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3 8 4B O Discrete Series i2 2\ T

REEBEHA BT Bl % (KyoNishiyama)

FHEMEEME LA L THEH) —B GO REECR 5 & B (discrete series
representation = DS)& Z DWHIEDOMA 2L L v ) 2 & T, FINHMEES
T23EEE%E S Twiciiwic, Z D ii[Parthasarathyld#B 2 L TER %I
SLTORYrFRMBOEMRICL >TRRAMOBEEZE L T itBELLd, 4
M#MEE2EC LRG> THBIIE oo Borc, LL, ZORBES -
RIEDEDTDIND I LIZDOWT E LD LIN LA DRI > bHN L E D
B, 22T, DDSH#EARK % E, (1) Dirac operator f - 7o DSO ik, (1I)
Holomorphic Discrete Series D\ 2 DHE, 2 O2WITHBICELEDHTAHSLZ
EWXTE, D,ADICOPWTIIXME BB E L LIRCFLLTH I L 20HT L9

LRI, ADICRALBEMNLZATLEIN TS,

ODSHEHEEHHE DSIZ—MDOB/AF 2,37 b unimodular ¥ TEZEEINL S

METH5,

EE L] GZunimodularZFAF 2 %7 Mif, dg® GO Haar@E E L 12 &
&, GOLYGdg) LOEMERIZIZ=2 ) ThHbs, COLEGHAEMRROE T
RBEELTERSINDL GOBKM2=72 ) KRB % DS L4,
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—f ) Lie# G» DSic > Tid, Anh[Anhlic £ HE»H 5, Ll &
VI DER > DEARN %L B(3X13 Y Harish-Chandra i2 & 2} Biflift G » DSH—
HEOWE TH S 5 ((Harish-Chandra, (d), (e)]). b H » A HELEIC L Bhiy 2 BiC
%L Tit. Holomorphic DS & I3 % % %k % DS ® #F % #°B% 1 Bargman, Graev
EIC & - TIFb LT w/z ([Bargmann],[Graev]) 2 & . % 7z, Harish-Chandra B
£ 19504EfR1C Holomorphic DS DM A MAEZ T > TV B I LICEREL THL,
Holomorphic DS iZ -2 \» T {3 (D) TNl e RS,

DT GEEMEEEM LB THOERE DL TS, K& GOBAIT /7 |
BABET S L. |

;E ¥ 1-2 ((Harish-Chandra,(e),Theorem13]). GrDSe#HolbnHE+
F5HFIZ. rankG=rank K & %52 Th b, L. rank & i3 Cartan %553%
DR EERT,

BiL. KB-BAK ([Oshima-Matsuki])ic &V 77 4 PHMEBMEDDSICL LK
B E S LR ERCHET .,

K413 DS%EH®S DTUTF rank G =rank K 2 RET 2, 75 & 2 DfER &
) K 0 Cartan #58 BiZ G ® Cartan BABTLH 5, BOZ L& 3> }
Cartan @7 B L 2, BIZGIz k5 ERERIE—BNIEL5, GO LieRE
g. TOBENE gt T2 (— i Lie MEEAXET, ZO LieHET ¥ 57—
A HEDEILET, MEMLTHE CTETIEIRTS)., T5& geld bek
ByasL—ta@e o, |

8,50 2 &, (. F0)
uE_bc\{O}

£,= {xégcl [hx] = a(h)x Vhﬂ?c]
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A={acbe O} ga# (O} & 5 5. THLE (gobo) P — bR L £, 20 L & dim,
Ea=1DHLN TS, HFLDacAIHL T, KL BKRD LI % (xq,x0,h0) & &
K EHNTES,

X+a€S+a, [Xa,X-a] = hq€be, athg) =2

{Xa, hola€A}IZ & D geld X7 PVZEBEL TEHELNE D, D {X,h} EICE TS
g DB EMIZERIZEND, D& % {xq, hoacA} & Chevalley %I & &
&, SEELMEFE ACAN, A*EEOL— &k AZBADOL—F &k, A
OII % simplesystem & 5, acA 272\ L T sq € Aut(be*) %

