-group Ci. OWRRBR>TULEDs Thit Kasparov BHE I HE R
URZETH B M. K-theory ODWF R L discrete series OBFER
U principal series @ reducibility *EFVEBRE2ERL2FE->T
W3,

BREOMBM LG complex semisimple Lie group T. ® I Y
dual % Hausdorff IR Y C*-algebra OBV WX RV EHMETH
%50 e U-reduced dual Ml cuspidal parabolic subgroup »
5 @® induced representation ¥ UTHE A dh %5, — X
cuspidal parabolic subgroup @ conjugacy class I unique T X
720, Cartan subaligebra » unique T complex T 7 \ ¥ B #y 22§l
& SL(3,R) Td 3.,

Valette DR X BEPHh LBEHR. 2O conjecture & linear
semisimple MH{ A ¥ T A.Wasserman [13I(A FF ), B & U
Penington (ph.D) W k> TH U R HEH X h. linear LS KT W .
TOERRE» R E-TRIT T, WEOHEBEIEL. semisimple
Lie group O X H B OEFT X ZE VE SR . Plancherel formula,
limits of discrete series, intertwining operator, theory of
K-type, classification of tempered irreducible representation
RERINECHAVIOOTRRUEEBIFH TS V. £ < Kasparov
OHRBLHBESODTH 5.

T UETCOFERIEDLVTHS, UbDULERBABREELE<HAHWR
© geometric REWBHAT 3 T. RUTAYC Kb R ER L
ARVTHE S, TOEIRAEPED UETSE‘E‘&:?L&:I connected
Lie group ® K-theory IZBI 9 % Connes-Kasparov conjecture %

BN UTRISLBDHT—HENR. WHYW 3 Baum-Connes con-
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jecture [2] OHEHOSENTLERBTS53THS >, T R
B pHWRnIE. discrete series O BFE WM T %5 Harish-

Chandra O E®. ¥k principal series @ reducibility [l =3 I
3 mwrmanw1®iE®5;UWD%?hWEm%Qi%:t
WRBTH 3 S, '
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