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On certain multivalent functions
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Mamoru NUNOKAWA ( Gunma Univ. ) (FEE K« H T Rl D)

Let A(p) be the class of functions of the form

f(z)=zp+ Zazn (pEN={|,2,3,.

n=p+1
which are analytic in D = { z 1l lzi<] f.

A function f(z) in A(p) is said to be p-valently starlike iff

zf' (z)

Re _——?T;T__

>0 in D.

We denote by S(p) the subclass of A(p) consisting of functions which are
p-valently starlike in D.

A function f(z) in A(p) is said to be p-valently close-to-convex iff there
exists a function g(z) € S(p) such that

zf' (z)
g(z

Re >0 in D.

We denote by K(p) the subclass of A(p) consisting of functions which are
p-valently close-to-convex in D.
Livingston [2] introduced this class K(p).

0zaki [5, Theorem 3] proved that if f(z)e A(p) and

"
1 + Re Z?,Ezg < k+g+l in D,

then f(z) is at most k-valent in D.
Moreover, by using Umezawa's result [7, Theorem 6] we can prove that if

f(z)e A(p) and

zf'(z) o _ktpHl

1 + Re (z) 5

in D,

then f(z) is convex of order at most p in one direction in D, and at most k-valent

in D.
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Nunokawa and Owa [4, Theorem 2] proved the following result.

LEMMA 1. tet f(z)€ A(p) and

1 + Re zf (z) < inD
f(z) P
where p < E +L
p (3 P+ —
Then we have »
t -
larg 2o 2( - p)sin 20 in D
zp_]
and therefore
]
Re _L_(__zl__ >0 in D.
zp-]

This shows that f(z) is p-valently close-to-convex or f(z)€ K(p).
On the other hand, Nunokawa [3] proved the following result.
LEMMA 2. Let f(z)e€ A(p) and assume that

f'(z)

-1 >0 inD
z

and

f'(z)
zp_]

( Im )(Imeo{z)#o, ze D(o )

for some of ( 0 £ X<T), where

D(&) ={z l 0<lzi< and(argz-b()(argz-”fr-fx)'#o}.

Then f(z) is p-valently starlike in D, f{z)€ S(p) or

zf ' (2)

Re 2 >0 in D.
Apb]ying LEMMA 1 and 2, we can prove the foﬂowing theorem.

THEOREM 1. Let f(z)€A{(p) and assume that

I+Re——z—1:,'—((-§—)r<p+-—%—— ' in D
and . :
(Im~fp—_(?)-—)( Ime ™ 2) #0 ze D(o()
.z
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for some X ( 0 £ X<T) where
D( ) ={z 1 0<lzl<l and (argz-&)(argz-T-&) #0 ; .

Then f(z) is p-valently starlike in D,vf(z)é s(p) or

zf' (z) .
Re }f(z) _ > 0 ' - in D.
PROOF. Applying LEMMA 1 to f(z), we have
Re £12) 5 inD.

zp_]
From the assumption of THEOREM 1 and LEMMM 2, it follows that

zf' (2)

Re f(z

>0 . in D.

This completes our proof.
From THEOREM 1, we easily have the following corollary.

COROLLARY 1. Let f(z) € A(p) and assume that

zf''(z)

—F(E)—<p+| inD

1 + Re

and f'(z)/zp_] is typically real in D. -
Then f(z) is p-valently starlike in D or f(z)e S(p).

THEOREM 2. Let f(z)e A(p) and assume that

where 1 + p Sk and ( p+ k-1 )/2«<€ S(p+k+1)/2.

Then f(z) is p-valently close-to-convex in D or f(z)eK(p).

PROOF. Let us put

v _ ] oy L _zf''(2) _ _z9'(z)
(2) Hz) = p-'p‘{(’ LT e

Then we have H(0) = 1, Re H(z) >0 in D and therefore it follows that g(z) € S(1).

A simple calculation of (2) gives

' (z) (2) -
G - et
pz
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and then we have

‘A _ pt+k
2 (2) (2 )F’ -7
p+k -k P9
2 2
z g(z)

From the result by Robinson [6] and Komatu [1], we have

p+k :
- p+k-2p
zf' (2) - o a(2) 7z f S
(3) » K p+k p_k = p( Z ) .3 p( 1 - z )
2
z 2 g(2)
where the symbol -3 denotes the subordination.
From the assumption of THEOREM 2 and (3), we have
. zf' (2) ' .
(%) Re otk ok — 2> 0 in D.
2
z a(z) 2
On the other hand, let us put
p+k p-k
2
G(z) = z a(z) 2
Then we have
2G'(z) _  ptk p-k zg' (2)
Re =5y — = —z7 — * (=3 ) Re —S 15—
ptk p -k ol zf''(z) }
e DR RS SO nS 8
From the assumption (1), we have
26'(z) . _ptk (p - k) =0 (5. (g- plte) |
= 0 : in D.

On the other hand, G(z) has a zero of order p at z=0 and therefore we have
(5) G(z) € s(p).
From (4) and (5), we have

f(z) € K(p).
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This completes our proof.
COROLLARY 2. Let f(z) € A(p) and assume that f(z) satisfies one of the following

conditions:

(6) < rre —20M <o in D
(7) - b <1+ pe —2f12) + 3 inD
7 . b 7 P e T () <p 3 in D.

Then f(z) is p-valently close-to-convex in D or f(z)é& K(p). ‘
PROOF. Letting k=f = p+] in THEOREM 2, we have (6) and letting k=p+2 and
P = p+3/2 in THEOREM 2, we have (7).

Hence our conclusion follows in every case by THEOREM 2.
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