Sa(Ad) = A-A(hg)a (Aebe®) -

TEFET 5 (# 21X [Bourbakil,[Matsushima] % £ ),

EHE 13, W=W(A)= <sq|aell >=<sq|acA > % (ge,be) » Weyl B & #f 3s,
C = {h¢bc|Reah)=0  vacIl}
EBWIIK, twC (weW) % (closed) Wey1 chamber t M U* HIZCHZ L %

positive chamber & Pf .45,

EE 14, QAT NI P THD LT xeeke ELDEEFTV, £ ThW
B, /287 b kds, Agi={acAlald T ¥ %7 P} (kebe) PV — b F
Th o, Wept=W(hept) & T ¥ 757 | Weyl B & 15,

fifi /8 I-5(Warner,Lemmal.3.2.4]). W(G;B) = NgB)ZgB) £t B &, it
ETHRET, W(GB) = Wepto
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LA F Harish-Chandra i2 £ 5 G ® DS ¢ parametrization # i ~ % ([Harish-
Chandra,(e)],[Knapp-Zuckermanl]), F — 3 Z B @ character D5 &4 # AcV(-
Db* EEFEC L AT VELDD* D lattice TH > T, ADATH 5,

1
p=z D @ L,p=5 2 A, p=p-p,
a>0,a€A u>0,u€Acp

DO | =

it

EBL, AMeA+pcV(-Db*2 LB &, Th#&U &9 % Weyl chamber C) 2 —
DEET S, weWHr—BHICHELELTCr=twC EHFIT T3,

;E 3 1-6 ((Harish-Chandra,(e),Theorem16]). (1)A€A+p 7 > Aha)#0 (YacA)
LB ARED, TH5EGHDS DQA)Th-TZNEHE OQ) » B LTI,

8Q) | =(-1)7defw)V"" D detls) exp sA
B

s§cht

1
' q=5dimG/K, V=expp n 1—exp(-a)

) uEA+

DHTEZLND LD —BNICHEET S,
(2) HICAEBEODSIIWTEHZoNTDA)DORICHEITSH, BT, DA1) =DQAg)
& Wepth1 =Weptdo DBOLTY 5

COEHIZ LY DS parameter & L T (A+p)Wept &N B Z LW b,
C—RRIC GIZDSUIAH DSIc B M- HE A b >&FB T limitof DS (LDS) & ifidh
LEBE LD, ThiZHOWTIiL,

3 1.7 (Knapp-Zuckerman Theorem1.1]). AcA+p #fEEIc L ), AeCy &%
5 Weylchamber & C) =twC &% % weW 2 EA TE K,
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(1) Mho)#0 (Va€Aepy) P & & GO LDS EMEIF 5 RH DQ;C) TH->T, %
NI{IE O(\; Cy) #* B L TId.

O0;C) | =(~=1detw)V" D det(s) exp sh
B

sEcht

PHTEL LMD LONEET B,
(2) = 2 » LDS D(A1; Cap), DAg; Cay) 1= 33 L T . D(g; Cyy) = D(Ag; Cpyp)
&3s€Wept s.t. sh1=1A2,sCy,=Ch, P B ) 3L,

i I-8 ([Sugiura],[Okamoto] # £H). G=SL2R): T 5,

cos8 —sin®
uez(sine cos 8 )
L5, K={ug|0cR}IE GN—DNBA I > <7 MBABTH->T. S0HEE
KBS a7 b Cartan B 78 & % 5, K=B D character D73 Z & [ B
ThoT,. neZicfzv LT, R0 — 2nind TH 2 5N 3., %72, Ag=A
={+2}, p=1Th bbb, Ztp=ZTh b, AeZIZ722 L T, Ahg)#0 &A%0
7o b . {G ODS &} ={DW)|icZ0}} #* K L ¥ 5 ., Weyl chamber i
C+={020} L C.={0=0} N2 H BN T, |

{G » LDS} = {D(0;C +), D(0;C)}U{G » DS 41k }
EhoTwb, BEMICBRIIN L H Itk b,
DSOBEARICOVWTIZ, FHRLEICLDEHEL IFE»H 5 ([Hirai,(e)D). £

7z . Holomorphic DS ? 41212 2 \» T (Z [Schmid]l. BE#H W L B I DWW TIZ,
[Hirai,(a)-(d)] D4 b EBOXM»H 5,
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« DS LDS DS —
o N
-3 2 -1 0 1 2 3
X 1-9

