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A generalized Pohozaev identity

and its applications

Miyazaki Univ. Shoji YOTSUTANI

(BElX - T mys &)

$1. Introduction.

This is a joint work with Nichiro Kawano (Miyazaki Univ.)
and Wei-Ming Ni (Univ. of Minnesota).
In this paper we establish a generalized Pohozaev identity

and its variant for the following quasilinear elliptic equation,
(1.1>  div(A(IDubDW + £CIxl,w = 0

in Rn, where Du is fhe gradient of u, f(lxl,u) and A(p)

are gi&en functions. The Pohozaev identity is useful to investigate
the existence and non-existence of the ground state of (1.15. ﬁy

a ground state we mean a positive solution u in Rn, which tends
to zero at =,

The Pohozaev iden@ity was used by Pohozaev [15] in 1965 to show
the non-existence of non-trivial solutions of non-linear eigenvalue
problems for semi-linear elliptic equatibns. This kind of
identities was first discovered by Rellich,[17}‘in 1940 in his
study of the first eigenvalue of 4, and by Nehari [5] in 1963.

The idea was applied to investigate the properties of solutions

for non-linear elliptic equations (see, e.g., [1],‘[2], [31,
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r41, tel, (71, 81, (91, (103, [111, f12]1, [131, [14]? [161).
Especially, Ding and Ni [2] found that the Pohozaev-type
identity is useful to get the non-existence theorems for the
ground state in the anomalous case, fu(lx!,O) = 0, by employing
suitable change of variables. Recently, Ni and Serrin [9, 10,
11] established some generalized Pohczaev identies and used them

to investigate the solutions of the quasilinear elliptic equations,

(1.2) div(A(IDul)Du) + £(u) = 0.

They extend the argument employed by Ding and Ni to the guasilinear
case. Their results are sharp, however their arguments are tricky
and difficult. Our aim is to simplify, unify and generalize the
method. We have found that the essence of the argument is clarified
by rearranging the Pohozaev-type identity combined with the given

equation (see, e.g. [181).

§2. Main theorems.

We consider the radial solutions of (1.1). Let u = u(r)

be a radial solution of (1.1), then u satisfies the equation

2.1) pl70 (D

AGurDun' + f£(r,u) = 0, r o> o0,

where n is a positive integer, and u' = u'(r) = du(r)/dr.

Theorem 2.1. Suppose that A(p) € Cl((O,-)), pA(p) » 0O

as p -0, and 1f(r,u), fr(r,u) € C((0,=)X(~=,=)). Let ul(r)

€ C(I0,=)) N C?((0,=)) satisfy (2.1),
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n fu' ()|
(2.2) lim r J pE(0) do = 0,
r-0 0

2.3) lim r" laclw (myDur(ry = o,
r-0

and

(2.4) lim r™F(r,u(r)) = 0.
r-0

Then the following generalized Pohozaev identity holds:

o (lur @l 1
R {J sE(0) do + F(R,u(R)) + aR ~“AClu'(R)I)u'(R)u(R)}

: 0
(PID
R furl 2
= J (nJ oE(p) do + (a + 1 - m)A(lu'Dlu’l
0 0
+ nF(r,u) + rF (r,uw) - auf(r,wir" lar
for all R > 0, where a is an arbitrary constant,

|

u
F(r,u) = J f(r,£) d&
0

1]
=]
Q.

E(p) = A(P) + p dg; L p > o0.

Remark 2.1. It hold that
P P 2 P
(2.5) J pE(0) do = J p(0A(0)) do = Ap~ - J pA(p) da,
0 0 . 0
since pA(p) - 0 as ©p =» 0. Define

PA(P), p > O,

0, p=0,
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and

pzA(p) - fgnA(p) de, p > 0,
v(p) =
0, p =0,

For the sake of convenience, we simply denote 9¢(p) and v(p)

by pA(p) and fng(p) do, respectively.

Remark 2.2. The equation (2.1) is equivalent to

(2.6)  EClu'l)u" + “;1 AClu'l)u' + £(r,u) = 0
for all r > 0 with u' = 0.

Remark 2.3. This identity is a variant of Theorem 2.1 in Ni

and Serrin [9].
The following result is our main theorem.

Theorem 2.2. Under the assumptions of Theorem 2.1, the

following idenity holds:

eCa+1) {(m=-1)ACIu' (R} 1) - EClu' (R)1)IR"29724(R)?2

+ (- REW"(R)W(R) + 20Rw' (R)W(R)}{ECIu'(R)I1) - AClu’(R)1))}RP 2772

+ (- RPW"(R)W(R) + (%(%}%-2(1-c)a) - (n-1) + 2¢)Rw' (R)W(R)
+ %(I-C)sz'(R)2)Rn-2°—2A(|u'(R)|)
- ) lu' (R) |
+ 2 R eadlu Dl R - J pA(0) dp)
0
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+ RM2 F(R,u(R)) - u(R)f(R,u(R))}
C

(PI1)
5 JR(nF(r W o+ rF_(r,u) - 2K yrr,w » ARHOAZ8) )0y 2
cJy ’ r? g+l ! m{q+1l) u
' la'l
* n(% AClu'ylu' 12 - J oA (0) do)yr™ ldr
, 0

for all R > 0 with u'(R) = 0, where

w(r) = rau(r),
- Itk - (m-1)(n+k)(1-8)+{{(m-1)n+m+mk} 8
q+l-m:-* a n-m !

