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1. INTRODUCTION.

Let A denote the class of functions £(z), which are analytic
in the unit disk U and normalized by £(0)=0, £'(0)=l. For 0fa<l, we

define the subclasses of A,

(1.1) s*(a) = {f(z) € A; Ré{;5§%£§lf}>a, z € U},
(1.2) K(a) = {£(2) € A; Re{l+ ZE{Z) 354, 2 ¢ U},

These are called the classes of starlike functions of order o and
of convex functions of order o, respectively. It is easily seen that
these are decreasing functions with respect to o and S*(a) D K(a).
Let S be the class of normalized analytic and univalent functions
in U. Then we know K C 8* C S, K=K(0), S*=S5*(0).

Let us define another class P(a) for a<l.
(1373) P(a)={p(z); analytic in U, p(0)=1, Re{p(z)}>a, z € U}.

The class has a well-known property by the subordination principle.



LEMMA 1. If p(z) € P(a) for z € U, then

_ 1+ (1-20) |z]% .. 2@1-a)|z]|%
(1.4) lp(2) Eaa T el B e 1 Pl
It holds the equality of (1.4) by p(z) = —+=20)z

If £(z) € S*(a), then -E§%5§l— = p(z) € P(a) and p(z) is

. - - ]
subordinate to _li%l:zgli_, namely, we can write “?g(é?)
= . 1+{1:231:;z) , where w(z) is analytic in U with w(0)=0,

|w(z)|<1, z € U.

LEMMA 2.[2] If £(z) € S*(a), then

(1.5) |arg ;Eéil_| < 2(l-a)sin—l|z|, z € U.
It holds the equality of (1.5) by £(z) = - z
(1-2)

(T=0) °

We have the following lemma from (1.5) and the fact that

£(z) € K(ao) if and only if z£f'(z) € S*(a).

LEMMA 3. If £(z) € K(a), then

(1.6) larg £'(2)]| < 2(1—a)Sin‘llé|, z ¢ U.

It holds the equality of (1.6) by

' 20-1 .
1 1-(1~2) 1
o -1 — . (f-5)
(1.7) £(z) = q
- 109’(1-2) ‘ ((X = —2—) .



The following result has been shown by T.H.MacGregor([l] and

completely proved by D.R.Wilken and J.Feng[4].

LEMMA 4. If £(z) € K(a), then £(z) e S*(g(a)), where

20 = 1 1
( —_—
2(1_21_2a) a# 2 )
(1.8) B(a) = 1
......... 1
2 Iog 2 (@ =3

2. THEOREMS AND PROOFS.

Lemma 5 is due to R.K.Stump[3] for which we will give a simple

computation.

LEMMA 5. If |u-a| < d, |v-a] < d, where both u and v are
complex variables and a and 4 are real constants such that a>d>0,

moreover, for p>0 and 6 € [0,7) letting

1 1

(2.1) W = u- + V'__—-_—l—- .
l+pele 1+p le 16

Then

(2.2) Re W > a - d-sec(F%—).

Proof. The condition |u-a| < d implies quo—auol < dluol for

some complex number u,. This shows Re(uu,) > Re(au,) - d|u,|. At
0 0’ = 0 0

the same time, for a complex number v,, Re(vv,) > Re(av,) - dlvy|.



Now, putting ;
1 1

(2.3) W = ——35r Vo= —T——=T =35
0 l+pele 0 1+p 1e 1

it holds that

(2.4) Re W = Re(uuo) + Re(vvo)

v

a{Re(uy) + Re(vy)} - d([u0|+[vol).

It follows from (2.3) that

_ "1 + pcosb 0% + pcos®
Re(uo) T T1+pZ+2pcosb ! Re(vo) l+p“+2pcosb '
(2.5) Re(uo) + Re(vo) =1,
A 1 -
Also, |u,| = v vl = ’
0 (l+p2+2pcose)1/2 0 (l+pz+2pcose)l/2
1 + p 0
(2.6) luy| + v, = < sec(——).
0 0 (l+,:>2+2pcose)l/2 2

Therefoe, we have Re W >a - d-sec(—%—). This completes the proof.