DA% GADSET S, DOZ2KDRBICHML L 2D KDRBAOEHE
##TARA L L T, Blattnersformula ¥ "IN 2 bDHH B, pev(-1)b* # KN
RBROBRE7 =4 P ET B, 1o,

Qu=pz />3y rEEON—L ORI ESEERL HOK

rBlE,

£ H 1-10 (Blattner,[Hecht-Schmid,(a),Theorem(1.3)]). GIlI#H LieBE. A
% A*I2BIL T dominant, p#% A*pyiCBIL T dominant £ §5 & &, K&V =
AP pDRKOBERRTERAMFRD DQ) I BT H5EBEEIL,

> detw) Qup+p)—A—p )

wEcht

52 b5,

(IT) Dirac Operator i~ & 2 DS O # B Dirac Operator D B FZEf & L T DS
PHERL L9 & v )R AT, [Narashimhan-Okamoto] iZ & » T#HH S 1z,
[Narashimhan-Okamoto] T!3 G/K # Hermite MBEBEREL T EH, 2D
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(IS HHH T4 | [Parthasarathy] i< & > T—HD GK DRIC b AR OS2
HETHLILREN, £2 T, I 2 T3 [Parthasarathy] iCiff > T DS ®
BREEZHBICRL I LIZT S,

g=kep , p=k!

2g?Cartan 7 &L ¥ 5. rankG = rank KDRKED 6 dimp 3ERTH S Z &
@EE T 5, pi Killingform k= & 5 EE@AHE <,> # AT 5 <, Killing
form (3 adjoint- FETH 526, HICKDERICHL TAETH 5!

<Ad(k)vi, Adk) vo>=<vi, vo> keK, vi,veép

INICkY, Ak K—SO(p) Lt L 28 AR» B LMD, RELXLKNZEOHK
Brrbllicd), RORKXZEBICTLar»dbelL T, prBERKRT

Spin(p)
a
l double covering
Ad
K > SO(p)

ThdIEdb, pe? Clifford B Cliff(pe) I 8 # TH > TH - T Burnside D E
BIZE)HBETAREFAYTHS: Cliff(pe) ~ gl(L) . Spin(p P X E /=L &
Hriz~x7 MERBLEDORETH-T,

g: Spin(p) — Cliff*(p¢) = GL(L)
WKE-TEEZDHLNDTH S ([Chevalleyl ZH), Hic,

K —— Spin(p) ——-> GL(L)
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u;ofiiéK@Ltmiﬁéxa/—wﬁﬁt::?uwxctu?éoa
BB TS ZoDBMBETICdHRT S, Tk et L) L F &, x=c-a,
xt=etoa & B <,

% ¥ Diracoperator £ ML &5, V)2 KOBWERKTL =5 ) X8 &
L.

E=E, g,=GX, 4®) , E*=E , =GX x*®v

L™V

EBC, T2, Ei=GXu={(gV)| g¢G, veVY~ Z K- FENY FATH T, H
B R~13 (g, v)~(gk,tu(k')v) TEHEZ b1 B, T(:)TXR7 P NAssy FAD C™ 7% )l
eHEET, wi

. — +. — +
B F(Efcmev) TE , w ‘F(E * > rE™)

.PC®L_®V
.
- pBLE®V - L¥ev
W W

1®I®v > eWI®v

- THBEINLIHMEER,
V:I'E) — IE ) , virEd —*I‘(E ‘ )

pcBLBY pc8LE®V
PHEENICEZ LN EBRETDHE X,

D=pV: T(E) —— I'(E)

DE=ptvt: rE?) - IET)

% Diracoperator & M3, L #»» L B13E 12 (3 Diracoperator (3R D & )12 L TEHE
s,

CGV=C"@BLOV , CAG,V)={ueC(@G,V) ugh)=x®uk~Yulg) g¢G, keK}

LB L.
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& = °G,v)cca,v)

T‘%éo

fir &8 II-1 ([Parthasarathy Proposition1.1]).  Xj, ..., Xom # p ? Killing form
KBTS ERBEREEEL T5L &, Diracoperator D3