N c(gq+1)8

= Cclq+lr-(1-8) °*

and m, k, 8, ¢ are arbitrary constants such that 1 < m < n,

k>-m 0s8 51, ¢c>0, cmza21-218.

Remark 2.4. In fact, the_above theorem holds for any choice
of the constants m, k, 8, ¢ as long as the other constants o,
q, » are well-defined. However, applications to partial

differential equations usually occur in the ranges restricted

above.
Remark 2.5. We should note that
(m-1)A(p) - E(p) - O as p - 0
in the following important examples by choosing suitable Vm.

(i) The generalized Laplacian : A(p) = p* 2

Take m = u, then (m-1)A - E = 0.
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(ii) The generalized mean curvature operator : A(p) = (1+p2)“/2_1.

Take m = 2, then (m-1)A - E = (2-u)(1+p2)u/2_2p2 - 0.

n=20-2,ry2 in (PII) vanishes

Therefore the coefficient of R
as u'(R) » 0. Actually we shall adjust a so as to eliminate
this coefficient (as p » 0). The arrangement of the left-hand
side of (PII) is closely related to Lemmas 4.1 and 4.2; which

will appear later.

Remark 2.6. The case 6 =1 and c¢ = 1/m 1is most important.

In this situation q = ((m-l)n+m+mk5/(n—m), ¢ = (n-m)/m and a1 = 1.

Remark 2.7. This theorem is very useful to obtain the
non-existence theorems of the ground‘state in the anomalous case.
The arguments employed in Ding and Ni [2, Theorem 5.13] and
their generalizations to quasilinear equations in Ni and serrin
[10, Theorems 4.1, 4.2, 5.3, 5.4, 6.5, 6.6] are considerably
simplified by using the identit? (PII)>. Furthermore we can naturally
understand the meaning and sharpness of the‘aSSumptions in those

papérs. We shall see these facts in the subseguent sections.

$§3. Applications to the generalized Laplace equation.

In this section we state some results obtained by virtue of

generalized Pohozaev identity (PI) and (PII).

We shall treat the following generalized Laplace equation

(3.1) div(ipui™?Dpu) + £(ixl,u) = 0, x ¢ g"



where m 1is a constant. This equation corresponds to the case

(3.2) A(p) = p™ 2

in the equation (1.1). We are only interested in the positive
radial solutions of (3.1). Thus we coﬁsider the ordinary

differential equation

rl-n( n—llu,lm—2u,

r ) o+ f(r,u+) = 0, r > 0,

(F ) {
a
u(0) = > 0,

a
where u+ = max{u, 0). We shall assume that

1 <m<«< n.

We now collect the hypotheses which will be assumed under
various circumstances (but not simultaneously). Concerning

the equation (Fu), we introduce

f(r,u) € C((0,«)X[0,=)); and
(F.1) for every M, R > 0,

_sup(r_vlf(r,u)l: 0<r sR, 0susM} < =,
(F.2) f(r,u) 2 0 on (0,«)X[0,=),

if m > 2, then for every L, M, R > 0,
(F.3) {

inf{r “f(r,ud: 0 <r sR, L susM)>O0,

for every L, M, R > 0,
(F.4) {

sup {r'”lfu(r,u)lz 0<rsR LsusM} <oa,
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(F.5) fr(r,u) € C((0,=)X[0,=))

(F.6) nF(r,w + rF (r,uw) s ﬂiﬂ wf(r,u) for all uw >0, r > O,

(F.7) f(r,u) z Pos. Const. rfu® for all u > 0 and sufficiently

large r > 0, where k and gq are constants satisfying k 2 - m

and g #m - 1,

(F.8) nF(r,w) + rF (r,w ﬂim uf(r,u) for all u > 0, r > 0

with the strict inequality holds for some sequence of values u

tending to zero and all sufficiently large r > 0,

(F.9) uf(r,u) 2 mF(r,u) fof all sufficiently small u > 0 and

sufficiently large r > 0,

r there exists g > 0 such that f(r,u) < 0 (resp.

f(r,u) > 0) for all u > «, (resp. u < «,) and
(F.2)* 0 0

sufficiently small r > 0; and

L f(r,ao) = 0 for all sufficiently small r > O,

(F.7)* f(r,u) 2 Pos. Const. rkuq for sufficiently small u > 0

and sufficiently large r > 0, where k and g are constants

satisfying k 2 - m and q #m - 1,
where v is a constant satisfying » > - m, and

u +
F(r,u) = J f(r,& ) d&.
0 .

