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ON THE MULTIVALENT FUNCTIONS WITH BOUNDED ARGUMENT
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ABSTRACT
The object of the present paper is to give the starlike boundary and

convex boundary of certain subclass of p-valent functions in the unit disk.

1. Introduction

let F(p) be the subclass of functions of the form

o0

f2) =L+ 2 add (peN={l,2,3,“'})
n=p+1 n

which are analytic in E = {z llzl<l} .
Also let A(K ) denote the class of functions
(= <]
g(z) =1+ Z bnzn ,
n=1
analytic in E and satisfying
| arg g(z) | = T2 (z2€E)
where & > 0. '

It is well known (3] that if g(z)€ A(l), then

923 5

where 4 denotes " is subordinate to " and [1] that

(l) g'(2) [ < 2 , for |z| = r<1.
g(z) ] - 2
In this paper, we need the following lemata.
" IEMMA 1. Suppose g(z) € A(X ), where &> 0. Then we have
l zg' (2) !é 2/ r ' for |z| = x<1.
g(z) 1 - r2
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PROCF. Iet h(z) = g(z)l/“ . Then we have h(z)€ A(l) and frdm (1) we have
h'(z) [_ 1 | _g'(2) ‘g 2
h(z) o g(z) 1 - r2

for {z| = r<1l. This completes our proof and a proof of this result can be found
in [4, 71. |
If a function

o0
g(z) —1+2_b P
=1 B

is analytic in E and does not assume non-positive real values in E, then g(z)€ A(2)

and from LEMMA 1, it follows that

zg' (z) £ _4r
g(z) 1 - 2

for |z| = r<1.

REMARK. Throughout the paper, all powers are meant as principal values.

ILEMMA 2. Suppose that £(2) € F(p) and

(p+l)
D+ Re zf() (z) >0 in E.
£'P (2)
Then we have .
zf"(z) .
1 + Re ——f—r(-g)——— >0 in E,

and therefore £(z) is p-valently convex in E.
A proof of this lemma can be found in [5, Theorem 1].

ILEMMA 3. Suppose f(z)€ F(p) and

(p)
Re Zf (Z) > 0 in E.
f(p—i) (2)
Then we have
zf' (z) .
Re '——f'm— > 0 in E,

and therefore f(z) is p-valently starlike in E.

A proof of this lemma can be found 1n [5, Theorem 5].



ILEMMA 4. Let h(z)€ A(2). Then we have

Re h(z) £ (

for |zl = r<2 - {3, and

2 4
- < <
1l - 6x -;rz =Reh(z)=(i':§ )2
201 -1x)
for 2 - 3§ |z| = r< 1. Therefore we have that
Re h(z) >0 in Izl<f2 - 1.

This result is sharp. A proof can be found in [6].

2. Main theorems-
THEOREM 1. let f(z)€ F(p) and

f(z)
—= - ¢ A(), where & >0.
2

Then f£(z) is p-valently starlike in |z| < ¢%? + p2 - & )/p and the result
is sharp.

PROOF. let g(z) = £(2)/ zp Then g(z) € A(X ) and from ILEMMA 1, we have

29’ (2) (= l zf' (z)  _ ol & 2Xr
g(z) f(z) 1 -1 2
for |z| = r<¢1.

Then it follows that

2

\'vy

zf'(z) 2 __2¥r - p-2Xr - pr
t(z) TP 1-1°

Re

for (zl = r<1.

- ' [2 2
This shows that £(z) is p-valently starlike in |z|< (Yo +p - X)) /p.
The result is sharp as seen by letting

. - ¢
£z) = P( 422
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COROLIARY 1. Let £(z)€ F(p) and let £(z)/2F do not assume non-positive

real values in E. Then f£(z) is p-valently starlike in {z|<(4/4 +p2 -2)/p

and the result is sharp as seen by letting

_ 1+ z 2
f(Z')—zp(-T:—z———) .

Applying the same method as the proof of THEOREM 1, we have the following

theorem.

THEOREM 2. Let £(2)€ F(p) and £P) (2)/(pl) € A(X). Then £(z) is p-valeéntly

onvex in lz|<('/(>(2+p2 - o) /p..

