goooboooogn
0 6570 19880 18-31

18

Ideal Class Groups and Diophantine Equations

ZEWRAE $¥H M (Shin Nakano)

§ 0.
ERXREE K Oideal %2 C(X) TEXDLL. EH 2“Cﬁb’&

oK) = {eeClR) : ¢ =11, (k) = din Cy(K)
EBC. T din B 7/4T-space ELTORTERKT 5. AMTE> 7 —
i C() ®grank. $HDB 0,(K) ® (Fhod) FETH 5, HL WL
He WAWABEM (FAE QLORKPBRBEAOAAE L) Off LAY
wx~ému)mk§m§@%ﬁ%®ﬁ5%?$5. |
— i, (K:Q OMMTHIRB T2 0 () (BBVIb - LES
C(K) @ g-part) RBLLBRZEMBTE3, zhik, BOBEHRPZ A H
%?5¥&ﬁﬁﬁﬁb5?55.co%émourﬁ§1va&népeﬁ\
[K:Q] 2 SBVHRB L ROVT 0, (K) PRVEBES LB ERBLLK
Wk HITHB. LrLl., BH5BOLAELFEXNZELT, COHERT T n—7F
THLEDBARTHS (82,83). Hik, =2 T K ¥3IRFOBE, XIS

THREFRBARVE~OEHBREERT 5. T ITR, HHHKROFER



D% 3B (Mordell-Weil®) & C.(X) tOBEZRZ CLPFRKR(IALEE
TH5. 84 TR, COXIBVHETHESN 3 KRKEkicBIT % VWashington
DHEEABNAL. 85 TEOREFEM~VWTHET S, §5 TOERR., BX

DKELFREDODINAEHERELOXAFMAIL LS DOTH 5.

s 1.
T, K/ oS HIV(K) AROES> CERT 3,
| HI(K)I = { ace Kx‘/k“ ;k (a) = 0U, fof some idkeal Ot of | K }: |
a ¢ H,(K) wHL 0f = (a) B3 Kk Dideal O % & 1. %@clas_séi@mr{é
B3I EIED, B(D=C(K) BI3LHERAMSKERTES. ZOHKE, kK ©
BEBEE U« tHFFE. WKH/E &3, #0% U,K) TEDEE. B E
AHRTEL2RT
(1) I — Uy (K) —— He(K) —— Co(K) — 1
£@5. CCT 1 B K OBMKBOrank, v £ kK KBV 5 | O+ HOME
Bedae, 48 w OMBTHEEPRODIRLEN->T din Uy (K) = re+l
Fhid « ERBBELS. ROZEAXEHE 3.
: {dim He (K) - ¢ - 1 (glwk)
Po(K) = : ‘
dim H, (K) - 1« (g4wk).
Lﬂfarbs‘o'c\ WHARLT H(K) BECOBMIRTER2LICT 20 HBHEL

T 5.
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T, BEMBE K:Q - OBAEEAL RM p K K/Q THRT 5.
?ﬁbé(ﬁ=f’ﬁé&*pehﬂ)&&ﬁﬁé.éém%b&iﬁiﬁé
Bix, FIAGRYr —2%2BRVT /K RBWT 2/07 bR e 3. L
- T. TOREE t 45 & din H, (k) = t.

pe(K) 2 t -1« -1 or t - rk.
CHhITED p(K) B STHERKED  RE K 2L SAEBI EBTE 3,
210K:Ql 0)&%%@%@%?%@&010. ‘:@gtﬁfxﬁgliﬁwiﬁé:@%ﬁéﬁ
k- TROBHm~LEML., C(K) © f-part l:op'}t@ibﬁ%‘f&%iﬁ%ﬁ]\

Beic g% (L < Gras[2], Ishidal4], Yahagi[15] W E 2B M) .

§ 2. |

Ric pK:Q] OBBELEYNTHILIB—0DEEES T &5, £ TH,
52 BOREHEANEER R UL E L T,

£(X) ‘e Z[X] RmonicREMWEHR. 6 2200 L>0REL K = Q(6) &%
3. WE, AEHFER

(2) f(X) = #y*
® s MO (X. Y) = (A, C;) (1siss) # (7)., €)= 1 BB
&4 3. D& x 6-A mod K** ¢ H, (K) fxza:t;biﬁgccﬁéné. &5
. BBEEBOLET 0-A1, -, 8-As 1 K*/K** THRILER B, LMo T,

dim H, (X) = s.