We state our results.



Theorem 3.1. Suppose that (F.1)-(F.5) hold. Then there

exists a unigue solution vu(r;e) € C([0,=)) N Cz((o,e)) f (F ),

e a

and u(r) = u(r;e«) satisfies the generalized Pohozaev-type

identities,

RMEL ju Ry 1™+ F(R,uR)
n-m -1, m-2
(3.3) * 5 R “lu (R u'(RYu(R)}
R n-m + n-1
= J {nF(r,u(r)) + rFr(r,u(r)) - u(r)f(r,u (r))ir dr
0
and
(m - 2){- R2W"(R)W(R) + 20¢Rw' (R)W(R)}R™ 2772y (r) ™2
+ {~- sz"(R)w(R) + (40-2me-m+1)Rw' (R)W(R)
+ (m-1)R%w' (RYZIR™72972 1y (r) 1™72
+ RM(mF(R,u(R)) - u(RYf(R,u"(R))}
(3.4)
R n-m + n-1
= m J {nF(r,u(r)) + rFr(r,u(r)) e u(r)f(r,u (r)d)ir dr
0 )
where R 1is an arbitrary positive number, w(r) = r°u(r) and
¢ = (n-m)/m.

We shall investigate the properties of solutions of (Fa). The
following theorem gives a sufficient condition for the existence of

ground states.

269
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Theorem 3.2. ‘Suppose that (F.1)-(F.5) and (F.6) hold. Then,
for every « > 0, u(r;e) 1is positive o [0,=).

Moreover if (F.7) with q > m - 1 holds, then u(r;e) - 0

We shall also give some sufficient conditions for the solutions

of the equation (Fa) having a zero.

Theorem 3.3. Suppose that (F.1)-(F.5), (F.7) with q s

({(m=1)n+m+mk)/(n~m), (F.8) and (F.9) hold. Then, for every « > 0,

u{r;«) has a finite zero on [0,=).

Remark 3.1. Theorems 3.2 and 3.3 are closely related to

Theorems 3.2 and 4.1 in Ni and Serrin [101].

We now explain the meaning of the above theorems. Consider the

equation,
(3.5)  rITher g™ 2y v bK™H%T 2 0, W) = « > 0,

where 1 <m<n, kX >-m and q > m - 1. For every « > 0, (3.5)
has a unique solution u = u(rj;a) € C([0,=)) N C2((O,~)) - by
Theorem 3.1. In view of Theorems, 3.2 and 3.3, the structure of
solutions are as follows;

(i) If q 2 ((m-1)n+m+mk)/(n-m), then u(r;a«) is positive
on [0,«) and tends to zero as r - = for every « > O.

(ii) If g < ((m-1)n+m+mk)/(n-m), then u(r;«) has a finite

zero on [0,«) for every « > O.
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The case £(r,u) = rKp{(M-1In+m+mk)/(n-m> ;65 on the borderline

of the existence and non-existence. Here small perturbations can

seriously affect the situation. 1f

£(r,0) = K(r)u((m-l)n+m+mk)/(n-m),

where K(r) = Q@()r®, Q e cl([0,=)), Q(r) >0 and Q'(r) s 0,

then u(r;«) is positive on [0,=) and tends to zero as r - =

for every « > 0. On the other hand, if

f(r,u) = ﬁ(r)u((m-l)n+m+mk)/(n—m)

vhere K(r) = @ir¥, @ ¢ c¢l(r0,=)), Q) >0, @'(r) 2 0 and
a'(r) # 0, then u{(r;«) has a zero on [0,=) for any « > O.
These are obtained ﬁy applying Theorems 3.2 and 3.3.

We consider a different kind of perturbations to the

nonlinearity f£(r,u) = rku((m—l)n+m+mk)/(n-m). 1f

f(r,n = rKg{MDn+memi)/(n-m) kg’

where ¢ > 0, k >-m and q' > ((m-1)n+m+mk)/(n-m), then
u(r;«) is positive on [0,=) and tends to zero as r -» « for

every e« > 0 by Theorem 3.2 On the other hand, if

f(r,u) = rku((m_l)n+m+mk)/(n_m) x q,

£Er U ,

where ¢ > 0, kX > - m and q' > ((m-1)n+m+mk)/(n-m), then (Fa)
has no ground state in the class C([0,=)) N C2((O,o)) by

the following result.
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Theorem 3.4. Suppose that (F.1), (F.2)%, (F.5), (F.7)* with
q s ((m=-1)n+m+mk)/(n-m), (F.8) and (F.9) hold. Then (Fa) does not

admit any positive solution in C([0,=)) N C2((0,=)) which tends.

to zero as r - =,
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