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Review of A. Hatcher & J. Wagoner’s paper

' Pseudo-isotopies of compact manifolds' (Part I )

'% 5’?@ A& F (Teruko Nagase)

Let M be a connected compact smooth manifold and P =
P(M,3M) be the‘pseudo—isotopy space of M.

The aim of the paper [1] by .A. Haﬁcher & J. Wagoner is the com-
putation of ﬂO(P). As "Part " of the introduction, we shall
explain how the first obstruction I: ﬂO(P) —_ Wh2(ﬂ1M) is const-
ructed.

wO(P) is replaced by ﬂl(F,E:p), SO0 we start from ﬂl(F,E:p).
Theorem 1. There is a surjection ZI: ﬂl(F,E:p) —> th(WIM).

Our target group Wh2(WlM) has another presentation. For

simplicity, 1let A = Z[ﬂlM] and G = m.M.

1
Proposition O. Wh2(nlM) v U(MN)/U(+G),
where U(A) = {xeSt(A)]| w(x) = (apq), m: St(A) —> E(A)
1 = if g< '
(1) 254 0 1if «qg<p
(2) 20" i_gp for some ngG 1,

(This is a subgroup of St(A).)

U(+G) = the subgroup of U(A), generated

by {wpq(ig)~wpq(—l)- g€l

qu(k) with p<a, A€A.

[ft]e nl(F,E:p) be a one parameter family of functions

ft: MxI —> I, t€[0,1], where fo = p :the standard projection
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and fl = f are in E. We make the following deformations, keep-

ing'both ends fixed and without changing the homotopy class of
[ft]; The geometrical details are complicated so we give only a

rough sketch.

1lst step. By the strapification theory of the function space
F, we can approximate the one parameter family by a generic family.

Here the generic family consists of the Morse functions ft except

for finite ¢t, and for finite ¢t, ft is a function with a birth

(or a death) point and some non-degenerate critical points.

2nd step. Choose a one parameter family {n,} of gradient

t
like vecter fields for {ft}'
Then we can consider the trajectories.

Let p and q Dbe the two critical points of ¢ If there are

p
no trajectories leading up from p to q (or g to p), we say

p and g are independent.

Proposition 1. If p dis a birth (or a death) peint, then

{nt} can be deformed, for which p 1s independent of all the

other critical points.

Next, let ' and q be the ﬁwo non-degenerate critical
points of index i and J. The trajectory from a to p 1is
called the 1/j-intersection. Using the general position methods, .
we deform the path {nt,ft}, then by the dimensional réason,

there are no i/j-intersections for 1i<j, C:::::::::::::::?

and there are only a finite number of

ki)

i/i-intersections, they are important
for us and they are also called "gradient

crossings" or "handle additions".
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For fixed t, there are a finite number of i/(i-1)-intersections,

they are the incidence points.

3rd step. By the independent trajectory principle, we make
{nt,ft} to be an ordered family. That is, for O<r0<r1<... rn<1,
i1f p 1s a degenerate critical point of ¢ of index 1, then

t’
ft(p) =r, and if p 1is a non-degenerate critical point of ft’
of index i, then‘ ft(p)e[ri_l,ri].
For small 6>0, we make more deformations, so that all the
birth points occur in [0,8], and all the death points occur in

[1-6,1], and there are no  i/i-intersections in [0,8]U[1-8,1].

For example, the graphic will be:
%
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Let us explain more about the i/i-intersections.

For finite t, there are finitely many i/i-intersections from qt

n-i ,i-1

_ n-i . _
to p.. Let S "‘mS{ = {Ql,Q2,...,Qk}, where St is the un
stable sphere of dg and S%—l is the stable sphere of S
the both are in the middle level surface le(c),'for ft(qt)<0<

ft(pt). ‘Let v be the base point of MxI, and choose the base
paths yp and yq, and Yq be the 1i/i-intersection. Then the
: 1

composition Vp % yé? M yal decides an element in G = m M.
i
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If we give the orientations to - W(pt) and W(qt),' there exists

k -1 —1]

an intersection number €q. & {£1}, and Zi=1?Qi [ yp % YQi % Yq

i
= xeA. This XeA 1is the algebraic intersection number. We call

this set of i/i-intersections "i/i-intersection A", and describe
’ N

on the graphic by a vertical arrow as follows: ‘F%l TE&
be —
>t

If we give Dy & Ap s the indices of Steinberg group, for example,

p and g, then a Steinberg symbol qu(A)eSf(A) corresponds to

each i/i-intersection AX.

Next, we give the algebraic property of the i/i-intersections.

For '(nt,ft), where ¢ is a Morse function, there 1s a chain

t
complex, which 1s defined in the following way.

_.]_(

. _ -1 -1
Let (Vi, 9_V,, 8+Vi) = (f’t ([ri_l,ri]), ft ri—l)’ £, (r,)). Let

t i

p: ﬁ;f —> MxT be ‘the universal cover of MxI and fbr any subset
ACM%I,H let p;l(A) = 7. Choose paths from a fixed base point‘to
each critical pointénd orient the stable manifold of each éritical
point as in‘the's;cobordism theory. We have (Cg, 94), where
c,(f )= H,(V,, 3_V,) is a free A-module, whose basis are deter-
mined by the liftingé of the stable disks of index 1 critical

points of ft'



Proposition 2. In the graphic, €>0 be small enough so that

L e ba thére'are no other i/i-intersec-
P . :
Il' tions.
§ §\v Let fel’f'f’ep""’gq"" be the
T%Lt“*““ﬁ e basis of Ci(ft;e) determined by
+-£ € tte

the stable disks of index 1 critical points of ¢ then

t-¢’
el,...,gp+keq,...,eq,... are the basis of Ci(ft+e) determined in

a similar way.