2m '
D)= > v(X)®:X)®1w) weCAG,V)CC”(BLOV)

i=1

THIZLNE, 2R viIBC(G) LNDAEEMERETH S,

EORES L DI EAEE L CHEARTH L. BEICROEEIRY L

OO

E B 11-2 (Parthasarathy, [Wolf,Theorem5.1]). = D (3 T%E)={E » L2 Y] ¥ & {k}

L & essentially self-adjoint operator T# 5,
DE=DjrtH) THH I LICEBLTBL,

JEF II-3.  Diracoperator ? 0- Bl H 22/ %
H; (V)= Ker (D‘—”: rEt) — m«:ﬂ) NTAE)

L &% H (V) Dt % Dirac half-spinors & k& Jz,

D,D¥ 3 T%E) LD GOER L ]IS K 2D T, B b Hic HyE V)13 TAE) D G-F
EHBIEMIcEs, 22Tt 2 V) LN Goz=7 )RR LT 5,
nt() 3 HSRHENOTII—HrEHBIZAY), W7 DSKEBIEREND, Z
nE ERICB~B e b LRE T 5,
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2 14, (1) W'={oeW| 0A*2A* } B &,
_ 1 1_
W—cht-W , W = cht\W
PRI T 5, |
(2) P, ={Aebe*| Aho)€Z, } & B & &,

P+><W19 A, 0) = o +p)

3 P, XW! %4 DS O parameter Z [l (A+p)/Wept ~DEHG & 52 5,

oeWlizat L T,

+  if detlo)=1

o-A=0A+p)-p (A€, joO)=) _ if det(o)=—1

LB, TBERDEENBLT B,

5 3 I1.5 ([Parthasarathy Theorem3]). (tor+p,, V) QAP ) Z KDERE 7 =
A + & oA+pp =0A+p)-pe PHRKTLRMMWERI L §5, Eic,

<od,a>#*0 VuEAn
PIRET D, T5&,
(Mj=jlo) L T
(rrj(t), Hg'(V)) = DA +p))

R Y L2, Z 22 D(A) i3 Harish-Chandra’s parameter #* A D DS ThH 5,
(2)jFjl@) kXL TiE. Hi(V)=(0),

CHEBIZE > TIBEAYDEA (ie., <oha>F#0 (Vaedy) NDHE) I DS 21K

TERCLICRD, o, COEHZEIZFRKNORBR L DSOXRKR L DM DB
LB RES VLD K B,

=10-
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FI-6. D) ? minimal K-type (3 unique TZ D EHE 31 Th 5,
minimal K-type D& & 7 = 4 M3 QA4+pp-pe) TEZ LB, T 2I2, pp,peld A
#Z dominant 235 & 9% AT IZEHL TLE 5,

(III) Holomorphic Discrete Series D £ & G/K i3 Riemann XMZERTH B H,
B G- RELMEMBELHOBE. Bb G/K 7 Hermite dHEMTH 5844 %
Ab, COEILGGRHLT, K EREHEED L LTERLLLE D LD
BUAWERE LS LI L), DSOb BRI LB ) O F MEKD %
Hilbert #r 2 LicKREN S, DL % RFICET 5 DS £ Holomorphic DS

LWL SO T2 HDS EBET 5,

f II-1. G=SL,R) 2B\ T3, HI18 NS T, {D()|i>0}» HDS T
{D()|i<0} #* anti-HDS Th 5. # - THRMBENANF 2 L) £ T DS HDS
2:/%3\0‘( J:"‘o A

BL{k 7% 342 5\ T — % primitive 5 B CHDS # k> 2 BMOHEKL & L T
[Graevl»* LiF &5, COHRITIE G=SU(p,q) N4 Bk 7 HDS DR 2
RENTWE, HBED /32,27 FHermite S HZEBTH > T, BHL LD
ZRDOMFEEHICER 511 5 ((Helgason,ChX,§6.3]).

G/K =SU(p,q)/S(U(p) X U(q))
=80%(2n)/U(n)
=S0,(p,2)/SO(p) X SO(2)
=Sp(n,R)Un)

- -11-
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E ¥ TI1-2 (Harish-Chandra,[Varadarajan,Propositions2.3.2 & 2.3.5]). (ge¢,be)
DIEDN—F A+ ZFBICELEZLICE), HDSOR-FHRAZEXZ7Z b ro£Ekid
ge-MBEL TR LREY =4 MR L% B, |