p,(K) 2 s - rk-- 1 - or s - rIk.
S2FD, KEHPEE-T. AEFBERX 2) o dAdniE. o, (k) ©F

PO OBEBWIEMAEBLONSEIDLITTHS, BEEERAEZI T L5,

Bl1 (E2 X&)

0 ETHEHEL (X)) = X2 - (p?*+q®!) BEIFRO2REBEAELE X 5.

[
e

T. p,q RHENRZEIRHTH 3. K = Q(8), 82 = (p2t+q??) & B <.

f(p*) = -q2%, £7(p*) = 2p* £ 0 (mod q),

r
[

v 08-p* mod K** ¢ H,(X), BEl#ic 6-¢* mod K * ¢ H,(K) &% 3,

2 2
1 (mod £), (-—— # 1, — # 1
P /s ‘ q /e

R RBED S ET, 0-p%, 6-¢° M K/KY THITERZIERKRDOL LT

il

(3) P = ¢

RENE. ET Pe (p, 04d)) B K O 1RO Kideall WY O/ = 1/pL -
BROIL>, WE. 53 abe 2/07 XL T (8-p*)(0-0*) € K** & ¥ 5.
(0-p*)2 (8-0*)" = (-q*)°(-2¢")® = (#q®*®)*2® (mod P)
THBH. (3) LD 2 nod PT A NEHMATHELAS b= 0, AHELT
a0 B3 Ko THIMMOIL LAMNsT din LK) 22. W E 0B
=T ; 2, vk =1 Ko p(K) 2 1. §bLE K OFEIR ¢ TEH B,
51 (3) AT pq 2ELBBIEREID, COXINE2RENER

CEETACENREN B, o : (Bl 1 &)
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LoBBAEDLLEELT ( AEBRTHEVEECbABOEREE 2 CEHT

%2, ¥HbLE “E2RETCHEHEPEALASOWLLEBERE T UL S 5O EEK

RELET?” COBRRIITIERTDIC, Yananoto[16], Weinberger[14] i X

aTEWénfua.iti@ﬁ&%\ﬁ%m\~ﬂmiac&mxb‘%K
PDRMBEIZSDVT WL >bOBEEART CENTE 3 (Nakanol8], [9], [11]) .

COBAKE YN = (X)) REABORESFBAVEERNLHERAZLT WV 3.

§ 3.
mT\%mg;z@gémohr%ié.:oﬁé%%%ﬁﬁéomﬁu<
omoﬁmﬁba.Qt&m(uu)&éiscem\ﬁ%%mxb\xto
EBH 2 OFRF B KummerdE K EFZ X 5 2 & c‘:ﬁ]ﬁéf‘b 5328, 85080 R. K
ﬁﬁﬁﬁY?=fu)Q&ugsfaﬁ,%mdufU)ésot%m@ﬁ@ﬁ
BEEORRER D, CHERODVTRETHLIBN S,
ET, §1L TR~RARIELS [KQ BRERHEOBAEIBVWT S LWV, LUT,
Hm]uﬁﬁé?é,ij‘huxoﬁﬁﬁ
HZ(K) = {a e H(X) ; a = square (mod 4), and
a is totally positive. }
%%za.cnﬁwﬂhmﬁmdfﬁac&m#CRbmagﬁwﬁ&uMﬂ
HAOSEEHRE YD 0 (K) = din B () HED Lo B OEHR K (K)

CHRTERENED VN, 0,K) OFHMRBLT K OBBBEOREEIZ LV



S BUBWEVWZ S EEB. SEHBEHLTID bEVWHEHEESN S C &

KH B (Nakano[9], [10]) . v &>l % & F & 3.

#l2 (HFBRERKE)
FHE on O1) €@ LT n REARBEGEDideal HBE D 2-rankic >2WTE X 3.
if\

X2+Y2+72 XY+YZ+ZX
D(X,Y.Z) = . - 2

BEMBROIEY OXH

-X+Y+Z\? X-Y+7)\?2 - [X+Y-1Z 2.
"D(X,Y.Z) = - - Y = - - 71X = =Xy
2 2 2
wEHBLT
'_xn+yn+zn
Ay = vz, ¢ = ——
PR 2
'Xn_yn+zn
A, = zx, C;, = —————u—
2
xn+yn_zn
A; = xy. Cy = —m—

T
D(x",y",2") = C& - A] = C§ - A} = C§ - Af
BERODLo, b5 £(X) = X" 4 D(x"y"z") EBLE (KLY = (A.C)