So there is a transformation of basis Ci(ft—e) < Ci(ft+g)’

expressed by the elementary matrix w(qu(x)) = epq(k).

To treat everything at once, we introduce the standard complex

(w,0), which is defined in the following way.

. ' a _B
For 1>0, 1let C, be the free 1eft A-module over {bi’zi}a,BeZ’

o

and C be the free left A-module over {zg} We call by

0 ReZ"
"the boundary indices" and .zg "the cycle indices".

Define the boundary operator and the contraction operator

by w = { w, : Ci ——;'Ci—l } o= { gyt Ci —> Ci+l }
a o ay _
wi(bi) =25 4 Oi(bi) = 0
{ {
By _ By - B
wi(zi) = Q oi(zi) bi+1'

In the graphic, {pl,pgg...,pm} be the set of all birth o

points of {nt,ft} such that Dy is a birth point of fa , of
i

index k,;, where aj<a,<...<q. 1&+1{}77 % r

The graphic near time ¢t = oy looks like: bl

Zy

di~e & t oL te

Here bi(t) and zi(t) are the couple of non-degenerate critical

for small e>0.

points,bbrn at pi.
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Choose (a) a base path -Yi from v to 1N ( v is the base
point in MxI.) - _ _
(b) 'the orientations of W(bi(t)) and W(zi(t)) SO

that aigbi(t)d = +z, (t)

(¢) for bi(t), some boundary index bg +1 and for
« : i
Zi(t) the corresponding cycle index Zg
Then each i/i-intersection A has a symbol qu(k)eSti(A),
a B
p,qe{bi,zi}a,sez NEA.

For each 1, in the graphic read the Stéinberg symbols from
left to right and multiply and write it down by xieSti(A).

The multi-Steinberg word is defined by x = (XO’Xl""’Xi"")

€O Sti(l\.).
i

fG and fl—&

complexes C*(fé) and c*(fl—d) and the chain transformation

are the Morse functions, so we have the chain

between them, because of Proposition 2.

y

Ci%fé) < W) 0y ()
0 ( Lw SHC L
1108 Ty G-
Y L
{oy = mxDugn(x,_ D70 = xw;, } = xu

[ _1_> -
{857 = mlxy_)og_ym(xy) 7 = xo0; 1} = xo.

After the above choice, we can regard C*(fﬁ) = (w,0), and

C*(fl—a) = x(w,0). Here is the operation of x€ €>Sti(A) on (w,o0).
_ | 1

As feE (i.e. fl has no critical points), all the critical

will be cancelled in some death points.

6

points of fl_6
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Proposition 3. In the following graphic, §C)

p and g can be cancelled, if and only if, f@)
d(base(p)) = +tg(base(q)) for some geb.
Then, (xwi)(basis element) = +g(basis element)
or
0

As x(w,0) 1s almost the standard complex, by the permutation
of the indices of each‘Steinberg group Sti(A), which is realized
by some element u = (uo,...,ui,....)e @wi(iG)C:¢Bti(A)’ we have

i i
the following formula

(ux)uw, (b3) = *gzf_,
(ux)wi(zi) = 0.

Like the Whitehead torsion of the chain complex,

(ux)wev + (ux)oev: ¢) C2i ——~><@ 021+1 is an isomorphism and
i>0 i>0
expressed by the matrix
Cl C3 05
o _B o 8 o B
bl Z7 b3 23 b5 25
B
C Z
0 0 $e 0 0
o
C b2
2 B 'bz %2 0
Z
2
o
C bu
Yo 0 % 04
1_4”
0 0
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This matrix is the desired upper trianguler matrix in m(U(A))

becauée of the formula (¥) and the contraction formula induced by
. s ‘ R -1, -1 .

* . .

(¥). This matrlxvls ﬂ<(ni;0u2i Xgi)(ni;OX21+1 u21+l)),

where T: @Sti(l\) ———>@Ei(A).

We define I: Hl(F,E:p) — th(wlM) by

- . . -1, -1
DLED) = (M5 quny "Xpq) (50X 5147 "Upiyq))  mod U(G).
Our first obstruction I:

ﬁO(P) ——>—Wh2(ﬂlM)

is defined by
the formula :I([g]l)

I([path from p to pogl) for geP(M).

The proof of well-definedness 1s not easy.

We have to consi-
der the two-parameter families, and their generic families have

some codimension 2 singulalities (dovetaill points).

To show the X 1s surjective, for an element =z in Wh2(ﬂlM),
represented by prq(k)eKz(A), we construct a path from p to £,
where fé€E.

The constructions are realided by the embeddings
of the standard path models. This is done for dim M>5.

The first obstruction describes the

i/i-intersections, then
the kernel of I

consists of the one parameter families without
i/i-intersections.

Let 0 = {[flemy(E)n WO(P)] path from p to f has
a graphic like: ’ it
).
Proposition 4. D is a subgroup of ﬂO(E), for dim M" >4

Theorem 2. Kerz = D, for dim M

2 5.

The birth and death points are crucial in this theory, but
they are tame and easy to treat.
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B: ﬂo

A. Hatcher has defined in [2], the 2nd obstruction for WO(P),

(P) —> Whl('nlM: yA xng), which describes the kernel 1D.

2

But it has mistakes, those problems are solved by K. Igusa in [7]{

(1]

(2]

[3]

4]

(51

6]

(7]
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