HDSN K-AREX7 M 2B(D LOMAPEROBAHLER (CRIZEE OI20
ﬂ%?%bé)tmmmmféﬁ?wmmmm%ﬁ&f:mﬁ%%béﬁtE
50

g=kep , p=ki

ZCartan T EL . Pt Z2RDEIVICERT S, 7 (gehe) PDIED NV — F AY
£ AY =ANAY HTAAK) THREICH S &) 9 BE, SIS G/K 2 Hermite 3
HEBOBICIITERTHL, COE A, ”

+
c

Pi= D E:,CP,

LB, pet BGKOBEEMOERN 27 L REMNLHFICHIBL T 5,
det =ke®pet & B < & ge* B G PWMABRICH B, G heAiciov L TIQ) &
Gt DER Tk DERL L THBBHY = 4 b 2 W OBRKEHMRI, pet 13
IR LEBICE S HbnETE, TN E,

JQA)=Ug)® IA)
0 (gc U(_gé) 0

5L, DAgpntpe) =JA) YLD, Jho) KEEKI L HRE T = 4 FIIEHIC X
52 L I3HMARBAYIC Vermamodule DHEFRZL ¥ Z AWTAEHATE 5, &7z, J(Ag)
#* HDS I2 % 5 Z & |3 Harish-Chandra D & DV b2 5, LD EXE» anti-
mﬁmowféﬂﬁmﬁiﬁéltuéﬁi?%&wo@L\E@»—FAHi
LLAAMN B LENS D, 80 DSIEHT 5 LieRORRNOEII ST
[Enright-Varadarajan] BHEINIW,

~19-
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HDS i DS & DR EN L EVIZZFDBIEIIENLT WD L EEIHIEL T
WhHA, ZFOHBEZIEISEB TV, CCTEHEEBERENETHENSICEED
5, '

i 8 I11-3 ([(King,Proposition3.1)). G/K i3 Hermite ¥ R ZEMIC > T 5
bNELTs5, DeZFOHDSET B L

GK-dimD = #(A+\Ac’;t) = #A:
I T B, = 212 GK-dim {3 Gelfand-Kirillov ik 7T % % & » § ([Vogan],
[Krause-Lenaganl]), ‘. a
FHIMN4 HGEISHORENDTICDEEENDSET S L,
GK-dimD = #(A+\Ac+ )= #A:
AL L . %513 DA HDS X i3 anti-HDS DA IR 5,

FE)G=SUn,1) Nk £i2i3 2 NTFIFEL »([King,Proposition6.1]), £ Z
N & %% Gelfand-Kirillov XT3

n DH»¥HDSD & &

GR-dimD = [Zn-—l Z0f

TH 26115,

HDS DBILER ZNDERFER~OED Z AN FICHFZ RN S, HIH KRB
j:-é—éo

~13-
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EHIL5, HEBM3ORENTIZDE HDS LT 5 & Did (ge,K)- B & L
THPEDDERFARBICHD IHS, S ICERHRE L3 GO KWRES
Brbna=) t3RLLEVHERRAE ST, |

LoEmi: [FRRERMERIMD L ODERFRBCHED DL ] 2 L OEE
K oTwd, EBEELL L2 /97 | Cartan AR HT 2 RS = 4 1 0B
ThbHIEWPbLDRETHD ((Hecht-Schmid,(b)]). FEH I3 HEILT K, 5 BA
WICEB OS5 DT HRBEREE -2 RETwiiwi ([Yamashi’\ta])o IWF
KOFLH I3 HDS O Gelfand-Graev RE~DHEHA A & W< Fike ERAFIREAN
BRALELOTHSE, ﬁ

BRI > 72 ', HDS DZE [ % Siegel #i G/K 0 Silov fﬁﬁ_l:ti Fourier % %
ko> TEBRTE S C & A GK 2B REBOMICE [Rossi-Vergne] I & T, %
ITHVE B HEBIBEK (Nomura) IS L > TRERINIZEICERLTSE
{o ERRBBREICEHLMB LieB LD Fock BREL TEBLAL L) ThB,

References.

Anh,N.H. .
Classification of connected unimodular Lie groups with discrete series,

Ann. Inst. Fourier, 30(1980), 159-192.

Bourbaki, N.
Groupes et algébres de Lie, Chp. 4-6, Hermann, 1968.

Bargmann, V.
Irreducible unitary representations of the Lorentz group, Ann. Math.,

48(1947), 568-640.