THEOREM 1. For a complex number A, let f,(z) e S*(a),
f2(z) e S*(a) and

(2.7) F(z) = kfl(z) + (l—A)fz(z), z € U,

15

where 0 < § = arg —T%T_ < m. Then F(z) is the starlike function of

order u for |z| < min{sin _Z%T;Eg_’ rs}, where r_ is the smallest

pésitive root of the equation,

1+(1-20)r? - 2(l-a)r
1 -1r? 1 -2

(2.8) .see{- g + 2(1-a)8in"tr}= q.

Proof. From (2.7) we have
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£,'(2) . £. (2)
zF'(z) _ _*'2 oA h1 -1
(2.9) 2 R o) B G £ 2 IR
Zfl‘ (z) . [l+{ A . fl(Z) -1.-1
fl(z) 1-X f2(z) ¢
. . zfz'(z) zfl'(z)
Puttlng in Lemma 5 u = ——'—f—z—(—z—s— y V= —f-]t-'(?j——— I3
1+ (1-2a) |z ]2 o 2(1-0) |z I s i
T=[zfz 9% ~1T-1z and pe’ = X E (2

it follows from the result of Lemma 5

- ZF'(z) 1+ (1-20) |z]2 _  2(1-0)]z] Y
(2.10) Re{l—F15y } > 1= (212 T =1z -sec (——),
where '
£ (2) £.,(2) £,(z)
Y = arg 1ix . fi(z) = § + arg i - arg ——%————.

Hence, providing |y| < 6 + 4(1-a)Sin"1|z| from Lemma 2, z € U and
|z] < r < sin 4%7::27—, then 0 < |y| < 7 and sec(—%—) > 0. Now

if we let ry be the smallest positive root of (2.8), then

Re{—EETiEl—} > u for |z] < min{sin —%TI—%T— r }. This completes

the proof.

THEOREM 2. Under the same notations as in Theorem 1, let
fl(z) e K(a), fz(z) e K(a), and F(z) = Xfl(z) + (l—k)fz(z), z>e U.

Then F(z) is the convex function of order u
i m -6 , . -
for |z| < min{sin —IT=o)" r.}s where r_ is the smallest positive

root of (2.8).

Proof. We have from the definition of F(z),



I
-~

ZE"(z)  _- i WA IR U AT s |
(2.11) 1+ -—-E—,Tm—- = {l“" -—fz—r(—zr}[l‘l'{ =X * f2| (Z) ]
) zf " (z) £,'(z)
: 2 : A 1 -1.
+ .{l+ f‘zl (Z) }[l+{ 1A o f2| (Z) }] -

LN

Also, it holds from Lemma 5 that

: ZF" (z) ~ 1+(1-2a)|z\2 2(1-a)|z] Y
(2.12) . Re{l+ F'(z)'} > 1= 22 Sl = PR rsec(——),
£,.'(2)

where y = arg{———- } =68 + arg £,'(2) - arg £,'(z).
: 1-X f2'(Z) 1 2
Hence, providing |y| < & + 4(l-a)Sin_1]z| after using Lemma 3,then

0 < |y| <7 and sec(—%—) > 0 for |z| < sin —%T%:gy— . Therefore,

. " ' L -
Re{l+ —E%T%%%—} > p for |z| < min{sin —%TT:%T— » T . where r_ is

the smallest positive root of (2.8).

Theorem 3 follows by the above methods, therefore we omit

the proof.

THEOREM 3. Let fl(z) e K(o), fz(z) e K(a) and
A
l—)\ < Tr.

F(z) = Afl(z) + (1—X)f2(z), z € U, where 0 < § = arg

Then F(z) is the starlike function of order u
for |z| < min{sin _ZTﬂ::T%TT* » r }, where B(a) is denoted in Lemma 4,

and ry is the smallest positive root of

1+(1-2a)xr®> _  2(1-B(a))r

(2.13) T L

.sec{ ;‘ + 2(1—B(a))-sin—lr}

= U.
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