PROCF. let g(z) = f(p) (z)/(p!). From LEMMA 1, we have

‘ zg' (2) $=| 2" () < 2ur
g(z) I £® 1 - 22

for |z| = r< 1.
Then, it follows that

zf(p+l) (z) 2Xr
f(p) (z) l-1x

v

P + Re

in lz]| = r<(4(¥2+ p2 -X)/p .

'i'herefore, from ILEMMA 2, we have

1+ Re zf" (z)

“F@ 0 in [z]< Wot? + g% %) /p.

This shows that £(z) is p-valently convex in lz|< (A/o(z + p2 -X)/p..

This campletes our proof.

REMARK. For the case p = 1 and (o = 1, this result is sharp [1, 4].

COROLLARY 2. Let £(2)€ F(p) and Tet £P) (z)/(pl) do mot assume non-positive

real valves inE ( £® (2)/(0D€a@ ).

Then £(2z) is p-valently convex in [z|< (rJ 4 + p2 -21)/p.

THEOREM 3. Let £(2)€ F(p) and £V (2)/(pl2)€ Al .

Then £(2) is p-valently starlike in lz|<J(x2 +1-U.



PROCF. Let g(z) = f(p_l) (z)/(plz). Then from IEMMA 1, we easily have

zg'(2) [_ I 2Py _1| £ _2%x
g(z) f(p—l) (2) 1 - r2

for Iz| = r<1..

It follows that

2] ,
zf (2) . 2
Re——_f(p—l) = >0 | in lz|<,lo( +1-(¢.

Then, from LEMMA 3, we have

re 28 50 in Jzl<fo® + 1 - .

This shows that f(z) is p—valently s£arlﬂ<e in |z|<,\]o(2 +1-K.

This campletes our proof.

REMARK. For the case p = 1 and X = 1, this result is sharp [1, 2, 4].

'COROLIARY 3. Let f£(z)€ F(p) and let gP-1) (z)/z do not assume non-positive
real values in E. Then f£(z) is p-valently starlike in IzkE - 2.

THEOREM 4. Let f(z)€ F(p) and let _

(P :
z2f (2) <
=D D(z) € A(X), 0< o = 1.

Then £(z) is p-valently convex in Izl<§ where f is the root of the equation

- of '
(lr)_ 2Xr

= Q.
l+r 1 -y

2

PROCF. let g(z) = zf(p) (z)/f(p_l) (z). Then fram ILEMMA 1, we have

[ zg' (2) l= 1+ o5 (PHL) (z) _’ 2 (P) (z)
g(z) £ (z) . f<p—l)‘(z)
S ‘____20(1"2 ' for Izl = r< 1.
1 -1 ) . .

Because of the assumption that 0< & .éy 1, we easily have

2P () >
f(p_}) (z)




RY

for |zl = r< 1. Then we have

1+Re_2f_(pi(_z_)_. 2 Re Zf(p)(z) _ _2Xr
£® (2) £P Y (5 1 - 12
1-r X 2 r ) .
= ( ) - forizl = r<1l.
l+r1r 1 - r2
Hence we have
L pD) .
1+R3L()——(?')_>0 for lzl<§¢
£'P (z)

where ¢ is as stated in the hypothesis of the THEOREM 4. Clearly 0< @< 1.
THEOREM 5. Let £(z) € F(p) and let

zf (p) (z)

€ A(x), ~ >1.
£ (2)

Then f(z) is p-valently starlike for {z|< ( 1 - cos(T/2¢))}/sin(T/2X) .

PROOF. Fram the hypothesis of the Theorem, we easily have

(p) '
zf (2) < . =1 2r
arg ————— | = Sin “( ——————)
| £ P (5 | 1+ 12
for lz|l = r<l.
This shows that
(p)
z£ 5 (2) 1 - cos(T/2e)
Re ———’f(p-l) >0 - for [z]< SIo (/2K )
(z)
Therefore, fram LEMMA 3 we have
z£' (2) 1 - cos(M/2X )
ReT>O for lzl< ST a/20) .

This c&rpletes our proof.
COROLIARY 4. Let £(z)€ F(p) and let 2£® (2)/£® ™ (1€ ac2).
Then £(z) is p-valently starlike in [zl<y2 - 1.

PROOF. From LEMVA 4, we have

P :
2f . (2) :
Re —5——2 > in lzi<f2 - 1.
f(p—l) (z)
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