-14-



225

Chevalley, C.
Theory of Lie groups, Princeton Univ. Press, 1946.

Enright, T. and Varadarajan, V.S.
On an infinitesimal characterization of the discrete series, Ann. math.,
102(1975),1-15.

Graev, M.I.
Unitary representations of real simple Lie groups, Trudy Moscow. Mat.
Ob., 7(1958), 335-389 (in Russian, #iRE Y ).

Harish-Chandra
(a) Representations of semisimple Lie groups IV, Amer. J. Math.,
77(1955), 743-771. ;
(b) Representations of semisimple Lie groups V, Amer. J. Math.,
78(1956), 1-41. |
(¢) Representations of semisimple Lie groups VI, Amer. J. Math.,
78(1956), 564-628.
(d) Discrete series for semisimple Lie groups I, Acta Math., 113(1965),
241-318.
(e) Discrete series for semisimple Lie groups II, Acta Math., 116(1966), 1-
111.

Hecht, H. and Schmid, W.
(a) A proof of Blattner’s conjecture, Inv. Math., 31(1975), 129-154.
(b) On the asymptotics of Harish-Chandra modules, Journal fiir Math.,
343(1983), 169-183.

Helgason, S.
Differential geometry, Lie groups, and symmetric spaces, Acad. Press,
1978.

Hirai, T.

(a) The characters of irreducible representations of the Lorentz group of
n-th order, Proc. Japan Acad., 41(1965), 526-531.

-15-



226

(b) Classification and the characters of irreducible representations of
SU(p,1), Proc. Japan Acad., 42(1966), 907-912.

(¢) Explicit form of the characters of discrete series representations of
semisimple Lie groups, in Proc. Symp. in Pure Math. (AMS), 26(1973), 281~
287. ’

(d) Invariant eigendistributions of Laplace operators on real simple Lie
groups IV, Explicit forms of the characters of discrete series
representations for Sp(n,R), Japan. J. Math., 3(1977), 1-48.

(e) The characters of the discrete series for semisimple Lie groups, J.
Math. Kyoto Univ., 21(1981), 417-500.

King, D.R.
Character polynomials of discrete series representations, in Lecture notes
in Math. 880, Springer-Verlag.

Knapp, A.W. and Zuckerman, G.J.
Classification of irreducible tempered representations of semisimple
groups, Ann. Math., 116(1982), 389-501.

Krause, G.R. and Lenagan, T.H.
Growth of algebras and Gelfand-Kirillov dimension, Pitman Publ., 1985.

Matsushima, Y.

) —3Rdw, FIr AR, 1956.

Narashimhan, M.S. and Okamoto, K.
An analogue of the Borel-Weil-Bott theorem for Hermitian symmetric
pairs of non-compact type, Ann. Math., 91(1970), 486-511.

Nomura, T.
Fourier transform of a space of holomorphic discrete series, Proc. Japan

- Acad., 61(1985), 133-136.

| Okamoto, K.
ZEZM Lot KPR, 1980.

-16-



227

Oshima, T. and Matsuki, T.
A description of the discrete series for semisimple symmetric spaces, Adv.
Studies in Pure Math., 4(1984), 331-390.

Parthasarathy, R.
Dirac operator and the discrete series, Ann. Math., 96(1972), 1-30.

Rossi, H. and Vergne, M.
Representations of certain solvable Lie groups on Hilbert spaces of
holomorphic functions and the application to the holomorphic discrete
series of a semisimple Lie group, J. Funct. Anal., 13(1973), 324-389.

Schmid, W.
On the characters of the discrete series (the Hermitian symmetric case),
Inv. Math., 30(1975), 47-144.

Sugiura, M.
Unitary representations and harmonic analysis, Kodansha, 1975,

Varadarajan, V.S.
Infinitesimal theory of representations of semisimple Lie groups, in
Harmonic Analysis and Representations of Semisimple Lie Groups edited
by J.A.Wolf, M.Cohen and M.De Wilde, Reidel, 1980, 131-255.

Vogan, D.
Gelfand-Kirillov dimension for Harish-Chandra modules, Inv. Math.,

48(1978), 75-98.

Warner, G.
Harmonic analysis on semisimple Lie groups I, Springer-Verlag, 1972.

Yamashita, H.
Private communication, April, 1986.

-17-



