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Some Stability for expansive homeomorphisms

with singular points
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Department of Mathematics, Osaka City University, Osaka,

558, Japan

Abstruct. Analogues of structural stability are shown for
expansive homeomorphisms with POTP or TPOTP of compact metric

spaces.

1. Introduction.

Structural stability for differentiable dynamical systems
has been studied in many papers including [1;8,9, and TO]. In
topological setting, P. walters [12] proved that an-expansive
homeomofphism with POTP is topologically stable. It is'alsQ
proved in [12] that a trahsitiVe subshift of finité tyﬁe of
order 1 is topologically conjugate to its smail perturbations.
J. Lewowicz showed in [5] that a pseudofAnosovkmap'is topo-
logically conjugate to its small pertufbations if they coincide
with original one on singularities. |

The perpose of ﬁhis paéér is to find conditions of per;
tufbations which are topologigally conjugate to the original
one for expansive homeoméfphisms‘with POTP or TPOTP. We can

describe our results as follows;
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Theorem 1. Let X be a compact metric space and f be an

expansive self-homeomorphism with POTP on X . Then there

exists a compatible metric D* such that for every € > 0

there is % > 0 such that for every self-homeomorphism g

X with D*(fx,gx) < & (x € X) and |D*(fx,fy) - D*(gx,qgy)

2

<& D*(x,y) (x,y € X) there exists a continuous injective map

h of X into X with D*(hx,x)< € (x € X) such that heg

= fe<h .

Theorem 2. Let X be a compact metric space and f be an

expansive self—homeomorphism with proper TPOTP on X . Then

there exists a compatible metric D** such that for every ¢ >

0 there is § > 0 such that for every self-homeomorphism g

of X with D**(fx,gx) < §D**(x,S;) (x € X) and

|D**(£fx,fy) - D**(gx,gy)|<18D**(x,y) (x,y € X) there exists

a continuous injective map h f X into X with D**(hx,x)

<E& (x € X) such that heg = foh .

In the remainder of this section, we shall give some
definitiéns which are used in the proof of our results.

Let X be a compact metric space.with metric d , and f
be a self-homeomorphism of X . For x € X , Bg(x) will
denote the closed ¢g-ball in X centéréd at x . For x € X

and €& > 0 , define subsets ‘Wg(x) and Wg(x) of Befx) by
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s _ -n n u _ -n n
Wo(x) = (V50 £ Be(fx) and Welx) = () o £ Bglf x)
Definition 1. (X,f) 1is said to be expansive if there

exists a constant c¢* > 0 such that
-n n s u
&} = Mpe g £ BoalEx) (= W 6x) T W (%))

for all xe€ X , and such a c¢* 1is said to be an expansive

constant for £ .

For every € > 0 definie subsets Y, and Zg of X x X

by

[(x,y) & X x x| We(x) N Waly) + o}

and

N
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{(x,y)e xx x| (x,y) € Yo and (y,x) € Yl .

For x € X and & >0 , subsets Y (x) and 32.(x) of X are

defined by
Ye(x) ={ye X| (x,y) € Y.}
and
Zg(x) = [ye x| (x,y) € Zel -
Definition 2. Let & be a finite partition of X ,i.e.,

a finite family‘of subsets of X whose elements are mutually



disjoint and Lﬁ)e@ D = X . A sequence of

{x ijeg

points in X 1is said to be an o-pseudo orbit with respect

to & if d(fx,,x, ,) <« and fxiibJ x;,q forall iez

where x Y denotes that x and y are in the same

element of & . A sequence of points in X is

x) je g
said to be p-traced if ;.5 £ " Bglx;)#¢ . (X, ) is

said to have Takahashi pseudo orbit tracing property (abbrev.

TPOTP) if there exists a finite partition & such that for
every > 0 ,'there is & > 0 such that every‘ d-pseudo
orbit with respect to & is g-traced. Especially (X,f)

is said to have the pseudo orbit tracing property (abbrev.

POTP) if £ can be chosen so that £ = {X} .

Let (X,f) be expansive and ¢ > 0 be a number such
that 2c 1is an expansive constant. A point x € X is said
to be regqular if there is § > 0 such that Yc(y):) By (x)
for all vy e Bﬁ(x) and singular if x 1is not regular. We

denote by S the set of singular points in X . S, = )

£
iff (X,f) has POTP. (X,f) is said to have proper TPOTP

if (X,f) has TPOTP but not POTP. . Sf is an f-invariant

nowhere dense closed subset of X if (X,f) has TPOTP.
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