Y2 < f(X) OMEBB. K= Q6), 0" = D(x"y"z") ¥ 5. Bl1oKE
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EPULBEF A Lk b, 3% x,y,z ¢ 2 B~ 0%+ Af mod K*2 ¢
Bz (K) (i=1,2,3, dln, d<n). > {09+ Af},.q W K*/K*2 THI ER 3. ¢
Bbb e (K) 2 300 2185, CCT An i n XDAEV 1 OHKOEE

<5 3. o (A2

o, Bic n=3 0oBEK zi; Craié[ll pa

(4) W=X5%D
ﬁ%%@%if&ﬁ?ﬁ%t(ék%o@@%%ifha.&m%n%}mﬁ
D idea BB O S-rankic B L% (LYOREEARRASL ) K. EoX3n
Fic k- THIKRKCERATBE “h () 2 6 KM KE K BEKEH
'Y 357 :tbiﬁflﬁ*c'%% (Nakanol[12], A; =1 Ed» 5, LofFEMmXH»EL
BoTWd I EiER). —7H. Kiharals], [6]1 & (4) CTERS WL I2BEHEE
E® Q kLo Mordell-Weil rank ko> WTEBLTWS. K = Q(8), 6% = D &
35 & &

B(Q)/2E(Q) —— K*/K*2
v - . v
(x,y) =~ — 6+x mod k™2

fxé%%ﬁﬁﬁﬂﬂhi& UIN cm:én rank E(Q) & dim H3 (K) i.e. o (K) 7% B
fys0THE ORABPSLDRB XS K, — . REHFBRX YN = 1(X)
&ﬁ&ﬁﬁ&&f&ﬁ?%mﬁ5@@ﬁ%f&%¢§bn5.%%\mam

[1] BEDXIBFEERHVT, ideal B BT IV 2 OBRER/B TV 3,



§ 4.

FegRxfeddic W) TERE CRGNEE:E RitkDideal B L & BB
CBIR L RERY (Hondal3)A, T TRTARREINT, Bl o o H M
L3k Dideal HEE D I-rank & @'Eféﬁ%w;shi‘n"g'tbn@’ﬁ: EE2BUTCHEHBC LK
35 (i [13] 25 H) .

£(X) ¢ Z[X] %monic® 3 REHWEH RN L LI E %2 Y2 = f(X) TEHRS N 3
Q LoBHEIBRET 3. £(X) @v&_o@m.e EEL K = Q(8) &is(&

A B(Q) ——— kK2
w w
(x,y) — x-6 mod k*2 .
BBHEEMMSERTE T, Ker A = 28(Q) & BB, $THb 5. HEEED
Ao E(Q)/2E(Q) ——— K*/K*?
%18 %. E © 2-descent i ¥4 3 SelmerB. Shafarevich-TateB %, T h ¥
nos.moEEGW, o

(5) I —— EB(Q)/2E(Q) —— § —= W —~— 1]
BEELZRFBBOINB, o, HRik S CK/K2 &aRBFTEDBTE,
#ER E(Q/28(Q->S RETEHLA 2wk THREN B,

é.’C*Y Bric mel iiHL |

£(X) = X% + mX2 - (a#3)X + 1
BEaROZHERAEEXS. (X)) REEO n c@LTHENTH Y., ToHHR
Bo(n243049)2, LMo T K B QL3 ROKEKE 55, WE, (p's g

~DnornE B % N &L
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H = {ae¢H () ; Na>0}, U = U,(K)NH

EBLE. N5 R well-defined TH D, (1) tEAKROTELRINER S ;

(6) : 1 > U > H - > C > 1.

L C iR C) oBTH3 (LIFRAKR). TIT ROREE BL.
RE n® + 3m + 9 3 square-free TH 3.

cot& S CH THY (6) D H-C %2 S kHBysILickd, %4

%7

(1) 1 —— <-0>k*2/K*2 »§ —— ¢ —— 1
ODERDI->ENTEHEN S, (I HVashingtonOEPHOAHEMNBRB L/ TH
3. ) ceT

Eo(Q) = { P <« E(Q ; A(P) is totally positive }

EBK., Thid E(Q) oXQPBETH B,

EF#H 1 (Washington) REREDSET .

(i) 1 — Eo(Q/2E(Q) y C - » Il ——— 1 (exact),

(i) 1 + p2(K) 2 rank E(Q).

C(BSEE) (i) B (0.1) ¢ B(Q), A((0,1)) = -0 RERLT. 2°0%2 %

(1), (5) %~



1 = <(0,1)>+2E(Q)/2E(Q) — S — C > 1

l I o

1 —— E(Q)/2E(Q) > S > W —— 1

CDMEA i Snake lemma ZBAH L T,

Ker(C— M) = Coker(<(0,1)>+2E(Q)/2E(Q)—~E(Q)/2E(Q)) == EW(Q)/ZE(Q)
 n3ARMLBONE BRROEAEAR
€0, 1)>+E0 (@) = E(Q),  2E(Q) C By (Q)

moEhh, chickD (i) bRENB. | (B 3E #)

§ 5.

T, 1K) obbbic g(X) = -£(-X) = X3 - mk2 - (m+3)X - 1 BE> &

E3RBTHB M. B % Y2 - g(X) KkoTEHEENS Q LoOBKMME L

33 &,
A" : B'(Q)/2B° (@) —— K*/K*2
\% . s W L i
(x,y) ———— x+6 mod ¥K*2

RAMHEEESERCTES (g(-0) = 0 KER). B O 2-descent KT
% Selmer®. Shafarevich-TateEf2 Zh #h S’ , I’ TEHYT. &b |
Ec(Q = { P e B (Q ; 1" (P) is; totally positive }

EB X, Washington®DR® -7 L2 2D COBAREFTOIL. 1&?0)5

& T
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(i)Y 1 —_— Eo (Q)/2E’ (Q) yFC iy I —— 1 (exact),
(ii)’ 1 + e, (K) =2 rank E'(Q),

BELSNB. Lid->T

% [FEEOSLET 1+ 0,(K) = max { rank E(Q), rank B’ (Q) }.

B b B REBRAVAC LI D VashingtonO R OME L ET %5 5.
k'= Q(i), i% = -1, E®C &L E > (x,y)2 (-x,iy) ¢ B' &b E B R K
ERBMEE B 22T, CORBIRE-T E(Q, E(Q XMBT 35 E(k) ©
WHBEETNEN B, B, L8

E(k) == E’ (k)

U . U
Eq =~ g’ (Q
U U

B, = E3(Q
CoLs E(QNE = {0}, #-T E(Q +E REMEA 5.
X:NM+E,zEM)@EKM~+gs?CKVF2
£¥ 3 & Ker X = 2E(K) :bin"ﬁnén 3. (%t::\ZE(k)_‘C_};xo) + B &7B)

o7,

(8) 1] — E(°)+E /ZE(k) — S8’ > I > 1-
fo\ém_@:—?ﬁﬂ h_J: D Shafarevich- Tateﬁ@ﬁ{u% m %ﬁi?‘% E’S blu P
= (x, y) e BE(k) kL TxooERH®E:E P = (X, Y) e E(k) TZb L. E (k)

5 E(Q) ~DnornEH N % NP =P +_F (PeE(k)) TREZET 5. B (x) »

-11-
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5 E'(Q) ~®nornEE N’ s EBIECERT S, D& &

EH2 REDOSLT
(1) 1 — Eo(Q)+E,/2E(k) — ¢ —— M —— 1 (exact),
(o) 1 + 0,(K) = rank E"(Q) + dim Eo (Q) /N E(k)

rank E(Q) + dim Eq(Q)/N’E’ (k).

i

- (B EE) (1) D% BERLTELRB2FNELT
] - <=9, -1+8>K*%/k"? » § 8§’ —m— C — 1
L BIENTEB, THhE. OX,1D)) = -6, X((-1,i)) = -1+6 KWHEELT

(8) & I i~

1 — <(0,1), (-1,i)>+2E(k)/2E(k) —» S S~ C — 1
Voo < o
I ———  E(Q)+E;/2E(k) * —> - § §° > 10 — 1

Snake lemma 28 HLT (1) B»Ehrh 3, FfH, (D) 42
1 — E,/2B, — Eo(Q +E,/2E(k) — Es(Q)/NE(k) —— 1
[ 3
Eo (Q)/2E” (Q)

BEREHRMNEIDRT I EHBTE B, ' C : (B8 3E #)

Washington®D EEB F -3 R &3 & o0(K) OFMIZ dim Eo (Q) /N E(k) #

foid dim Eg(Q)/N'E (k) A K IFTRL > TV 3,

..12_



Bi#%ic., BF B E O twist O &I aTWwWBSEEMTIMATEI S,

TRbb B OO twist Ko WTELB L bAEKTHI. W b1BEE

AHOERBTE2L5TH3. Chie2VTRIUOBECWST B &L 3.
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